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Introduction

The aim of this course is to bridge the gap between the knowledge of analysis accumulated
in high school and the fundamentals that will form one of the pillars of mathematical
analysis training in the bachelor’s degree. Given that recruitment to the first year of
analysis is fairly heterogeneous, it seems a good idea to start by recalling the basic notions
that will be used throughout this course, so as not to lose anyone along the way. Where
necessary, at the start of each chapter, we’ll remind you of what you're supposed to know
by the end of the course. As far as possible, we’ll also try to provide the essential results
of each chapter on a single page, so as to summarize the knowledge you need to master
in order to move on to the next chapter. We will provide as many examples and figures
as necessary afin order to achieve a better understanding of the course. We’'ll also try
to point out the pitfalls that everyone can fall into, either through inattention or poor
mastery of the course.

This course brings together the notes from the analysis module dedicated to first-year
students in the mathematics and computer science stream. It includes limited developments,
Reiman integrals and ordinary differential equations.

The general idea behind the first chapter is to To handle Limited development, you first
need to know a few basic rules. These rules all have a name afin order to identifier them
right away, so you know what you’re talking about. A bit like a map, this lets us know
what we're seeing, where we're going and how we're getting there. Let’s start with the
simple, familiar rules.

In the second chapter we give the notion of a Reiman’s integral in Analysis. Darboux’s
sums. They are introduced and studied in this chapter. Further, we give the different
methods for calculating integrals

For the last chapter: we study two types of Ordinary differential equations.An ordinary
differential equation ofn order, an ordinary differential equation of 1% order and 2" order.
They are introduced and studied in this chapter. Further, we give the different methods
and types to solve this type of an ordinary differential equation

Each chapter is followed by a list of exercises, usually illustrating a point made earlier. It
goes without saying that these exercises complement the course.
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Notations

If F is a set, note by

P(E) Part of E.
A= (C4 A'scomplement in E

1% Empty set

1d, Identity application

inf the lower bound,

sup the upper bound

nl_l}I}_loo the limit when n tends towards + oo
R the set of real numbers

N the set of natural numbers

T — x9 x tends towardszg

f'(x) The first derivative of f(x)

f™ ()  n'™The nth derivative of f(z)

Let I be an interval of R, we have the following notations

cn "n” times derivable functions

C™(I) The set of functions of class C™ on
C> (I) The set of functions of class C* on [
v exponential

log Neperian logarithm

€

L.D limited development

fab Bounded integral

i Infinite integral

O.D.E  Ordinary differential equations
iff if only if
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Chapter 1

Limited development

To handle Limited development, you first need to know a few basic rules. These rules all
have a name afin order to identifier them right away, so you know what you're talking
about. A bit like a map, this lets us know what we're seeing, where we're going and how
we're getting there. Let’s start with the simple, familiar rules.

Theorem 1.0.1. Let f be a function defined in the vicinity of 0" except perhaps at ”0”
. On dit que f admits a limited development(D.L) of order "n” in the vicinity of ”0”if
there exists an open interval I with center 70”7 and constants ag, ay, as, ...... , an such that
V0 # x € I, we have:

f(x) =ag+ a1 + asx® + ..... + apz™ + x"¢ ()
f(x) = Py () + R, (v)

where € (x) is a function defined on I, such that liH(l)&“ () =0
T—r

P, (x) = ap + a1x + ax® + ... + agx™ s a polynomial of degree "n” and s called the
reqular part R, (x) = 2" (x) is the rest

Example 1. f(z) = 2 + 2 4+ 23sinz does f admit a D.L? *
D.Lof order 4

f(z) = ap + a1x + asx® + azx® + ayz* + 2'e (2)
f(@)=2+02+La?+ 0.2+ 0.2 + 2'c (z)

Then:ag = 2,a1 = 0,ay = l,a3 = ag = 0,2% (x) = 2®sinx = z*522/ }311)1(1)5(3:) =
lim 522 — 1
x—0

So f does not admit a D.L

*D.L of order 3

f(x) = ag + a1x + asx® + azx® + v (x)

f(@) =2 +02+ 1.2+ 0.2% + 2%¢ (x)

So:ayg = % a1 =0 aa=1 ,a3=02%(z)=1x
So f admets a D.L

3 . . . . . .
sinx /glcll%z’:‘ (x) = aljlir(l)SlIlJ} =0

Example 2. f(z) = = does f admet a D.L?
FEuclidean division therefore
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fl@)=t==14+z+2>+ ... 42"+ 2"

Ay =01 = Qg = ........ =a, =1 lime(z)=lim—= =0
Sof admets a D.L of order "n”

Remark 1.0.1. 1/if f admits a D.L of order ”n” in the vicinity of ”0” :
f(x) = ap + a1 + axx® + ... + apz™ + z"¢ (), So lin%f(a:) = ap 2/If f admits a D.L
z—

2 77

of order i the vicinity of 707, this implies that lim f (x) = ag.This is a necessary

condition for f to admit a D.L. 8/if f admits an L.D. of order "n” in the vicinity of 70",
this development is unique.

Corollary: Si f an even(respectively odd) function admits D.L of order "n” in the
vicinity of 707, its regular part is even(respectively odd)

Theorem 1.0.2. *If f™ (0) exists then f admits a unique L.D.

fla) = F(0) + LQg 4 LO ()2 4 S0O (47 4 g ()

1 n!
with:lime (x) =0
z—0

*If f admits an L.D. of order "n” in the vicinity of 70"

f(x) =ag+ a1o + agx® + ... + apz" + x"e (x)

Hence:ag = f(0), ay = fl(,o), ag = %(,0), -------- ap = f“;)!([))
Example 3. f(x) = ﬁ
f(a:): _1+x—|—x + +a" + "=
we have: f is indefinitely derivable= f™(x) = _”—'

F0)=1, f7(0)=2!,..., f™(0) = n!

ap = f(0)=1,a = @ =1, a;= _f”2(!0)_ =1, ...,a, = 1O 1

1 ifx =0
E le 4. =
xample 4. f(z) { ™ sin by if x #£0
we have:f(z) =1+ 0.2+ 0.22 + 0.2° + ....... 0.2" + 2" (2 - sin —7)
because: sin —— n+l 18 bounded
ap=0,a1 =as = ........ = a, = 0 lime (z) = limz-sin 47 = 0 —1 <sin n+1§1
z—0 z—0 z
—x < x-sin n+1 <z
Therefore::f admets a D.L of order "n” in the vicinity of 70"

Usual D.L obtained by the Mac-Laurin formula

2 7’

* Mac-Laurin’s formula gives a L.D. of order in the vicinity of 70" for all function

f such that f((0)exist

F(@) = F0) + 2 £(0) + L f7(0) + wooee + Z1 F(0) + 27 ()
with: glfi%g( z)=0



1.1. ALGEBRAIC OPERATIONS ON L.D.

Example 5.

: _ 3 T n g2ntl 2n+1
*smx—x——!—l—ﬁ ..... —|—(—1) W—FJT €($)
xZn

wcoss =1 =% + o+ (21)" G + 27" (0)
ke = 1§ gy e T 5 a7 (2)
3 5 2n41
#sha = o+ 5 4 5 4 o+ Gy + 2% e (@)
ac2 $4 1‘2" om
xchr =1+ 57 + 5 + ... + G T e ()
(1 + x)a =14+ %IE + a(t);l—l)x2 +.+ a(a—1)(a=2)(a=3)........ (a—n+1) n n (x)

n!

1.1 Algebraic operations on L.D.

11

Theorem 1.1.1. Let f and g be two functions that admit a L.D. of order ”0”.Then the

functions f+ g, f-g and % admet a L.D of order ”n” in the vicinity of 70"
Example 6.
g(x)=2+z+2%(x), flx)=3x—2%+2%(v)

1.2 D.L of a composite function

f+9g=2+4x—2?+ 2% (z)
f-g="06x+2*— 23+ 1% (x)
%: 2+w+;26(z) :%m:%ﬁ/ y:—%+1’2€($)
Lol =Ty 4P 4y (o) = 1+ (—§ + 2% (2) + (=5 + 2% (1)) + o (v)
§:1—§+%2+x25(x)
g:f-é:(3$—ZE2+$25(5E))-1—%+%2+ZE2€(I):%CL’—%I’Q—FZEQ&?(«’L’)

Let f and g be two functions admitting a D.L of order "n” in the vicinity of ”0” ,such that

f(x) = Py (x) +amei (2), g(z) = Qu(2) + 2" (2)
Then, the function g o f admits a D.L of order "n” in the vicinity of 70" such that
90 f(£) = Qu (2) 0 Py (2) + 2" (2)
go f(z) = Qn(z) (P (z)) + 2" (x)
Example 7.
f(fL’) — ECosT 2 )
cosz =1—%4 + L +xle (x)
=1 e (y)

eCosT — 6cosx*l+1 cosx—1

=e-e =e-ev
ST — o |1 4 (COSiL‘ - 1) + (COSSC.—].)Q + (cosx—1)3 + (cosx—1)4 I SC45 (l’):|

3! 4!

: _o?2%)? _o? et
eCOST _ o 1_'_(_9;_?_’_:2_‘;)_’_( - ) +( 2!;41) +( 2!54!) +x45(x)]

2 4
eosT — ¢ . 1—%4—%—1—1’46(:6))
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1.3 D.L obtained by restriction

Si f admits a L.D. of order "n” in the vicinity of 70", then all p < n it admits a L.D. of
order "p” in the vicinity of 707, in fact

f(z) =ap + a1z + a2 + ... + apz" + x"e (x)

f(x) = ap+ a1x + ax® + ... + a,a? + 2P (z + 2+ ...+ 2" P)e(x)
f(-T> = a9+ a1x + a2x2 4o + CLp.Tp + 2Pey (.T)

g1 (z)=(x+2*+ ... +2"P)e ()

lime (z) =0 = lime; (z) =0

z—0 z—0

Example 8.
=1t h gt e ()
2 2
S L )
e =1+4+ 4% +1%(y)

1.4 L.D obtain by derivation and integration

Theorem 1.4.1. Let f be a function derivable on [—a,a] admits a L. D of order”"n” in
the vicinity of 70"

If its derivative ' also has a L.D. of order "n — 17 in the vicinity of 70"

then the reqular part of the L.D. off'is the derivative of the reqular part of f

Example 9.

f(g;):ﬁ:1+x+x2+....+x”+x"6(x)

fl@)= L5 =1+20+322 + ...+ na" 1 + 2" e ()

(1-x)®
g@) =z =1-a+2> =2 + ...+ (=1)" 2" + 2" ()
g (r) = (1;;)2 =—1+42r -3+ ... +n(=1)"2" 1 + 2" e ()
log(l+x) =2 — §+§+ ....... + (=1)" f::ll + 2" (x)
z? z3 znt! n
log(l—xz) =log(l+ (—z)) = -2 — & — & + ... —n—:l—i—x e (z)

argthe = $log (13£) = 1 [log (1 + z) — log (1 — z)]

1=z
argthe = o + % + %5 + .+ 2::11 + 2?2 e (z)

1.5 L.D in the vicinity of a zgpoint

Let f be a function defined in the vicinity of zy except perhaps at z¢,it admits a L.D. of
order "n” in the vicinity of ”xy”if the function z — F(X) = f(x — x¢) admits an L.D. of
order "n” n the vicinity of ”70” and,then:
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F(X)=ay+ a1 X +aX?+ ... +a, X"+ X" (X), lime(X)=0

X—=0
On pose: X =x — 19 =

F(z) =ao+ay (v — x0) + a2 (v — m0)" + oo + 4 (3 — 20)" + (2 — 20)" € (2 — 20)) ,

xll)rgog (x —x9) =0

b

We therefore reduce to the vicinity of "x” at 707 by posing: X =z — xg

Example 10. The L.D de f(x) = e*in the vicinity of "xo = 17
Wepose X =x—1=2x=X+1

=l =¢c.eX =¢- 1+%+X2—!2+X3—f+ ..... —i—%%—X”e(X)}
2 3 n
e =¢- [1+ l) 4 el Bl +%+(m—1>”e(m—1)]

In the same way, we can consider the L.D. at infinity, reducing it to the vicinity of 70"
by posing X = =

Example 11. f(z) = /22 (22 — 1) in the vicinity of infinity

S (D =[2(2 - = [t (1= L) =af (1= L)

On pose: x = %

0= (Bt a-xt -

(1 . XQ)% —1_ %X n 3(3 1) X4 _ i (_1)n 3(3—1)-7;!<§_n+1)X2n 4+ X2n (X)

1.6 The generalized L.D

Letf be defined in the vicinity of ”0”. It is assumed that does not admit a L.D. in the
vicinity of”0” but the function x — 2z f(z) admits a L.D. in the vicinity of 0", and we

can write:
r®f(z) = ag + mx + agz® + ... + a,z" + 2" (z)
f(@) = =% (ap + a1z + as2® + ... + a,2" + 2"¢ (z))
This expression is the generalized L.D. of f in 70"
Example 12. f(z) = cot g = =7
hII(l) cot gr = 0o = fdoes not admit a L.D. in the vicinity vicinity of 70"

hmx cot gr = limx - =1 <because lim $iie — 1>
0 20 sinx 750 T

17L+1—+x4s($)

ST __ 2! 4!

Then:x - cotge = x - 520 =0 - —H——
@y + 5y tate(z)

%(1—§+%+x45(3:)>

z-cotgr =1— % + 2 4 gt (2) cot gr =
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1.7 Solved exercises

Exercise 1.

Show that the following functions admit a limited development to order ”n” in the vicinity
Of 79 077 .
a)f (z) =log (2 +x),b)g (x) = cos (1 + x)

Solution:

*Show that the following functions admit a limited development to order "n” in the
vicinity of 70”.
a)f () =log (24 z) € C*(]—2,40o0[), in particular C"** ([0, z])
Therefore, we can apply the Taylor-Lagrange limited development
, - (n) n (n+1) (¢ n
@) =10+ 52 @)+ 52 @)+ + 52 @) + L ()
We have:(log (2 (n) _ (=1"(n-1)!
e have:(log (24 x))" = o
_q\n+1 n _1\n+2 n
So:f (z) = log2 + %x — %:132 + + 212n "+ —(n+(1)(12)+c)"+1 (z)"t!
b)g (x) = cos (1 + x) € C* (R), in particular C"*! ([0, z])
Therefore, we can apply the Taylor-Lagrange limited development
/ ” (n) n (n+1) c n
g(x) = 9(0) + G () + G ()" + oo + 52 ()" + TP ()"
We have:(cos (1 + 2))™ = cos (1+2z+nk)

So:g(z) =1+ Cos(ll+§)x + 005(21!+7r) T4+

cos(1+ng) n cos(1+c+(n+1)%) n+1
" =y (@)

Exercise 2:

Let fbe a function that admits limited development to the order ”1” in the vicinity of
2 07’
Show that if f is continuous at 70", f is differentiable at 70"

Solution:

Let fbe a function that admits limited development to the order ”1” in the vicinity of
70” Show that if f is continuous at "0”, f is differentiable at ”0” f(x) = ag+ a1x + ze ()
with lime () =0

z—0
*f is continuous at "0 < lirréf (x) = f(0) = ag
z—
gy L) _ pyetosialein _ i (0, 4 (1) = f1(0)
r—

z—xg TTT0 z—0 z

= [ is differentiable at ”0”
Exercise 3:
Let g be the function defined on R, by

Clifr #£0
g(:v)z{ 5" 7



1.7. SOLVED EXERCISES 15

a)Study the continuity of ¢ in 70"
b) Show that gadmits a limited development of order "n” in the vicinity of 70"
c¢)Form this development

Solution:

Let g be the function defined on R, by
er—1 =
Y lf X 7é 0
9(@) _{ 2,  ifz=0
a)The continuity of g in 70"
limg( ) = lzm =1%#¢(0), so g is not continuous in 70"
b)Let’s show that gadmits a limited development of order ”n” in the vicinity of”0”

We have: x +— e* € C* (R),in particular C"™!([0,2]), we can apply the limited
development

c¢) The Limited development

"0 » 9 (n+1) n (n+2) (¢ n+2
g (@) =g(0)+ L2 (2) + L (2)° + oo+ L ()" + L ()"
n+1

$2
ea::]__’_x—{—?—f— ..... +(n_‘_1)l+(n+2)'x e
n+1

xT 332
ef—l=a+%L + .. —|—(n+1),—|—(n+2),$ w2
%:1—1_%_{— ..... +( )|+(

)lx n+1

n+1 n+2

Exercice 4:

Study if the function f defined by f (z)=+/tgrhas a development limited to order
”73”in the vicinity of ” %"

Solution:

Let f (z)=/tgr € C* (R — {g + ]{?71'}) in particular C™*1 (h,x}) ,
We have: v — J,y=2—-7 —0

. tgy 9T a
f(z)=tgr = {’/tg (y + z) = f’/lfgyfg‘% (car:tg (a+0b) = 1tft;f§b>
f(x) =x/tge = {752
siny:f(O)Jr@(ny;)y + 5948 1+ 0 (y?)
siny =y — 34> + O (%)
cosy =1— 34"+ O (y°)

y—5y°+0(y
tgyzl_‘zyz—+o(<y3)) y+3v°+ 0 )
Ittgy _ 1+y+3v°+0(v?)

iy~ Ty Lproen LT A5 00

o / » (n) n (n+1) (¢ n
(1+2)" = g(0) + TP (&) + 5P (0)" + oo+ T2 (2)" + Ly ()"

ala— a(a—1)....(a—(n n (n+1) (¢ n
(142)" = 1+ fo+ 2GpHa? 4 . alo=beslEolotl) () 4 22260 (o)




16 CHAPTER 1. LIMITED DEVELOPMENT

W=

1
y+i34+0(y3) | ?
Yigr = ¢/ ey — (—ﬂ’*sy* (v )) (T+2y+2y° + 54° + O (%))

9y 1—y—3y34+0(y?)
flo) = /tgr =1+ 3y — 5> — 2y’ + O ()
— _ 2 T 2 )2 40 )3 )3
fa) =g =1+3(=%) - 2(@-9)" -2 (@-9"+0(-3")

Exercise 5:

Give the generalized limited development in the vicinity of 70” to the order ”3” of
f @) =iy
Solution:

We give the generalized limited development in the vicinity of 70” to order 73" of
f (I) :log?lsfr:x)

We have: li??’é f () = 400, therefore f does not admit a limited development

T—

cosz =1— 127+ O (2?)

log (14 z) =z — 12 + 32° + O (2?)

zeost =z (1 — 327 + O (2%))

We give the limited development in the vicinity of ”0” to the order "4” of z f () =552

" log(1l+4=x)
1.3 4
_ xcosz z—32°+0(a*) _ 1 7,2 17,3 , 61 4 4
2 f (%) =gt = P v v s Ty Bl A TR T MR vV O (a)

12 144
So: f(z) =143 — Lo — 22?4+ 2La® + 0 (aP)




Chapter 2

Reiman’s integral

we give the notion of a Reiman’s integral in Analysis. Darboux’s sums. They are
introduced and studied in this chapter. Further, we give the different methods for
calculating integrals

2.1 Darboux’s sums

Let f be a function defined and bounded on |[a, b]
Let ”d” be a subdivision of [a, b] obtained by means of "n” points g, x1, T2, ....., Tp,

The positive real § : § (d) = Max (z;41 — x;) is called the pitch of the subdivision.
Every subdivision ”d” of [a,b] , is associated with two sums known as Darboux sums

S(d) = M() ((L’l —(I)—f—Ml (IL‘Q—ZEl)—f— ....... +Mn—1 (b—ZEn_l)
S(d) = ;)Mi (Tiy1r — )

*m;, M; are respectively the lower and upper bounds of f on [z;, ;1]
*s (d) and S (d) are respectively the sum of the areas of the lower and upper rectangles.

2.2 Integrability criterion

The function f bounded on [a, b] is said to be integrable if S (d)—s (d) — 0 when 6 (d) — 0
i-e: the number of points "n” tends to oo

The sums S (d) , s (d) form two families are continuous their ”common” limit is called
the integral of f on [a, b] and is denoted by

17
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- [ ron

and is read as the sum of "a” to "0” of f(x)dx
I(f) is the common limit of the two sums

n—00 <

I(f)= nh_{f)lo Z m; (Tip1 — ;) = lim Z M; (i1 — ;)
i=0

Example 13. f(z) = 22, [a,b] = [0, 1]

n” points:xg = 0,x; = n—ls—l’m = %H, ----- Ty = nil
*'r’b-‘rl Ti = Zil - anLl - n+1

“m = (5) = 757

*Mi = ($i+1)2 = (51)" = ((;E))Z

n

n 2
; (@i — 1) = ) i = nmzz

=0
_ 2, 12 1 n(n+1)(2n+1)
* 5—(+1) 02+ 12+ ... +n?) = ik )
1 . n(n+)(2n+1) _ 1

lim s = lim m; (a1 — T lim
n—oo n%oozzzo ! ( i+l Z) n—o00 (n+1)3 6 3

= S (i1
S = ;}Mi (Tiy1 — i) = ;} ((nil))?’ = (njl) Z%(Z + 1)

\

¥ 9 = (n+11)3 (12 + 22 4.+ (n+ 1)2) = +11)3 . (n+1)(n+62)(2n+3)
. e NS AL (e 1 (n+D)(n4+2)(2n4+3) _ 1
| im S = lm 30 M; (v = mi) = Jim oo - 5 ;

(f) = [y 2%de = [3a%]) =1

2.3 Properties of Reiman’s integral

1/f : [a,b] — R is integrable. Then f is integrable on each interval [a, 5] C [a, b]
2/Let ¢ € Ja, b .if f is separately integrable on [a, c] and [c,b] . Then f is integrable on

[a,b] :
/acf(x)dx + /Cb f(w)de = /ab f(@)dz = F(z)

3/if f is integrable on [a,b], if ¢ € |a, b] .then

:/abf(:z:)da::/:f(x)dH/be(f”)dx

4/All continuous functions on [a, b] are integrable
5/All monotone functions on [a, b] are integrable

6/ f(x)dz = 0= [’ f(x)dz + [ f(x)dz =0« [’ f(a)dr = — [ f(x)dz
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2.4 General integration processes

2.4.1 Variable change

Table of usual primitives
1/ [a™de = Z52™ " +c(m # —1)
2/[ tdz =In|z| +c
3/ff7,dx:ln]f]+c
aff [ f - frde = g e
5/ [ sinzdr = —cosz + ¢
6/ [ coszdx =sinz + ¢
7/ shadr = chx + ¢
8/fchxdx:shx+c
9/ [ Cowg =tgx + ¢
10/f Tz = arclgr + ¢
11/ [ e*dx = e* + ¢
= arcsinz + ¢
13/[\/%—10g}a:+\/h+x2‘+c

14/]‘1ia: _1111 H_I}—{—C

Theorem 2.4.1. Let f be a continuous function on [a,b] and Q : [a, ] —

differentiable function such that Q (o) = a, Q (5) =

19

[a, b] continuously

Then the function f(Q(t)) - Q'(t) and integrable on |a,b] and we have:

/abf(:c)d:c - /f FOW) - Q'(t) do

Example 14. 1/I = [ (cosz)? - sinadx
r=0—=t=1

We take: cost =t — (cosw) = —sinwdr = 1dt
r=1—=>t=-1

1
I=[; (cosz)? - sin xdx = —fl t?dr = — [g]_l =2

_ft2dx:_§+02_(cosx) L
91T = [} VT = ade
Wetake'.x:Sint%dx:COStdt $:O—>t:(7)r

]I_fo V1 — a2 dx—fo \/1— (sint)? costdt:fog |cost| - costdt

]I:fo \/l—xzdx:fo (cost) 2dt = §f0% (cos2t +1)dt = % [(%sith—l—t)}O% =

2.4.2 Integration by part

ENE

Theorem 2.4.2. Let U and V' be two functions continuously differentiable on |a,b].then
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P (U@) V(2)de = [U(z) V(@) — [TU (2) - (V(2)) da
(U(z) -V (2) = (U()) -V (2) + U (2) - (V(z))

P (U@)- V(@) de= [P (U@) -V (x)dz+ [ U(2) - (V(2)) da
U(z) -V (@)) = [} (U(x)) -V (z)dz + |,

Example 15. [ = fol arctgxdx

U (z) = arctgr — (U(x)) = 1+11,2 dx

(V(z)) =1lde =V (2) =2

1= fol arctgrdxr = [x - arctgx](l) — fol Tiydr =T — % 01 lixe da

In (2)

We take:{

I= folarctga:da:: r— [%ln|1—|—x2|}é =1

2.4.3 Calculates primitives

Every continuous function on [a, bjadmits a primitive i-e:a function F:[a,b] — R such that
F’' = fonla,b].

The set of primitives of f (known as the indefinite integral) is written:

/f(:l:)dx =F(z)+c

Where F' is a fixed primitive and ”¢” a constant function

b
/fmsz@—Fw

is called a definite integral and is unique

2.4.4 Primitive of a rational function
Every rational function is written as a finite number of rational fractions of the form

A Mz + N
(& —a)" ((z - a)* + )

=/a, A, a, 3, M, N des constantes

i [ FEL D= JE e
1= f (z—a)f — k>1, I, = f (xiz)’“ = f(x _ a)*k dr = (a:—_ak):lcﬂ Yo
Max+N — Max+N
(a+s)”  pe[(z52) 1]
Wetake:%:X—)w:BX+a—>dx:BdX
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[ MatN g [ MatN M(BX+a)+N
B=] ((@=a )2+62)kdx fﬂz‘“[( g )2+1]kdx J G- 1[X2+1] ax
_ 1 AX+B _
12 - ﬁQk—l f [X2+1] dX 62]@ 1 f [X2+1] dX+ 62k 1 f [X2+1] dX
I, = # ﬁdX + sz T fde szﬂ Ji+ 62’“*1 Ja
Ji=J [X2+1 rdX =5 5 [X2+1]

If: k:—1—>J1 1 E5dX =1ilm(X?+1)+c

X241
Ifih>1-J=1] dX =1 [2X [X2+ 17" dX = b (X2 + 1) e

[X2+1
. If.k-l—)JzzfX2+1dX—arcth—l—c
Jo = fﬁd . _
[(X211] If.k;>1—>J2—f[X2+1] dX
( ke
U(X) = e = (U(X) = —2kX [X* +1]77 X

V(X)) =1dX =V (x ) X

J2 = fﬁdX - [)<2+1}’c +2k [ [X2+1 k+1dX
f [X2+1}k+1dX ;((;illkildX f X2+1 - f W
J2 = [X2+1]k +2k [ [X2+1] T %f X2+ ’“+1dX

on pose J, = I = [ [X2+1] —L _dX =11, = X2+1] + 2k1, — 2kI,
(1—2k) I, = (1 —2k) [ de = m 2kl 1 —
2kl = m — (1 —2k) I,

L= XQHdX = arcth +c

21, = 2[X2+1] + I, = 2[X2+1] + arctgX + ¢

2.4.5 Primitive of rational functions insin z, cos x

dX

Calculate I = R (sinz, cosz, ....)
R is a rational function of sin x, cos z,we use the change of variable

sing = —=%

T x 1+¢2
1-¢2
t=1g <—> —arctgt = = — 2arctgt =1 — Cos T = e
2 2 dr = 2dt
142
4 2dt2 i
— X 1+t _ _ _ x
Example 16. 1/ L= sinz f 1%2 - f T In |t| +c=1In |tg (5)‘ +c
2dt
2/h = cgsxx:fig :2f1itt2 [ —i—th}=—ln|1—t]+ln]1—|—t]+c:
1+t
In ‘ 1+t| +e
1 1 _ a b 171 1
because.lf = aham = ia T =2 [ﬂ + 1_+t}
T 14t _ L+tg(%)
So:ly = cosx =1In | =1In l—tg(%) tc

It also applies to all trigonometric functions.

2.4.6 Primitive of rational functions in ¢

Here we use the change of variable t = e”
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t=¢€"
Example 17. 1/ 1) = lffzz { dt — e’*"dx — tdx

I, = 1+e’“ fth: a_ 1+t =Inft|—In|l+t|+ec
_ dz _
h= [ ln‘1+t| te= 1n‘1+er tc

For hyperbolic functions, we can also use the change of variable t = th (%)

Example 18. 1/I) = fx2+d2§+3 =/ 2[(01132“]

Vo)
Wetake:I—}l:t—>m:\/_t—1—>d:p:\/§dt
Li=[ - 2}@?1) = ff 241 %iarctg(t) tc
2(%) }

I = iarctg(””:}l) +c

—1 =12

2/, =[x \/dex{ ot
=[z-Ve—1lde= [P+ 1)t-2tdt =2 [ (2 +1)dt =2 [ (t* +*) dt
:fx-\/dex:2(3+g) :2%+2§+c
L=z Vz —lde = 2($_51)% +2($_31)% +c
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2.5 Solved exercises

Exercise 1

Calculate using the limit method

fol xdzr, fol z%dx, fol 23dz,

. n n(n+1 n n(n+1)(2n+1 n n2(n+1)2
Since: Yoy, k= 2t S g2 = notlOntl) e s — (et

Solution:
We use the Riemann integral to calculate the following integrals * fo xdr = l_z)T bea S f(a+
r,b=1,a=0
— 1 — L n(ntl) _
= Yk = i k=l G =
*fo ridr = ZZT bea s fla+2%) /f(z) =2 b=1,a=0
n—-+0oo
i 1 2 i 1 nrtl)@ntl) _ 1
_nl—l>:-noo Zk 1( ) _nl—Z>Toon3 Zk 1 _nl—%z—noo s 6 3
f r3dr = l_zﬁ@—azk 1f(a+b“k)/f() 2 b=1,a=0
_ 1 3_ 13— lim L4’ 1

Exercise 2:

Let z € RT, using the properties of geometric sequences
Show that : lim -3 " en = ==

T—+00™ z
Use this result to establish, for every real number x > 0, the relation fox eldt = e* —1

Solution:
*Show that: lim + DD —1
m%+oo x
1 :
We have: ZZ:O e is a sum of a geometric "n” term sequence, of reason ¢ = e» and

the first term is a vg = 1,Therefore
n—1 P2 1—q" _ 1—¢”
2y er _Uol ¢ 1-en

. —pT
So: lzmlz e = lim 11z
x—+oo™ z—+oo 1—en

Wehaveen—lr(\;g

lzm1 Lefd = lim Ll=¢f — &1
x%Jroo Zp 0 %

We establish the relation fogc etdt =e* — 1
Jy etdt = lzmbaz (a+b_—“k)/f(x):etb:xa:0

n—-+4o0o
Tt T _ x 1 Zk
fo e'di = nl—Z>Too Z ( ) N ngT Zk 0 6” - xnﬁT@o Zk 0 en

foxetdt:x-erT_l:e —1

boaj

n

),
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Exercise 3:

Calculate the following integrals
dz, [ (‘“ng dz, [ cosze™*dz, [ e** cose dx, [

1
f z(logz)? 2dx

Solution:

Calculate the following integrals

J

1
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zv/1+logx

*) g —fimgwh—fla%xy%u:_
*f$\/m 2’[2@ 2\/1+10gI+C
_ 1

*j‘ aclog:c U= 10gaj —U' = ;dCC -
e V= Gt 2 V= e
xlog x —_logx

f (1+acg2 dr = 2(1+i2 +3 2 f z(1+x2)dx +c
zlogx —logx 1 1 .

f (ng zdx 2(11-1-%52 ?f [E - 11+z2] dx + ¢

J (f+oxg2:§ dx = 2(15;%) snjz] — 3In(1+2%) + ¢

*[ cosze™Pdx = " + ¢

*[e** cose®dr = [ e* - e” cose dx {

f e%® cos e*dxr = e* sin e* — f e?sine*dx + ¢
[ e** cose®dx = e sine” + e” cose” + ¢

*f sin x— COSIdZL’ —

sin x+cos «

*[ wtg? a:d:c:{

[ xtg*xdx = x (tgz — z) —

—In|sinz + cosz| + ¢
U=x—-U
V' =tg*xdr —V =
[ (tgz — z)dx + ¢

=dx

tgr — x

[ wtg*zdx = xtgr + In|cosz| — $2% + ¢

[ amdr =3

[ bmdr =3\ /2 )

*[(1+ 2z)argthede = {

1+(m\/§)2

L_dt = ,/l—garctgt +c= ,/1—15a7"ctg (x
1

U=argthr - U = —
(1+2$)d:p—>V—x+x2

1+¢2

V=

t:a:\/g
dr = 3

dt — \/édx

[ (14 2z)argtheds = (v + 22) arg the — [ 22

1x2

[ (1 + 2z) arg thede = (x + 2* argthx—fl

R S N S

)
( )
(1 + 2x) argthzdr = (z + ) arg thx — 5
(14 2z) argthzdx =
(1+ 2x)argthzdr = (x + 2°) argthx + 5 i In|l—
(1 + 2z)argthzdr = (v + 2*
(1+ 2z) argthadz = (z + x?) argthe + 3 In |1 —

( )
( )
( )
(v + 2?%)
( %)
( )
( )

argthx+%ln|1

U=¢e*—=U =e*dx
V' =e*cosedr — V =sine®

1x2

argthz + 3 [ 2% dx

21+x+ f d:c+ 5/
11n|1—x\+ 1n|1+:1:|+c

2|+x+1ln‘1+x{—l—c

sin x— cosz g
rara— 2

sin z+4cos x

1dx+c

d:v+c

14+x

fxtgzxdx,f 3+#dm,

L dr+c
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) U=2?—=U"=2zdx
* [ #*shads = { V' = shaxdx — V = chx
U=2—U =dx
V' =chxdr —V = shx
f$28h$dl' = 2?chx — 2 [xshm — f shxdx]
[ a?shxdx = x*cha — 2xsha — 2chx + ¢

f x?shxdx = v2chx — f 2xchxdx {

Exercise 4:

Calculate primitives of rational functions
z5+z1-8 +3 sin 1 :
| d, f( ) (e 2)2d:’5’f x2+4 5)7 5dw, f( 2 +1) de, [ 1+Cos2:vdx’fcosx(bl+fosz)2d$’f 1+tgzd$,ftg

Solution:

Calculate primitives of rational functions
TS dy = [ (2 + a4 4)do + [ 108y

z3—4x z3—4x
flf2_ x
[ =8y = [(2? +x+4)da + [ 2 g; 4x4)d + /= 3“6 dz + ¢

f%ﬁ;gda:—f(x +x+4) d:c—l—f — 4x)d:c—|—f%d +c

f—iﬁnggdm‘— +§ —i—4x+§ln\3x 4\—1—[ dx+f_dx+f 3da:+c
J i‘?fm4;8dx— ;p3+%x2+4x+41n|3x 4|+21n|x|+51ﬂ|$—2|—31n|x—|—2|+c

f%d:c—f 2+1d$+f d$+f( gd.’lf

z24+1)(z
Imdaj_ 10fl‘2+1dx+ fx2+1dx_§f_dx+f 2d$
fﬁdm:iln(x +1)—|— arctgl‘—_]n|x_2|__+c
* | x2+4 +5)° Of (z+2 = 10fmdt

We take: I, —f(tQH dt

2
L=[ #dt = J 5t x (+1) i+ t2+1)"“dt

U=i—-U =1dt
2

anf@;%ﬂdt:f%txwdt“m@{ v
2+

2t _ -1
t2 1 —t
f + t2+1 w T+ f 2n t2+1) wdt+ Iy
2
In =/ (tgif}zﬂ dt = Tl)" + %In‘i‘ Iy

1
Ly = gy + (L= 5;) I

We have: [; = [ tQHdt = arctgt + c

Igzﬁ—k (1—1)11 ﬁlg—ﬁquarctgthc

]3 = 4(t2+1)2 + (1 )]2 — I3 (t2+1)2 + 4]2
[3 (t2+1)2 + (t2+1) + CLT’Cthf + C
_ 1 _ 10t 30t 30
/ (x2+4z+5 vt = Of )2 +1 )3d =10/ @ = ey TR T arctgt +e
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[ e =10 (e = B Mt Sty 0 v
f(xQ R sdr = 2f22f—x+11dm+ fmdx
fmdx = Tﬂ)d%— % mda@
fmdm_ﬁ—%fmdt(onpose: t=x—1)
/ (x2 z+1 it = Wlﬁl) - %f g(tzlﬂ)ﬂ#
1\ i
_ 1 1 1
f(xz P 2T = 52— 2 2(@%)2“)2(#
fmdx = (m%iﬂ) — %f %(y21+1)2 > 3 dy ( We take: y = \2}>
| @i de = s — i | Grap®

We take: I, = f(g%dt

We have: Iy = goeiy + (1= 5;) In

We have: [; = [ 2Hdzﬁ = arctgy + ¢

[2: (y+1)+(1 )Il_>[2
—1

= f xz—m-i-l 2d 2(w2—oc+1) - 6V3

Imdl‘ = g(ggz:i-',-l) - 6f(<

2+1) + arctgy +c

A

Zy/2+1) G\farctgy +c

) +1) Gfarctg (\f) +c

a\%

S

1
(.T} — —) f @ 2_$+1 sdr = 2(x2 :;_H) - 9((2(1_1))24_1) Gfarctg (Qx\/}) +c

NE

[

* 1 _ 1 dz _ 1 — e g win? _ 2
fHCOSdex— 5 ) otg = tgx+c(cos?x—cos r —sin“x — 1 4 cos2x = 2 cos z)
% sin x o _ o 2dt
f cos z(1+cosz)? dz = {t B th 7 CoST = 1+t2,smx 1+t2 — dr = 1442

f sin x d.T — f 1+t2 2dt _ f (1+t2>dt
cos z(1+cos x)? 143( +17t§>2 14+¢2 1-t2
sinz _ 1511;3 dt = o tdt 2t dt
fcosx(l—i—cosz)z = f 1—t2 f_ +f 1—t2

J e —de = 3 —In[1 - 2] + ¢

| e pde = 5 (t95)" — |1 - (195)"| + ¢
*f 1+1fgz dr = f coscmo—isginxdx (tgx - z:;i)
{fwdx—x—l—cl ......... (1)

cosz+sinx

S/ —§2§§+:1§§dx = In|cosx + sin x| + cy..... (2)

(1) + (2) 1thggcdx:fL”.dar;:%JU—F%ln|cosa:+sina;|—i—c

cosz-+sinx
U =sin?z — U’ = 2sinx cos xdx
V/_smxdx_>v_ 1

cos3 x

*[tgdwdr = [sin®z - SBEdy =

cosS z

2cos?
2

[tgPrdr = lsinw i ST 7,

2 cos? cosx

[te*xdz = Stg*x + In|cosz| + ¢

Exercise 5:

Let a be a strictly positive real
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1) For what value of « is the integral I = fo% log (1 — 2acosz + a?) dz is defined?
2) Calculatel when it is defined

Solution:

Let a be a strictly positive real

1) The integral I is defined when: 1 — 2a cosx + o2 > 0 on [0, 27]
But 1 — 2acosz + a? = 0 if cos 2 = 52 (a > 0)
Since%Zland%zl@a—l

27

Therefore, the integral I = 0% log (1 — 2accos z + a?) dx will be defined,, Vo > 0 and

a#1
2) We calculate 1
assume that o 7& 1 on [0, 27]

I= lim ©=¢ Zf(a—i—b—)/f(:c):1—2acosx+a2,b:27r,a:0

n—-+o0o

I = lim > 27”10g(1—204005?+(12)
n%+oop:1
— lim 2= - — 2np 2
(:)I—ngrfoonlog(n (1 —2acos +a))

p=1
2 2imp —2imp
Or:1 — 2accos <F + a? has two roots complex roots e » and e n

As a result: H (1 —2acos 22 + a?) = [] (a - QQT)) (a — 672771))

p=1 p=1

& 1 (1—2acos 22 +a?) = [] (oz—emv;rp) IT (oz—ei?p)
p=1 1

p=1

p=1
The result is:/ = lim 2% log ((a™ — 1)2) = lim Tlog|a" — 1|
n—-+00 n—-+00
fO<a<1:1=0, (car:a™is a geometric sequence)
*If:a > 1,we have:
log |o™ — 1| =log (a™ — 1) =loga™ (1 — )
< logla™ — 1] = loga™ + log (1 — O%n) = nlog a + log (1 i)
& = lim 2 (nloga +log (1 — =))
n—-+00

I =4rloga

< [1 (1 —2acos 22 + o?) = (@ —1) (" —1)= (" —1)?
(
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Chapter 3

Ordinary differential
equations(O.D.E)

we study two types of Ordinary differential equations.An ordinary differential equation
ofn order, an ordinary differential equation of 1°¢ order and 2" order. They are introduced
and studied in this chapter. Further, we give the different methods and types to solve
this type of an ordinary differential equation

Definition 3.0.1. An ordinary differential equation of order "n” is an equation of the
form

F (z,y(x),y (x), oo y™(2)) = 0. (E)

Where F is a function of (n+ 2) variable
A solution of such an equation on an interval I C R :is a function y : I — R which is
"n” times differentiable and verifies the equation (E)

Remark 3.0.1. 1/Find a primitive is solving the O.D.E: y = f(z,y)
2/Integrating the O.D.E means finding the solution

Example 19. ylzii%ziifdy:f%dx

y’:%:>y:1n\x|+c
3.1 An ordinary differential equation of 1 order
Ordinary differential equations of 1% order
F(z,y(x),y'(z)) =0
If equation (E) remains at n = 1 and can be written as form
y = f(z,y)

ICRxR—=R

is a function defined by:
d Y (2,y) = flz,y)

29
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and y : © — y(x) is the unknown function(solution)
Probleme de Cauchy

every O.D.E with an initial condition (xg, 7o) is a Cauchy problem.

y =1

Example 20. ) ~1
xample 20 y(l):2—>{$0
Yo =2
y=2=y=hlz|+c—=2=In[ll+c—2=c
=y = In|z| + 2 eis the particular solution of the Cauchy problem

3.1.1 Ordinary differential equations with separate variables

An ODE with separate variables is a differential equation with the formula

f@)
if: F'is a primitive of f on [

if: GG is a primitive of g on [

So:
y =18 o yg(y) = f(2)
Lg(y) = f(iU) 9(y)dy = f(z)dx
J9(y)dy = r)dr & G(y) = F(x) + ¢
Example 21. 2%y —e ¥ =0
y—ey(:)xwy—ey<:> i—g(:)eydy:%
xzy’—ey@feydy—fix(:)eyz—%+c

2y =e Ve y=In|-1+

3.1.2 Homogeneous ordinary differential equations

An homogeneous ODE is a differential equation of the type

/ Yy
v=1(3)
To solve it, we pose: U = £
U=l=y=U-z=y=U -2+U=f(%) =fU)
U -24+U=fU)=U z=fU)-U=% - 2=fU)-U
S [l = [ (f(U) ~ U £0)

Example 22. ¢/ (z+y) —y =0
yY(@+y)—y=0=y (1+%)-2=0
We take: U =2 =y =U"-2+U
y (1+%)=L= U z24U)1+0U)=U
=U - 2+U+U -2 U+U*=U
U -2(1+0)=-U’=%L.2(1+U)=-U?
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= - Wgy =d o [ WDy = [de

= [—&dU— [2dU = [© = -1 —In|u| =In|z|+c

3.1.3 Linear ordinary differential equations

A linear ODE is a differential equation of the type

a(r)y +0b(r)y =c(z)

a(z),b(z) and ¢ (x) are continuous continuous functions and a (x) # 0
This equation can be written:

v =a(@)y+6(z)
a(x) and [ (z) are continuous functions

a(x)y +b(x)y=0

is a homogeneous linear equation with separate variables

3.1.4 Solving linear ordinary differential equations

1/Solving the homogeneous equation
a(z)y +b(x)y =0 :is a homogeneous equation with separate variables

:y:iexp<—f%dx+c>
yo = Kel'@ / F(m)z—f%dw/lﬁ:iec

So: 1o = Kef® : is solution of the homogeneous equation
2/The particular solution is assumed to be of the form

y, = K (v) @ /K (x)is a function of'z”
Using the constant variation method, we assume that:

y, = K () @ = y, = K' () '@ 4 Fl(2)K (z) @

we transfer to the equation:

a(z)y +b(r)y=c(x)

we find:
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a(z) [K' (x)e"™® + F'(

a(z) K (z) @ = c(z) = K' (x )2@6_“%)

= % C( ) —F(ilT) = k(m — f c(x) e_F(‘U)dx
)

a(a:)

g = K (2) ") =y, = [ 48 Fe)gy . 1)
So:
Y="Yo+Yp (
_ x) c F(x)
y=Ke +fa( dx - e
Example 23.

sinxy’ — coszy = x..... (E)
x)sinxy’ — ycosx = 0 ..... (EO)
:>smxd —ycosx=> = 2
= fcg” = [92Ldr = ln|y| In [sinzx| + ¢
= y==xe-sinx =yy==Fk-sinx ,keR
Yo 1s the solution of (Ey),to find yowe assume:
*)yp =k (z) -sinz =y, = k' (2) - sinx + k (2) - cosw
So:sinzy’ — coszy = x = sinx [k’ (z) -sinx + k () - cosz] — cosx [k (z) - sinz] = x
= sinzk’ () -sinz =2 =k (z)= % = % = %

sin“ x dz sin“
u=x—u =dr
= | dk = d:c{ _
f fsmm v/:sm xdx_)v_tgi
éfdk:fSIExdx—tgz—i-ftlda:
= k(2) = [ gopde =0+ [ S55de = k(2) = .7 — Infcos 2]

yp =k (z) -sinz =y, = |2 —ln\cosx|] -sinz

The solution to the linear equation (E) is:y =yo+y, =y =Fk-sinx + [1;—2 —In|cosz|| - sinx

Example 24.
Y+ 2y = 2xe " ... (E)
x)y + 2zy = 0....... (EO)
= % = 2y = W y —2xdr = f by = [ —2xdx

1n]y|:—x2—|—c:>y—j:e e’ :>y0—k e ™ kel

Yo is the solution of (Ey),to find yo we assume:

Nyp =k (z) - e = y, = k' (z) - e — 2k (z) e

So:y +2xy =2we™ =K (z)- e —2zk (z) - e + 2k (z)- e = 2e™*
K (x)- e =2ze " = & =22 = [dk = [2zdr = k(z) = 2?

yp =k (z) - e :>yp—x2 e’

The solution to the linear equation (E) sy =yo+yp=>y=Fk-e* +a2.¢e*

2

3.1.5 Bernouli’s ordinary differential equations

Bernouli’s equation in the form
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a()y +b(@)y=c@)y", keR/{0,1}
To solve it, we return to an ordinary linear differential equation

*)Multiply the equation by y~*

a(w)y’+b(x)y=6($)y =a(@)y -y F+b(x)y -y =c(z)
=a(x)y -y F+b(x)yF =c(z)

F)We take:z = y'F = 2/ = (1 — k) y =~y

a@)y -y +b(a) gt =c(a) = £ +b(0) 2 = c(a)
z:z()+zp:>y:zﬁ

Example 25. ¢ — zy = y%
*) Multiply the equation by y=* =y

(NI

SIS
QQ\
|
S
<
@I
SIS
Il
—_

Y -y =yt =y
Sy iy —zoyr=1

1

1
§:y§:}z/:%y

—1
- =z .

)We take: z = yl™F = 2 = ¢!

-

y 2oy —x- y2:1:>22—x z=1.... (E)

*) Solving the homogeneous equation

22/ —x-2=0....... (Eop)
:>2%:xz:>2dz—xdx

= [2% = [2dr = 2In|z| = 22?4 ¢
= z = *+e°- ei$2:>zo—k 64’”2, kelR

*)zo is the solution of (Ey) ,to find zy we assume:
2y =k (x) - e1” = o =k (z) - e1” + txk (z) - e1?

1 1

1 ) - ex

2k’ (z) - ei® =1= & = 132" = f(z) = L [e 3%da
zp:k(yc)-eim2 jzp:%ei ’

3.2 Ordinary differential equations of 2" order

Definition 3.2.1. A second-order linear differential equation is an equation of the form

a(z)y” +b(x)y + c(z)y = f(x)
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where :a(x),b(z),c(x) et f(x) are continuous functions
The homogeneous equation (the equation without a second member)

a(z)y” +b(x)y +c(z)y=0

The2™ order linear differential equation with constant coefficients is an equation of
the form
ay’ + by +cy= f(z)....(E)
where : a,b, c are constants and f(x) are continuous functions
The homogeneous equation (the equation without a second member)is

ay” + by’ +cy =0..... (Ep)
To solve this equation, we find if there are solutions of the type

y=¢€e, relR
y/:,’neriyn :,r.26'r

We take it in the equation

ay’ + by +cy =0..... (Ep)

we find:

ay” + by +cy=0= ar’e” +bre" +ce” =0

e (ar+br+c)=0=ar’+br+c=0
18 a characteristic equation of the homogeneous equation without second member
) I°tcase: A\ =0, we will have a double root: 1 =1, =1y = 2

2a
The functions y; = €' et y, = re

" are two solutions of the homogeneous equation
without a second member

So the mazimum general solution of the homogeneous equation without a second member
s given by:

Yy = Ae"™ 4 hoxe’
Yy = e’ ()\1 -+ /\21‘) ,/\1,/\2 cR

x) 2 case: /N > 0, the characteristic equation admits two real rootsry et r9,S0 The
functions y; = €% et yo = € are two particularly solution of the homogeneous equation
without a second member

So the mazimum general solution of the homogeneous equation without second member
s given by:

Yy = )\16le + )\2€T2z, )\1, )\2 eR

¥)F4case: A\ < 0, the characteristic equation has two complex roots

{T1:@+iﬁ

ro = —1if
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Then the functions y; = cos (fx) €™ and y, = sin (Bz) e** are two particular solutions
of the homogeneous equation without a second member

So the mazimum general solution of the homogeneous equation without a second member
s given by:

y = A cos (Bx) e* + Agsin (fz) e, A, A2 € R
y = € (A cos (fx) + Ay sin (Sx))

Example 26. :y” — 5y +6y=0=1r>—-5r+6=0
:E: — 1T —
A:25—24:1{T1 2om=et=e

2x

2 3z Y= )\162:E + )\263x7 Al) AQ S R

7‘2:—5;1:3—>y2:e”x:e

Example 27. 4" +4y' +4y=0= 1> +4r +4 =10

A:16—16:0:>7’:7‘1:T2:%4:—2:>y:€_2x()\1+)\2x),)\1,)\2ER

Example 28. ;" + ¢ +y=0=7r?4+r+1=0
ry = —_1_2“/3 =2 — y; = cos (fz)e* = cos <

3
2
. E y E
Ty = # =3 — yp = sin (fz) e** = sin (\/731:) e
s (97) i (52))

Solving the non-homogeneous equation

A=1—-4=-3=237

ay’ + by +cy = f(x).....(E)

Theorem 3.2.1. The general solution y of the non-homogeneous equation is the sum of
the mazximum solution of the homogeneous equation without second member yo and the
particular solution y, such that:

Y=Y + W

Particular solution
if: f(x) = Ae**/A: constant
1)a is not the root of the characteristic equation(ar? + br + ¢ = 0) ,then

Ae®®

N 2t bate
2)a is the root of the characteristic equation(ar? + br + ¢ = 0) ,then

Axe™®

:2a+b

U1

Example 29. vy’ — 3y + 2y = €*
*The homogeneous equation:y” —3y +2y=0=>1r>=3r+2=0

3—1
:—:1—) — "% — 7T
A:9—8:1{ T T e W= M€+ Ae® AL A €R

ro="- =22y =€ =e
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=1
* =1 mpl t
{azl o 18 a simple root, so

The general solution y s:

Y=Y + %
Y= A€+ Xe® —ze® A\, ER

if: f(x) = Acos(wz) + Bsin (wx) /A, B :constants
1/f is not a root of the characteristic equation, then:

y1 = ky cos (wz) + ko sin (wx)
2/f is a root of the characteristic equation, then:
y1 = x (ky cos (wz) + ko sin (wz))

Example 30. :y” +y = cosx
*The homogeneous equation:y” +y=0=1>+1=0
22 rr=1=1—y = cos(fx)e*® = cos(x)
rg = —i =2 — yy = cos (fx) e*® = sin (x)
*/f (x) = cosz is a root of the characteristic equation then:

Yo = A1 COST + Agsinx

y1 = x (k1 cosx + kysin x)

We have:

y1 = x (ky cos x + ko sin x)
Yy = kicosx + kysina + o (—ky sina + ko cos x)

Yy, = —kisinx + kg cosx — ky sinz + kg cosx — x (kg cosx + ko sinx)

So:

Yy’ 4+y=cosx =

—kysinx + kycosx — kysinz + kg cosx — x (ky cosx + ko sin )

+x (ki cosx + ko sinz) = cosx

—2 pr— p—

= —2k;sinz + 2kycosx = cosx { 2k2k1: 1 0_>_]>€2k1: % 0

Then:

—_— 1 -
Y1 = stmx

The general solution to the equation y” 4+ y = cosz 1s given by:

Y=Y+ U
Y= Alcosm—i—/\gsinx—i—%xsinx,/\l,/\g eR
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2 method for finding the solution particular
if yp s a particular solution, it must verify the following system

Ayr + Agye = 0
yZAy+Ay{ /
PR M+ Moy = ()
Example 31. 37 — 3y + 2y = ™
*The homogeneous equation: y" — 3y +2y=0=12—-3r+2=0

3
= == = 1 — — " — 7T
" n=e ‘ Yo = Me” + Ae® A1, Ao € R

—1
A=9-8=1 2
{7‘2:%:2—&/2:6”’”:62’”

*We find the particular solution by the method of variation of constants

Ny + Ay =0

A:ly; + A:ng = f(z)

(1) = (2) & —Me¥ = = = Ny =¥ = Ny = 26¥ + 0y
replace Ay in (1), we find :

N+ e = 0= Ny = —e = Ay = —Le 4 gy

Yp = A1€% + Nge?® {

So:
Y = Ae® + Age?®

1 1
y ( 4e4x Cl) e’ (363;10 62) 62:(3
1 1
= _Ze5x + 0161 + §65x + 0262x

1
Y= 56" 4 cre” + ce* ¢, 00 € R

37
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3.3 Solved exercises
Exercise 1.

Solve the following 1%‘order differential equations following
1)y — %y =Inzx
2)y +ysinz = sinx

Solution:

1) y’—%y:lna:

*First we solve the homogeneous equation

vy —y=0sy =1y

e¥=lye W= 1d
<:>fi—y = [idz & Inly| =In|z|+c
Sy==xe-x&y==Fk-xwith k = £e

*Constant variation method

The constant k is varied as a function of x hence
y=k(x)-z=y =K -o+k

then replace in y' — %y = Inz, we find

y—iy=lnzsk -z+k—21(k-z)=Inz
k’-lenx@%lenx@fdk:fh%dx

k(z)=1 (Inz)” + ¢

Therefore y, = (3 (In2)* +¢) /c€ R

2)y +ysinz =sinx

*First we solve the homogeneous equation

Y +ysint=0<y = —ysinz

& % =ysinr & % = —sinzdx

& f% = [—sinadr & In|y| = cosz + ¢

Sy==2e e S y=k- e with k = £e°

*Constant variation method

The constant k is varied as a function of x hence

y = k ([L‘) . ecosz = y/ — ]{3/ . eCosT _ k’SiIl.T . gC0s®

then replace in ¢’ + ysinz = sinz, we find

Y +ysine =sinz & k' - e — ksinx - €97 + k- €7 (sinz) = sinx
ke =sinz & %7 =sinz & [dk = [sinz- e *dx
k(z)=e %4 ¢

Therefore y, = €% (e7“®" 4 ¢) =1+c- e /ce R

Exercise 2:

Solve the following 1 order differential equations following 1)y’ + xy = x>

2)y’ + ¥ — y? = =3 such that s (z) = 1 is a particular solution
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Solution:

39

1)y’ + zy = xy? this is a Bernoulli equation with o = 2, then divide the equation on

y?,we find:
£i3=a
Then we make the following change of variable
z:y_lziéz’:_y—g/

we

So we get: g—;+§:x:—z’+xz:$

which is a linear equation

*First we solve the homogeneous equation
—2trz=0&72=uxz

& % =xz & % = xdx

& [L = [zdr e njz| =127 +c

&z = tet - e2® <:>y:k~e%‘”2 with £ = +e°
*Constant variation method

The constant k is varied as a function of x hence
r=k(z)- e ==k e +k-x-e2”

then replace in —z' + zz = x, we find

A taz=are ke —kog-ex® 4a-k-ex® =g
ke = —p & %e%xQ ——z& [dk=[—z- e dx
k(z)=e2" +¢

Therefore z, = ez’ <e_%x2 + c> —1+c-e2”/ceR
So: y, = H;/C eR

1.2
ce2?®

2)y +4 —y = ;—21 such that s (z) = % is a particular solution

This is a Riccati equation, as s (x) = % is a particular solution of the equation, then

make the change of variable y = z + %,d’oﬁ y =2 — :%27 hence

y+i-yP=m6/-2-22=0

which is a Bernoulli equation with a = 2, then divide the equation on z

Then we make the following change of variable
t=zl=ls¢==F4

Soweget: 5 —L=1=—t-L=1

which is a linear equation

*First we solve the homogeneous equation

—t —l=0et=-1L
T x t T
& [L=[lidz o h|t]|=—In|z|+c

@t::tec-%(:)tzgwithk::tec
*Constant variation method

The constant k is varied as a function of z hence
t=20 oy = Kk

then replace in—t' — £ = 1, we find
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t tzlﬁ—klfgk—w—gzl
Eoledope [di=— [azda
k(z) =—322+¢

Therefore t; = —iz+</ceR
So: zg = 7225 /c€R

Yg = zg—{—%<:>yg:262_xz2—|—%/C€R

Exercise 3:

Solve the following differential equations
1)y” — 2y 4+ y = x such that: y (0) =4 (0) =0
2)y" + 4y = tgx

Solution:

Solve the following differential equations

1)y” — 2y’ + y = x such that: y (0) =4’ (0) =0

We start by solving the homogeneous equation y” — 2y’ + y = 0. Its characteristic
equation is 72 — 2r +1 = 0, of which "1” is a double root. The general solutions of the
homogeneous equation are therefore the functions

Ae’ + pxe”

We will search for a particular solution in the form of a polynomial of degree”1”.

But y(x) = azx + b is a solution to the differential equation if and only if only if

—2a+ar+b=x< (a—z+(b—2a)=0:

Since a real polynomial is identically zero if and only if all its coefficients are zero, we
deduce that a = 1 and b = 2. The solutions of the quation are functions of the form

e + pxe® + (v + 2)

If we add the conditions y (0) = ¢’ (0) = 0 ,we obtain the equations
A+2=0and A\ +p+1=0;
Let A = —2 and g = 1.The only solution to the equation is therefore the function

(x —2)e" + (z+2)

2) Yy’ + 4y = tgx

First, we solve the homogeneous equation without a second member y” + 4y = 0. We
can introduce the characteristic equation r? + 4 = 0, or directly note that the functions

y1 = sin(2z) and yy = cos(27)

are solutions. To determine a solution of the equation with second member, we apply
the method of variation of the constant by searching for a solution written as :

y(x) = M(@)yi(x) + Ao ()2 (x)
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the derived functions | and A, must verify the system
{ A1 (@)y1(2) + Xy (2)ya(2) = 0
A1 (@)yr(2) + Xy (2)ys () = tga
Replace y; and 1y, by their respective values, and find the find the system
{ N (z)sin(2x) + Ny(x) cos(2z) = 0
N (z) cos(2z) — Xy(x)sin(2z) = Ltgx
It comes
M (z) = L cos(2z) 3L = Lgin(2y)=5ns
using cos(2z) = 2cos*(x) — 1. The last part of the right member is of the form %. We
can integrate and find, A (z) = Z* cos(2z) + 5 In(cos z)
In the same way, we find
Ny(z) = —sin*(z) = 5+(1 — cos(2x))
Let
Xo(z) = —sin*(z) = S (x — 5 sin(2x))

Exercise 4:

Integrate the following differential equations
1)y” + 2y + 5y = e " (2cos 2z — 3sin 2x)

—2z

2)y” + 4y +4y = 1>

Solution:

1)y” +2y 4+ 5y = e (2c0s2x — 38IN2T) c.veevennnnne. (E)

-The homogeneous equation y” + 2y’ + 5y = 0. Its equation characteristic equation
r? +2r +5 = 0, whose roots are —1 — 2 and —1 + 2. The solutions of the homogeneous
equation are functions of the form

y = e *(cicos(2x) 4 casin(2x))/ c1,c2 € R

We have

f(z) = e *(2cos(2x) — 3sin(2z))
We take

y=e"z=e"z,

Yy =—eTz4+2e "= (2 —2)e",

Yy =" —2)e " —(F—z2)e " = (2" =22 +z2)e "

We replace y;y/;y” in (E):

Yy 42y +5y = (2" +42)e " = e " (2cos2x — 3sin2x)
2’ +4z =2cos2xr — 3sin2x....... (Eo)

{ 2"+ 4z =0..... (Ep)

(B)) e r*+4=0& 71 =20 and ry = —2i

We have:+ip = +2i are solutions of (E), then

zp, = ©(Acos2z + Bsin2z) /A, B € R

2, = v(—=2Asin2x + 2Bcos2z) + Acos2z + Bsin2x

2", = x(—4Acos2x — 4Bsin2x) + (—4Asin2x + 4Bcos2x)

we replace z,, 2,27, in (E'):
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—4Asin2x + 4Bcos2x = 2 cos 2z — 3sin 2x

A=13

Hence

zp = x(3cos2z + Lsin2z)

So

yp = € "z, = x(3cos2x + $sin2x)e”
Then y = yo + y, is the solution to the given equation

2) Yy’ +4y +4y = £

-The homogeneous equation y” + 43" + 4y = 0.Its associated characteristic equation
72 + 4r + 4 = 0,0f which —2 is a double root. The real solutions of the homogeneous

T

equation are the functions of the form

y=cre 4+ core > /ey, 00 €R
We apply the constant variation method

e 4+ chre ™ = 0............ (1)
{ —2c) e 4y (—2re™ 4 7)) = f:rj; ............ (1)
From 2 x (1) 4+ (2) :
e =
ch = ﬁ = co(x) = arctgr + ko /ko € R
From(1) :

dt+ar=0=d=—1%
a(z)=5In(1+a2%) +k/k eR
Hence

Yy = cre” 2 + cowe”
y=(FIn(1+2?%) e + (arctgr + ko) e [k, ko € R

y = (kowe ™ + ke™®) + (G In (1 4 2%) + zarctgz) e 2" ki, ks € R

2x
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