Table des matiéres

0.1 Introduction . . . . . . . . . . .. 4
1 Some general aspects on ultracold quantum gases 7
1.1 Imtroduction . . . . . . . . . . e 7
1.2 magnetic confinement . . . . . ... oL oL 9
1.3 harmonic magnetic trap . . . . . .. ..o 10
1.4 Dipolar confinement . . . . . . . .. .. L 10
1.5 Harmonic dipole trap . . . . . . . . . . L 12
1.6 Evaporation cooling . . . . . . . . . . .. L 12
1.7 Feshbach resonance . . . . . . . . . . ... L L 14
1.8 Non-equilibrium dynamics in ultra-cold gases through quantum quench. . . . . . 15
1.8.1 Imtroduction . . . . . . . . .. .. L 15
1.8.2  Probe of momentum distribution of cold atoms. . . . . . . ... ... .. 16

2.2

1.8.3 Probe of dynamical correlations and time dependent many-body problem. 16

1.8.4 Collective dynamics in quantum many-body systems . . . . .. .. ... 17

2 Dynamical response of noninteracting Fermions to a sudden change of har-
monic trap ( quantum quench potential) 18
2.1 Introduction : . . . . . . . . . e 18

Scaling law property of one-body density matrix for noninteracting Fermi gas
initially confined in harmonic trap. . . . . . . .. ... ... .. oL 19
221 Freeexpension . . . . . . . . ..o e 19

2.2.2  Expansion from trap to trap (wo — w) . . . . . . ... L 22



2.3 Current density distribution generated by a sudden quench of the trap . . . . . 24

Alternative expression for one body density matrix of harmonically trapped
two hard-core bosons in one spatial dimension and Tan’s contact of momen-
tum distribution. 26
3.1 Imtroduction . . . . . . . .. 26
3.2 One-body density matrix of two harmonically trapped hard-core Bosons in one

Adimension. . . . . . . 28

Dynamical one-body reduced density matrix of an interacting zero-range re-
pulsive Bose gas following a sudden change of trap potential and the resulting
current density distribution. 35
4.1 Introduction . . . . . . . . . L e e 35
4.2 Asymptotic long-time one-body reduced density matrix of an interacting zero-
range repulsive Bose gas system with large N. . . . . . . ... ... ... .. 36

4.3 Exact analytical expression of current density for Tonks-Girardeau gas in trap

totrap quench. . . . . . .. 41
4.4  Generalization to higher spatial dimensions . . . . . . . .. ... ... ... ... 43
Conclusion a7
REFERENCES . . . . . . e 50
5.1 References . . . . . . ... 50

5.2 Appendix A . . .. 54



Acknowledgments

I would first like to thank my supervisor, Pr Kamel Bencheikh for his constant guidance
over these years. I admire him for his skills as a researcher and also as teacher. His qualities as
a human being greatly helped me to accomplish this thesis in a good working conditions.

I am very grateful to the membres of thesis jury for accepting to attend my thesis defense.
Namely, The jury president, Pr M. Mamache from our university and the examiners : Pr M.
Benarous from University of Chlef, Pr A. bouldjedri from University of Batna and Pr S. lamari
from our university.

I am also grateful to my teachers who contributed to my education at university, in parti-
cular, Dr Berkane, Pr Mansouri, Pr Houamer, Dr Guenoune and Pr Hachemi.

Finally, I express my very profound gratitude to my amazing families Boumaza and Bou-
reghda for the love, support and constant encouragement. In particular, I would like to thank
my dear parents and my husband for providing me with unfailing support during process of
researching and writing this thesis. This accomplishment would not have been possible without

them. To all of them I say thank you so much.



0.1 Introduction 4

0.1 Introduction

The physics of ultra-cold quantum gases has been one of the most exciting and rapidly
growing fields of physics of the past two decades. The advances in cooling, where temperatures
of the order of a fraction of the Fermi temperatures were reached, and trapping techniques have
led to experimental realization of confined ultra-cold gases in various spatial geometries, |1, 2, 3]
. Moreover advances in high resolution imaging cold cloud gases allow to probe these systems.
Nowadays experimentalists can emulate properties of real materials [4] through the use of utra-
cold gases by engineering a desired Hamiltonian.

These developments led to the emergence of traps like the square well [3] and the hard-wall
optical box with a strong confinement in two directions [4]. This progress in experimental acti-
vity has allowed a remarkable control of the external parameters of the Hamiltonian governing
the dynamics of the quantum system. The frequency of the trapping harmonic potential or the
strength of the effective two-body interaction are among the main physical parameters which
can be controlled.

The response of a quantum system to a sudden change of its parameters entering in the
hamiltonian, such as the confining potential or two-body particle-particle interactions, is an in-
teresting issue in physics. This issue is experimentally realized in the field of ultra-cold quantum
gases, where the advances in such field allow a full control of the parameters of the confined gas.
The subsequent time evolution of the system following a sudden change of a specific parameter,
called quench, is interesting and allows the study of dynamical non-equilibrium properties of
the system.

Understanding and describing the non-equilibrium dynamics of quantum many-body sys-
tem constitutes a very interesting problem in modern theoretical physics. Fundamental ques-
tions about the time evolution of quantum systems have become the subject of intense study,
such as whether thermalization or some more general equilibration occurs when starting from
a non-equilibrium initial state, hence making contact with statistical mechanics. In this respect
this has led to the introduction of a new ensemble called the generalized Gibbs ensemble [5],
which is a more general one than the usual grand-canonical ensemble. When applied to specific

system of hard-core bosons on a one-dimensional lattice, the study confirmed the relaxation



0.1 Introduction 5

hypothesis or the existence of an equilibrium state [5].

In this thesis we were interested in dynamical properties of quantum gas subjected to a
sudden change of its initially trapping potential, and our study was mainly restriceted to one-
dimensional confining systems. The dynamical quantities we were interested are the one-body
density matrix and the resulting mass current density distribution. The manuscript presents
the work we realized during three years and it is mainly organized in four chapters

In Chapter 1, we provide some basics physics of ultra-cold gases. Starting from how cold
gases can be cooled and trapped in different geometries. We also discuss how to probe of these
gases and how a quench generates a non-equilirium dynamics.

In Chapter 2 :

In this chapter we consider a system of N noninteracting particle initially confined in a
harmonic potential and we calculate analytically one-body density matrix after a sudden change
of the frequency of this potential. We generalized the scaling law known for local density to the
non-local density. using this expression we derive an exact expression of the resulting collective
current density distribution generated by this quench. We believe that this collective quantity
is an interesting tool.

In Chapter 3 :

A one-dimensional boson system of atoms interacting through a very strong zero-range
repulsive interactions is known as a hard-core system or Tonks-Girardeau Bose gas. For the case
of two hard-core bosons trapped in a harmonic potential, we derive an alternative expression
of one-body density matrix in terms of centre of mass and relative coordinates of the atoms.
This form is suitable since it allows to easily obtain the short range expansion in terms of the
relative coordinate and therefore get through an appropriate fourier transform the high tail
behaviour of the momentum density distribution n(p) .We recovered in a transparent way the
1/p* dependence originating from short-range pair correlation with the corresponding Tan’s
contact coefficient.

It should be noted that the methods used in previous two chapters are original contribu-
tions. In chapter 4 we shall present and discuss the main results obtained in this thesis. Here

we focus on the non-equilibrium dynamics of quantum gas released from an initially trapping
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potential and we discuss two different physical situations.

1) The first situation concerns on an extension of the work published in 2015 by Campbell
et al in Physical Review Letters 114 125302. We derived a simple analytical expression for
the long-time asymptotic one-body reduced density matrix during free expansion for a one-
dimensional system of bosons with large atom number interacting through a repulsive zero-
range interactions (Lieb-liniger gas) initially confined by a potential well. This density matrix
allows direct access to the momentum distribution and we suggest to use the collective mass
current density as an interesting physical quantity during the expansion. Some resuls are given
for the class of confining power-law potentials.

2) The second work concerns the system of Tonks—Girardeau Bose gas with a given atom
number. For this system, We derive an explicit exact analytical expression for the mass current
distribution (mass transport) after change from one harmonic trap to another harmonic trap.
It is shown that, the current distribution is a suitable collective observable and under the weak
quench regime, it exhibits oscillations at the same frequencies as those recently predicted for
the peak momentum distribution in the breathing mode [ref full]. The analysis is extended to
other possible higher spatial dimensions quenched systems.

We end this thesis with a conculsion, where we summarize our results and suggest some

possible extensions.



Chapitre 1

Some general aspects on ultracold

quantum gases

1.1 Introduction

Ultra-cold quantum gases is a new field of condensed matter physics research which ge-
nerates during the last two decades an intense activity both experimental and theoretical.
Ultra-cold atomic physics plays an important role to study quantum many-body systems and
allows us also vision the density and the momentum distribution through the new tools that
it added, this kind of atoms led us to observation the Bose-Einstein condensate (BEC) in 1995
[6, 7]. There are many ways to obtain ultra-cold gas, the standard method used is Laser co-
oling (Doppler cooling)|fig] and the aim of this technique is to immobilize the atoms by the use
the pressure force exerted through lasers, reducing the atoms velocity to extremely low values
down to few centimetres per seconde (cm/s).

The atom velocity changes from the interaction between the atom and the light, when the
atom absorbes a photon with momentum, p = hk, it stores the energy and keeps the momentum
during the retreating, the corresponding velocity change is : v = hk/m = h/mA. If the atom
velocity is large so its wavelength is very small, we can say that we are in classical regime
and in the weak velocity case (low temperature), the wavelength becomes appreciable and the

quantum effect will can manifest more clearly. An important quantity that governs the behavior
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of gas, is phase space density p = n\*, where n = % is the particle density and A\ = \/%
thermal De Broglie wavelength. We define the volume occupied by single atom [? = %, whose
[ is the length, by simple words; when p = (%)3 < 1 we say that we are in classical regime. For
a gas to ambient temperature, we have p v 10~!" and for more diluted sample we approach
p = 107'2, while if the phase space density p = (%)3 > 1 we would be in quantum regime.
This occurs for p « 2.618 as condition for Bose-Einstein condensate(BEC) [the values of the
phase space density are displayed in table(1)]. An others techniques of cooling and trapping
are possible to overcome the difficulties, we quote two mechanisms of trapping, known as the

magnetic trap and dipolar trap and both give a harmonic confinement, then we move to a

technique of cooling, called evaporation
T A n p

300 K | 0.02 nm | 10 /em? | 10717
30mK | 2nm | 10%/cm? | 10712

1mK | 10nm | 10°/em® | 107°
70nK | 1pm | 102%/cm? | 2.618

Table 1 : The values of the phase space density

- 4—. <

=

Fig. 1 : Laser cooling
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1.2 magnetic confinement

The magnetic trapping considers the tank of cold atoms, it blockades the atoms by qua-
drupole magnetic field that assures the trapping them, through used Zeeman effect. This confi-
nement depends on magnetic moment of atoms 7 and magnetic field (inhomogeneous and
stationnary field) E)(?) . The magnetic confinement consequence of the interaction between
the magnetic field and the atoms ( Zeeman interaction) with energy U(7") = —ﬁﬁ(?)

The energy U plays the role of potential energy for the centre of mass mouvement of atom.
The resulting magnetic strength is

F = & | v {|| ﬁ(?) I .cos(ﬁ),ﬁ(?))} that allows the atoms confinement. If the
magnetic momentum is aligned along the axis of the magnetic field, we will have U(7") =
+1.B(7) according to 77 whether parallel or antiparallel to ﬁ(?)

To trap atoms, it is necessary that the potential magnetic energy of the atoms be on
maximum or minimum values. When 77 have the same direction of 5(7), the atoms will be
attracted to the regions that have a strong magnetic field. While for the opposite direction of
7 and §(7>), the atoms are pushed to minimum.

The simple configuration is Ioffe-Pritchard trap, this trap has been designed as a com-
bination of a radial quadrupole field creates by four parallele wires are called Ioffe bars by
circulating an electric current two to two opposite, these wires are responsible to radial confi-

nement of atoms, and pairs of coils of "pinch" of parallele axis with same current, that assure

the longitudinal trapping [fig.1]

s

\/ \J

Pinch coils

Fig. 2 : Ioffe-Pritchard trap
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1.3 harmonic magnetic trap

If the axis of confinement in Ioffe Pritchard configuration is the axis (oz), the expression

of total magnetic field created through trap is [§] :

0 , Ty x
B /
1 22— (2 4+ y%)/2 0

where By,B and B"are the angle, the gradient and curvature of field respectively. the two first
terms represent the magnetic field creates by the two coils, and the last terms is created through
loffe bars.

The module of this field in the lowest order of x, y et z are :

N B/2 B// B//
B(7T)| =B — =) (P + )+ =2 2.1
B = B0+ (- 5 ) @420+ 5 (2.1

This expression of the module of magnetic field present a local minimum at point 0 on

condition 2B? = ByB", in this case, the magnetic interaction energy is :

1 /B? B uB
U(7") = puBo + St (Fo - 7) (=® + %) + N 2 (3.1)

"

we see that the potential of confinement is harmonic in the region around the centre of

confinement. Indeed, it can be rewritten as

1 1
UT) =U + §mwi(x2 + %) + Qmwif (4.1)
with w; = /& (%/02 — BTN> and w, = 1/ % are respectively the frequencies of the trapping

radial and axial We note that the frequency w, depends of the value of the angle of magnetic

field By whose can be modified using the two coils.

1.4 Dipolar confinement

The dipolar confinement of atoms results of the interaction between the electric field of

light beam and the electric dipole of the particle When a neutral atom is subjected to the
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electric field E(?) of light beam, this field changes polarize the particle so that the induced

dipole d possesses the same direction as E (7).

The resulting interaction energy is given by[see for instance : [14]]
d.E(7) (5.1)

ﬁ
where the factor 1/2 accounts that the induced dipole is not permanent. The electric dipole d

is given by d = a.ﬁ(?) where « is the complex polarisability of the atom. Since the light

. . . _ - —_ 2 . .
intensity is I(7") = %° | E'(7")| , so the interaction energy becomes

V(7)) = —=——Re(a).I(7T) (6.1)

Here ¢y and c are respectively the permittivity in the vacuum and the light velocity. The
dipolar potential created is proportionnal to complex polarisability, we can say that o will
determine the most attractive areas of atoms.

We consider two levels system | f) (ground state) and |() (excited state), of atomic frequency

wp. In this example, the atomic polarisability « is a complex function of light pulsation w;,

9, 10] :

[/t
a = 6regm.c’ : (7.1)
wi —wi, —i(w /)T
where T = % (f| D|¢)? is the natural width of the transition. For disagreement of the laser

by contribution to atomic transition § = w; — wy , the interaction energy takes the following

form :
3nc*T I(7)

V(T) = 2w 4

(8.1)

it the follows from this expression, we will have two regimes according to the frequency of
external field is lower or greater than the atomic frequency. For 6(0 , the interaction potential
is attractive, and the atoms are attracted to the areas that have maxima light intensity. If §)0,

the potential is repulsive so, the atoms are attracted to minima light intensity.
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1.5 Harmonic dipole trap

In previous paragraph we have seen that the dipolar trapped creates through focalization
of simple laser beam. considering a laser beam of gaussien type, the intensity distribution is

given[11]

2
I(z,1) = H—i—g/ZfeXp {_wz%(z)] (9.1)

with :

Iy is the maximal intensity of the beam.

w(z) = wor/1+ 22/Z2 is the profil rayon of the intensity, at 1/e?, at

wy is the profil rayon of the intensity, at 1/e?, at

Z,. = mwp/\ is the Rayleigh length, the X is wave length.

The expression (8.1) becomes

V) = 1+‘z/g/Zf o {_%} .

the Vy = %%" the depth of the trap. We can devlop the interaction energy to second
order, so we obtain
2Vo

1.6 Evaporation cooling

Trapping technics described previously don’t allow of cooling the atoms, but only to confine.
So to increase its density. But we are then far to the threshold of quantum degeneracy. To reach
to this regime, we have increase the phase space density p, because the magnetic and the dipolar
confinement used to load the ultracold atoms in traps. doesn’t provide a high atomic density.
The phase space density stays 107° [12]. For obtain the higher phase space density, and among

the cooling technics that allow to access to lower temperature, we quote evaporation cooling.
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Tin Kelvin

- 10* -
Collisions

—] v

Radiative

Optical cooling [ ——
Doppler limit [ ——

10-6—] Laser cooling

Evaporation

Fig.4 : Temperature scale "Laser cooling and trapping"

The evaporation cooling is a cooling technic of a gas of atoms initially trapped at a tem-
peratures of the order mK to a temperature of order n/K. We can’t reach to this step after a
prior phase of cooling et of trapping (Laser cooling)[fig].

This kind of cooling is based on elimination of the most energetic atoms of a trapped gas,

in parallel with a rethermalization of the atoms remaining at a lower temperature.

Fig. 5 : Evaporation cooling

After the overview on the cooling and trapping technics, a question comes to our mind,
why we cool the atoms ?

The answer of this question is very clear, because the new physics hides behind this type of
atoms. The new state of matter, the quantum phenomenon that manifest at lower temperature

to macroscopic level, the possibility of study and understand the quantum phenomenons and
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their behavior in a accessible and controllable. The possibility to change the interaction force
between atom-atom through a simple ajustement of magnetic field, this modification called

Feshbach resonance[13].

1.7 Feshbach resonance

In ultracold-atoms, the interaction between atoms can be fully controlled through the
so-colled Feshbach resonance. The latter is a subtle and beautiful phenomenon allowing to
modify the atom-atom interaction, by a simple change of a magnetic field. The change of
interactions can be performed over an enormous range, passing from strongly attractive to
strongly repulsive configurations. This modification of the interaction strength allows to obtain
atoms from unbound state (open channel) to bound state with different spin configuration
(closed channel). Due to the difference in magnetic moments between open and closed channel,
the zeeman energies change differently in a magnetic field, an interesting parameter also changes,
the so-called scattering length a.

The scattering length depends only on the potential of interaction between the atoms as

follows [14]

! 4 hz I
Vie—z)= T dx—x) (12.1)
m
where ¢ is the Dirac delta function , g = % is the coupling constant and V(x — 2) is the

pseudo-potential [14].

In reality, the exact form of the potential V' is very difficult to calculate, because a small
error in the development of the potential V' can give us a very large error for the scattering
length as a result we obtain a large number of bound states [14]. This makes it difficult to

describe the ultracold quantum gases.
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Fig. 6 : Basic two-channel model for Feshbach resonance

Fig. 7 : Scattering length

1.8 Non-equilibrium dynamics in ultra-cold gases through

quantum quench.

1.8.1 Introduction

An interesting issue in the field of ultra-cold gases is the study of non-equilibrium dyna-

mics. This subfield was driven by the spectacular experimental advances in controling and high
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resolution imaging cold cloud gases and allow to probe these latter systems. The most popular
technique used to probe a cold gas is to use the time-of-flight technique (TOF), which consists
of a sudden switch-off of trapping potential and simply observing the atoms expand as they
fall under gravity. After a certain time, atoms are illuminated by laser light. The atoms of the
gas absorb light and from the intensity of the outgoing light one can deduce the spatial density
TOF ()

distribution p of the expanded gas [14].

1.8.2 Probe of momentum distribution of cold atoms.

It consists of :

- Suddenly switch-off the initial confining trap potential at time ¢ = 0.

- Let the quantum gas expand freely for a time ¢, called time-of-flight.

Assuming a ballistic expansion, i.e; neglect the interactions during the free expansion, one
can show that for long times, the spatial distribution is proportional to the initial momentum

distribution of the initially confined gas, that is

p(7 > 1) — (?)3% (5’ — @) (13.1)

—
mr
t

where ny (p = ) is the initial momentum density evaluated at momentum p = m7 /t. Ex-
perimentaly informations on the expanded cloud are obtained, as pointed out before, through
the imaging absorption technique[14] which allows to extract, the number of atoms, tempera-
ture, cloud velocity, and cloud size and the spatial density. The measured latter density allows

through Eq. (13.1) to deduce the momentum density of the initially confined cloud.

1.8.3 Probe of dynamical correlations and time dependent many-

body problem.

The progress in the resolution imaging techniques are allowing nowdays cold atom nonequi-
librium experiments to probe spatial dynamical correlation functions following a sudden change
in experimental parameters such as confining trap or interaction strength. The sudden change
of the potential or the interaction strength is called respectively quench of the potential and

the quench of the interaction.
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The quench generates a nonequilibrium state and allows the study of the broad domain of
time-dependent problems of quantum many-particle system where one can study a number of
fundamental issues. Among these issues a fundamental question related to statistical mechanics
addressed by [5] on the possibility that a many-body quantum system with a full set of conserved
quantities could relax to a stationary state (equilibrium state) and more generaly understanding
how quantum systems approach equilibrium and the timescales involved. In this respect these
authors introduced a new ensemble called the generalized Gibbs ensemble, which is a more
general one than the usual grand-canonical ensemble, and examined the specific system of
hard-core bosons on a one-dimensional lattice, the study confirmed the relaxation hypothesis

or the existence of an equilibrium state [5].

1.8.4 Collective dynamics in quantum many-body systems

Collective dynamics in many-particle systems manifest as a result of interactions between
particles. The resulting collective mode or state is characterised by a coherent or correlated
behaviour of the particles. Collective dynamics can therefore serve as a probe of the such
interactions. In the field of ultra-cold quantum gases, the simplest collective mode relate to
the frequencies of monopole (breathing mode) and multipole oscillations in harmonic trapping
potentials [ see for instance :[15] and references therein]. To close this section we note the
realization of trap to trap quench which consists, as will be discussed in the next chapters of
this thesis, of a sudden change of the frequency of the confining trap potential passing from
frequency wq to w so that w > wy, resulting of an excitation of collective mode oscillations of

the system.



Chapitre 2

Dynamical response of noninteracting
Fermions to a sudden change of
harmonic trap ( quantum quench

potential)

2.1 Introduction :

The ideal Fermi gas represents a natural starting point for explaining the physic of Fermi
gases. In many cases the role of interactions can in fact be neglected, as in the case of spin
polarized gases where interactions are suppressed at low temperature by the Pauli principle.
To explore the properties of many-body physics, ultra-cold trapped gases have been used.
In most of current experimental setups, cold atoms are confined in harmonic traps. In this
chapter we consider a system of N noninteracting Fermions, the main aim of this chapter is to
obtain analytical expression for one-body density matrix after a sudden release of the confining
potential V'(x). Another interesting problem we are going to examine is the resulting dynamics
of a gas through its one body density matrix after a sudden change of the frequency of the
confining potential (trap to trap quench). It is well known that the time dependent density

exhibites scaling properties and is related to the initial, at ¢ = 0, density by a scaling law[18].
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In the following we shall provide a different derivation based on the so-called Bloch propagator.
As a result we use the time dependent density matrix to obtain the current density distribution
generated by this quench and show which oscillates with time at frequency twice of the one of
the confining trap. Although our derivation is given for one dimensional case it can easily be

extended to deal with higher spatial dimensions.

2.2 Scaling law property of one-body density matrix for
noninteracting Fermi gas initially confined in harmo-

nic trap.

2.2.1 Free expension

Consider system of N noninteracting one dimensional harmonically trapped Fermions.
For ¢ < 0 the gas is in equilibrium and we denote by p the first order reduced density matrix
and called from now on the one-ody density matrix operator. At ¢ = 0, the trap potential is
suddenly released and the time evolution of the resulting density operator p(t) after a finite

time ¢ > 0 is given according to the transformation law as
Pt) = e T (0)e (1.2)

Here H = p?/2m stands for the hamiltonian of the particle after the release of the trap
and reduces to the kinetic energy operator of a particle with mass m. We start by considering a
simple situation where the system is formed by /N noninteracting Fermions and initially confined
in one dimension by a harmonic potential of the form V(z) = mw3z?/2.

In spatial coordinates representation, Eq(1.2) reads

VP P 2
pla,yit) = (zle” ' p0)e™ " |y)

_ / / U, s ) po (21, 22) U (1, 2: £)dary v (2.2)

Here py(z1,22) = (21]p(0) |x2) is the density matrix of the system before the removal of the

trap potential and U(z,zy,t) = (x| e 7t |z;) is nothing but the free particle time-evolution
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propagator given in one dimension by [16]

Uz, 21,t) = || — o iiz(@=an)’ (3.2)

Upon insertion into Eq.(2.2), we can write

o) = (33 / / stelle om0 g oy, ) oy (4.2)

or

p(l‘?y’t) = (i) eiﬂrﬁf($2_y2)//ei;;l“f(x%_$g_2$$1+2y$2)p0<$1,l’z)dib’ld.fQ

2mht
_ (%) ei%(x2—y2)//ei%[(mlxg)(mlerg2zzl+2ymz)]p0(x1’$2)d$1dx2 (5.2)

Now, using the center of mass and relative coordinates respectively defined by u = (z1 + x3)/2

and v = x; — o3, Eq.(5.2) becomes

p(x’y’t) = < n%t e 2ht - //6 2nt 2uv 2:1: u—i— )+2y( )]po(u+ U/2 u— v/2)dudv
= <%) el (a°—v? //ei%t [F2e=yut@u-e—yll (4 4 /2, u — v/2)dudv (6.2)

As can be seen in Eq. (6.2) the main input to obtain p(z,y,t) is the density matrix
po(x1,x2) = po(u+v/2,u — v/2) of the initial confined system.

For a given Fermi energy p determined so that the local density is normalized to the total
particle number N it is possible to write the density matrix p,(z1,x2) as an appropriate inverse

Laplace transform with respect to a complex parameter denoted r [17], that is

1 e-+ioo C()(l'l To, % ) C()(l’l T2, Z)
- 2 ) ’ d o L 1 ) ’

}, c>0 (7.2)

with Cy(z1,x9;2) = Co(u + v/2,u — v/2; z) is the so-called Bloch propagator [17]. Analytical
expression of the latter propagator is known for the harmonic oscillator potential. In terms of

centre of mass and relative coordinates, it is given as

C(](U + 1)/27 u — U/27 Z) = \/Qﬂ.h SZZ:(OZMO) e m;do 2tanh(2hw0)€—%v2 coth(Zhwo) (82)
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Upon inserting Eq. (7.2) with (8.2) into (6.2), we can write

Io(;[j,y,t) — m eig?t( —y? L 1 {// \/me igr [—2(z—y)ut(2u—z— y)v]><

2mht =H

mw u zhw mwqg 2
efTO tanh( 0)67 "2092 coth(Z O)dudv}
+oo
m . 1/ mwg _mwg 2 zﬁw .
— eZ 27;;)5 ( y Lz_].)u ez 27h smh(zﬁwo) 0 tanh( =20 )671%(x7y)udux
2rht
400 X
_muwg 2 zhwoy igiy (2u—z—y)v
/ Pl coth(—2 )6 g dv (92)
—0o0

The above spatial integrals can be carried out by using the identity

2_.2 - be
fefozxze(b*H'C)xdl. — ze(b o )ez% (102)
\/ (0%

performing the v integration allows us to write

iﬁ(aﬁfyz) -1 1 e —i%(z—y)u ——mw0u2tanh(zru0)
p([E,y,t) = e 2 Lz—w T ZhwoN e e X
2mht zcosh(#52) J_o
M ()2 zhwo
o oy (2u—z—y)” tanh(—; )du}
o
. 7n hwg 4t2 .m mwq fw
—
27Tht o z cosh(Ze) oo
mtanh(m) 2 m tanh( zﬁ,wo)
6_ t2h hw( u e t2h hwo (m+y)udu
zhw
mtanh(—Q) (z+1 )2
m  m e hwo ’ x4ig +00 _ ((mwg Liept® tanh(Z220) )2
— €l2h ( ) )L;_} = e h w%tQ 2 %
2rht H z cosh(*52) —o
m (z+y) tanh Z"Mo i (r—y) )u
e<”“0 2 (50)-i7; (=) du (11.2)
using the idenity in Eq. (11.2), we have
—+o00 mw 1+w2t2 zhw 2hw 2
—( hO w2?2 tanh(TO))qﬂ (hZ;L (1+y)t h( h20) m (1‘ y )u B ﬂhwot
e 0 e\hwo 12 du = 53 X
- m(1 + wgt?) tanh(zfuwg /2)
m (z+y)2 zhwgy  mwg (zfy) zﬁwo . m (z 7y )
+4hw0 t2(1+u(2)t2) ta’nh( ) 4h (1+w(2)t2) COth( ) “'ont (1+w t2)

(12.2)
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Substituting this result into the last form of Eq. (12.2) we get

Z-m“’(%tQ ($2*922) (z+y 2 9
e 2t (wgt?) 1 1 mwo —m]wo 722 5+ tanh( Zh;O) —%7@_%)2 Coth(L;O)
t — L* - e v (14wgt®) e v (1+wte)
p(@,y,t) = ——==1L.", .
1+ w2t? z'\/ 2rhsinh(zhw)

(13.2)
According to Eq. (5.2) with (6.2), it is easy to note that the above inverse Laplace transform
is nothing but the expression of the density matrix before the release of the trap calculated at

the rescaled position z/4/1 4+ wit?, then Eq. (13.2) may be rewritten as

2,2 (2242

plz,y,t) = P ;
1+w22 7 V1wt /14 wit?

. mw( wqt 2 2
i —
e 2k (1+w}t?) ( v7)

z Y
_ p , 14.2
1+ wit? 0<\/1—|—w§t2 \/1+w%t2> (14.2)

2.2.2 Expansion from trap to trap (wy — w)

In the following we shall study the response of the ultracold gas to to a sudden modification
of the trapping potential (is known as the expansion from trap to trap). Initially the gas
is confined in harmonic oscillator potential of the form V(z) = mw3z?/2 and at t = 0 a
sudden change of the frequency is realized passing from frequency wy to w so that w > wy.
After this quench of the potential the evolution is still governed by Eq. (1.2) or (2.2) but now
with, H = p?/2m + mw?2?/2 is the Hamiltonien at times ¢ > 0. We then have in coordinate

representation

pwoﬁw(x,y;t)=//UOSC(JI,xl;t)po(rvl,xz)U“C*(y,x;t)dxldm (15.2)

Here U%“(x, x1,t) is the well known harmonic oscillator propagator [16]

mauw imw
U050 =\ prama (16.2)

using the centre of mass u = (z7 + x2)/2 and relative v = 27 — x5 coordinates, we can write
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m2

’ CUQ zmwcoswt
Pugoe (T T 38) = | 535 g€ Memet //,00 u+v/2,u—uv/2) X

4m2h2 sin” wt
Xem[@ucoswt (z4y))v—2u(z— y)]dudv (172)

To calculate the above integral, we will go through the use of the Wigner transform[17].The
Wigner transfom for p,(X, s) is defined as

ips

1 _ips
po(X,5) = o / dpp, (X, p)e (18.2)

and the Wigner transform version of Eq. (7.2) reads

(X, p) = Lz‘iu{ Cw(X,p)} (19.2)

and where the phase space function C,, (X, p) is given by[22]

1 tanh( 220 ) (22 4 L2 X2)
C (X, e 2 0 20.2
( p) COSh(Zth) ( )

we substitute Eq. (18.2) with (19.2), (20.2) into (17.2), to rewrite p(x,z’,t) as

2, 2 1mwcoswt 332* 2 .
B o= et J LSOV et a2y w)?
PTG, 4r2h2sin®wt " | 2 cosh( Zmo) o

2 zhw mw 2 2 + 2 t zhw i
/ o X o ) X () o) ) g Lo o)

After a bit of manipulations, we arrived to final result

imwsiant(w%/uJQfl) ( 2 2)
6271(1+(wg—w2)sin2 wt/w?) Y

V(1 + (W — w?)sin® wt /w?) .

p(xayvt) =

x Y
Po <\/(1 + (w2 — w?)sinwt/w?) /(1 + (w2 — w?) sin? wt/w2)>
(22.2)
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2.3 Current density distribution generated by a sudden
quench of the trap

These expressions of non local density for harmonic traps show how the initial density
matrix is easily determined through the measure of density matrix in time ¢ after the trap is
switched off. The imaginary phase which appeared respectively in Egs. (14.2), (22.2) indicates

the existence of current density distribution defined in quantum mechanics as

2ma

it =5 (5~ 3) p<x,y,t>Ly (23.2)

Using the Egs.(14.2and 22.2), we immediately obtain these current distribution

. witx T
I@t) = Gyl <m) (24.2)
w (sin 2wt) (W3 /w? — 1)z ( x ) (25.2)
2(1 + (wg — w?) sin? wt /w?)3/2 Po V14 (Wi — w?)sin? wt /w? .

The equation (25.2) represents the collective current generated by the abrupt change in the

j(mvt) =

frequency of the confining potential. we can illustrate the evolution of this current at the time

t > 0 after the suddenly change of the frequency from wy to w by the following curves.
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Fig. 8 : Evolution of the current as a function of time for fixed position after

the abrupt change of confining potential



Chapitre 3

Alternative expression for one body
density matrix of harmonically trapped
two hard-core bosons in one spatial
dimension and Tan’s contact of

momentum distribution.

3.1 Introduction

A one dimensional bosons interacting through a repulsive pointlike interactions is known
as the homogeneous Lieb-Liniger model [19]. This model is among a few quantum many body
systems where the ground state and the excited states are exactly known [20] The associated

many body Hamitonian of N identical bosons each with mass m, reads
. 2 M2
H :_%Za_asf+ng Z 8 (z; — ;) (1.3)
=1 1<i<j<N

where {x1, 79, ...z } are the positions of the bosons and g, p is an effective 1d coupling strength.

If the gas is confined by an external trapping potential V,,;(z;) acting on the particle located
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at x;, the hamiltonian becomes

N 12 o2

H = ZZ:; {—%a—x? + Vemt(a:i)} + g1p 1<;:N5 (i — ;) (2.3)
The above system can be realized experimentally with ultracold bosonic atoms trapped in ef-
fectively 1d atomic waveguide [21]. By varying the interaction strength, the system can be
tuned from the mean field regime up to the strongly interacting regime (g;p +— oc) or hard
core regime called Tonks—Girardeau (TG) Bose gas [23] with infinitely repulsive contact inter-
action. In the latter case of strongly interacting regim, the interaction term of the Hamiltonian
can be properly taken into account by imposing boundary condition on the many-body wave-
function Wrq (21, z2,....xN) so that, Urg(xy, .2, ..2j...2n) = 0 when z; = z; . In the limit of
infinitely zero-range respulsive interaction corresponding to ¢;p — 400, the interaction term
plays the same role as the Pauli principle for noninteracting Fermions and the TG gas system
becomes similar to a spin polarized non-interacting Fermions. This analogy is exhibited by
the so-called Bose-Fermi mapping theorem [23, 24, 25]. This mapping allows to obtain the TG
many body wavefunction ¥ in terms of the wavefunction @ of noninteracting Fermions, that
is pa(xr, .24, ..25...xn) = |Pp(z1, .2, ... xx)|, which maps a strongly interacting problem
onto a simpler one of noninteracting Fermions with wavefunction ®r is a slater determinant
. As a consequence of this analogy between the TG Bose gas system and the non-interacting
Fermions, the Bose-Fermi mapping yields to identical local densities of the two systems. In fact,

from the very definition of the local density

p(x) = N/dxg....de U(z, 29, .., x5 [* (3.3)

and since Wrq (2, 22, ..., xn) = |Pp(21, .2, ... 2N )|, We conclude that ppo(x) = pp(x), where
pr(x) is the local density of N Fermions and is given in terms of occupied single particle wa-

vefunctions as pp(z) = Zﬁvz L Jdz | (x) ‘2. Moreover the pair distribution function normalized

to N(N — 1) defined as
D(xz,2') = N(N —1) /dxg....de U (z, 2, 25..., 2n)| (4.3)

which measures the joint probability of finding one atom at position x and another at z’, are

identical, i.e; Drg(x,2") = Dp(x,2’). However, if we consider the off-diagonal correlations the



3.2 One-body density matrix of two harmonically trapped hard-core Bosons in
one dimension. 28

analogy between the two systems is no longer true. This can be easily seen if we consider the

one-body reduced density matrix defined as
pra(z,y) = N/d.TQd.Tg,....d.Z‘N‘I’Tg(.T,$2,$3...,$N)‘I’Tg(y,SCQ,Q??,...,QJN)
= N/dl’gd[ﬁ:;...‘dIN|(I)F(ZE,J]2,ZL‘3...,IN)| |¢)F<y,$27l‘3...7l’]\7)| (53)

where we have used, ¥rg = |®Pp| to write the second form.
Since pp(x,y) = N [ dasdxs....denPp(x, v, 23..., t8) O3 (y, T2, 3..., TN ), we conclude that,
pra(@,y) # pp(x,y). As a consequence the momentum density distributions, defined as the

Fourier transform of the one body-density matrix, that is

1 _p(z=y)
n(p) = 5~ / / dzdye™ 7 p(x,y) (6.3)

are completely different (nr¢(p) = np(p)) for the two systems.

After this brief introduction on Tonks-Girardeau gas, let us now come to our main concern
of this chapter. For a harmonically trapped system consisting of two one-dimensional bosons
with infinitely zero-range repulsive interaction (two-hard core bosons), we derive an alternative
expression for the one-body density matrix in terms of centre of mass and relative coordinates
of the particles. This form is suitable and allows us to derive an analytical expression of the
momentum density distribution n(p). For large-values of the momentum we recover the 1/p*

dependence originating from short-range pair correlation.

3.2 One-body density matrix of two harmonically trap-

ped hard-core Bosons in one dimension.

Two-body models have the merits that they can be solved exactly and give direct access
to the wave function and to the one-body density matrix. We consider two Bose atoms with
mass m in one dimension with infinitely repulsive two-body zero-range interaction (two hard
core bosons or the so-called Tonks-Girardeau regime) and the system is subjected to external
harmonic well with angular trapping frequency wg. According to Girardeau [26], the ground-

state energy of a Bose gas in the strongly-interacting limit is the same as that of an ideal
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spin polarized Fermi gas. It follows from the Bose-Fermi mapping theorem[23, 24, 25], that the
ground state wavefunction of the system 1 z(x,y) can be written as ¥ z(z,y) = | r(x, y)| with
the fermionic ground state 1, is a Slater determinant built on the two lowest single particle

eigenfunctions ¢, and ¢, so that

1

Vr(z,y) = 7 (o ()1 (¥) — Po(y) w1 (7)) (7.3)

with ¢, (z) = (mw/Th)Y4e /2 and o, (z) = (mw/7Th)Y*(2mw k)Y 2ze~ 7" /21 e get after

mw\ Y2 [mw _me 2.9
Upley) = (50) /e By (8.3)

The one body reduced density matrix is given by

insertion

+o00o
pla,y) =2 V(s )p(y; a')da’ (9:3)
and using Eq. (8.3) we obtain
. mw mw —M(:U2+y2) Foo _Mx’2 / ’ /
plxr,y) =2 <_h> <T> e 2h e r —a||ly — 2'|dx (10.3)
™ —0o0
or
2 2 mw (.2 2 +oo mw /2 - 2
p<$,y) _ } (%) e*ﬁ(ac 4y )/_C>O P ’(‘7:/ B T —;— y)2 N (:E 4y) |d$/ (113)
making the change of variable u = (¢ — X )
plavy) = = (B2) e O [T e o - Dy (123)
m —00

with X = (z +y)/2 and s = x — y are respectively the centre of mass and relative coordinates
of the two particles. To evaluate the above integral, We remove the absolute value symbol and

write the density matrix as

2 mw 2 2
pla,y) = = (—n;w) e XHSB (13.3)
T

with B contains three contributions

B=IL+1I—1I (14.3)
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|S|/2 mw 2 52
L = / e~ (W% (2 Z)du (15.3)
+OO mw 2 82
I = // e~ WHX)T (2 - du (16.3)
sl/2
|S|/2 mw 2 82
Iy = /| ’ e~ W) (2 -)du (17.3)
—|s|/2

The three terms Iy, I, and I3 and their combination B are evaluated in the appendix A. Here

we quote the final form obtained for B

B:i X_|_| | ﬁw(X_l2ﬂ)2_ X_M 6_%()(4_%)2 +

o) ool o) ()]

where, erf denotes the error function defined by erf(z) = 2//7 [/ e~ dt. Substituting the

S

above result into Eq. (13), we obtain the one-body density matrix p(z,y) as

o= 2 (1) oot (] (s ) oo (W) o]
(o xz—;nmw (x- >>—erf<@<x+@>>}}

(19.3)

Denoting ap, = y/h/(mw) the harmonic oscillator length, we can rewrite Eq. (19.3) as

2 2 ) s ,
o = 2 ) ([( 4 BLY Gt (X LY st

Qho 2aho Aho 2ah0

1 X? 52 X || E
VT <§ * ano? 4ah02) {1 * (erf (a_ho - %) —erf <a 2aho>)} } (203)

At this level it is instructive to display the result obtained long time ago for the one-body

density matrix [26]. For that, let us first re-express our Eq. (20.3) in terms of the original
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variables x, y and we use the dimensionless units so that a, = 1, and we rewrite it as follows

p(z,y) = M {ﬁ(lﬂcy) +

Jr é +$y> [eer(Hy) ; Iw—yl) e <(m+y) ; Iw—yl)} N
{((w ty) e —yl) sz _ (B4 Y) — o - y|>e_;<<x+y>+m_y|)2] } (213)
2 2

and the one-body density matrix denoted by p;ow (2, y) obtained for two hard-core bosons in

ref. [26] is

prow(@,y) = E {\/? <1 +xy> +

T 2
1
V(5 + ) sonty = o) lers (o) = enf ()] +
sgn(y — x) [(y6_$2 - xe_yz)} } (22.3)
where sgn stands for the sign function defined as sgn(u) = +1 for v > 0 and sgn(u) = —1 for

u < 0.

Note that in our expression in Eq. (21.3) the sign function does not appear contrary to the
expression in (22.3). Our expression seems to have a less simpler analytical form than the one
in Eq. (22.3). However, as we will show later on, our expression which is expressed in terms of
center of mass and relative coordinates, is suitable when examining the short range behaviour
(expansion for small values of the relative coordinate s) of the one-body density matrix. Indeed,
this yields to an easy acces to the high-momentum tails of momentum density.

To exhibit the deviation from the one-body density matrix of two noninteracting Fermions,

it is better to split equation (20.3) as follows

p(:L’, y) = pF(xv y) + pD(xJ y) (233)

with pp(x,y) denotes the one body density matrix of two noninteracting Fermions,

2 1 X2 82 X2 2 2 2
_ = _ —X?/ano® ,—s%/4ano 24.3
pF(‘ra y) ﬁ@ho (2 + a}wz 4aho2> € € ( )
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and pp(x,y) = p(z,y) — pp(x,y) is the deviation from the noninteracting Fermions given by
S 2 S
pp(T,y) = %e‘ﬂ/“ho%—*/‘*%oz{KﬁJr 1 )e(a’;g,jo) - (X _ sl )e(aifom,w
ho
1 X2 s X |s] X ||
- - SN . = 42 25.3
ﬁ (2 * aho2 4aho2) |:erf (aho 2aho) erf (aho * 2aho):| } ( )

The above part of the one-body density matrix containing short-range correlations (terms of

the form |s|) induce, as we shall see further, to the existence of a large-momentum asymptotics
in the momentum density. Notice that, for y = = corresponding to X = = and s = 0, we obtain
pp(x,y) = 0 yielding to p(x,z) = pp(x,z) as required by the Bose-Fermi mapping theorem
(23, 24, 25]. For latter use we rewrite Eq. (25.3) as

2 2 2 2 2 |2X X X
pp(T,y) = ——e 2N /ane” gm/2ano [— sinh( |S2|> + 1 cosh ( |82)} +

T Gho Gho GQho Qho Gho
2 2
2 6_X2/ah026_52/4aho2 1 + X B S erf X _ |S’ _ erf X i |8|
ﬁaho 2 ah02 4ah02 Aho 2aho Aho 2aho
(26.3)

Inserting Eq. (26.3) together with Eq. (24.3) into (23) we have the full density matrix as [ref :
R. Boumaza and K. Bencheikh, conf Chlef nov 2018|

2 2
p(z,y) = { - (1 T ° )e‘XQ/“hOQe‘S”““hDQ} +

ﬁaho 2 a;w2 4a;w2

{ 2 |:2X sinh (X‘SJ> —+ ’S| cosh (&82‘)] 6_2X2/aho26—82/2ah02+
TQho | Aho Aho Aho Uho

2 1 X? 2 X X
_ _|_ _ S e/r-f _ ﬂ _ erf _ + ﬂ e_Xz/ah02€_52/4ah02
ﬁaho 2 ah02 4aho2 Aho 26Lho Aho 2aho

(27.3)

To obtain the short-range expansion, we Taylor expand p(X,s) for small inter-particle

separations s, and thanks to Mathematica software, we immediately find, up to o(s?)

1 X2 2, 2 3 2X?2 2, 2
=7(X ~ 14+2 -X2%Japo? | _ 2 1 —X2/ap, 2
p(z,y) = p(X,s) N K - aho2)€ } NG [( +3ah02)e 5|2+

2

3map,t

[6—2X2/ah02] ISP+ o(s) (28.3)

>T ;
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This expression is suitable to find asymptotic form of the momentum density, the latter is

exactly defined by

sp(z—y)
n(p) = 27Th / / dzdye’ 7 p(z,y)
“+oo “+oo
_ ps
- ﬁh dX/ dsp(X, 5) cos ( h) (29.3)

where to get the second form, we have used the fact that the density matrix in Eq. (27.3), is an
even function with respect of the relative variable s, so that p(X, —s) = p(X, s). Substituting
Eq. (28.3) into (29.3), we obtain the momentum density n(p), for large values of p

n(p)ps1 =K1+ K> + K3 (30.3)
with

K = +ﬁ% /:o dX (1 + 2;;22) ¢~ X fans? /O+OO ds cos (%) (31.3)

K; = +37Tc2zh04%1 /_:O dX e X ane /O+O<> dss® cos (%) (33.3)

In Egs. (31.3)-(32.3) the X integration can be easily carried out, yielding to

K, = —I—% 0+OO ds cos (%) (34.3)

Ky, = _thlz;m? /0+00 dss? cos (‘%) (35.3)

K; = —i-m /0%0 dss® cos (%) (36.3)

Integrals of the structure [;° ¢ cos (t) dt are defined by the limit : lim, o [~ e " cos (at) dt
[28] and where the latter integral is nothing but the Laplace transformation. For a sake of

clarity we display below results for n = 0,1, 2, 3 values

“+oo
/ e Mcos(at)dt = p/(u®+ a?) (37.3)
0
+oo (_ 2—1—(12)
“Httcos (at)dt = -~ ) 38.3
/0 e "t cos (at) TEEEE (38.3)
+o00 21— 2 2
/ e M2 cos (at) dt = ,u(( 23_/: ;L)g> (39.3)
0 H=Ta
+o00 6(M4_6M2a2+a4)
/ e M3 cos (at) dt = SRV (40.3)
0 (1 + a?)
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Using the above results with a = p/h and taking the limit g — 0, equations (32.3)-(24.3) reduce

to

K = 0 (41.3)
Ko = 0 (42.3)
3
K o 4
V273 2a,%p!
2\ %/ (mwh)®/?
-

where we have used a, = \/W , to obtain the last form of K3. With these results, the

asymptotic form of the momentum density in Eq. (30) reads [ref : R. Boumaza and K. Ben-
cheikh, conf Chlef nov 2018]

3/2

n(p)ps1 = (%) / (mo;—ii)fi/? (44.3)

As can be seen within our study we recover at equilibrium the well known 1/p* dependence

of n(p) for large values of the momentum p with a contact parameter, (2/7)3/2(mwh)3/2. Tt

should be noted that our contact parameter differs from the one reported long time ago in the

literature [29], which was found to be, 2(2/7)'/?(mwh)~3/2. From a basic dimensional analysis,

equation (38.3) yields correct units for the momentum density. We believe that our result is

correct.



Chapitre 4

Dynamical one-body reduced density
matrix of an interacting zero-range
repulsive Bose gas following a sudden
change of trap potential and the

resulting current density distribution.

4.1 Introduction

In this chapter we shall present and discuss the main results obtained in this thesis, and
these results have been the subject of a publication in Journal of physics A [30]. We focus on
the non-equilibrium dynamics of quantum gas released from an initially trapping potential and
we discuss in the following two different physical situations.

1) The first situation concerns on an extension of the work published in 2015 by Campbell et
al in Physical Review Letters 114 125302 where they considered for the long-time asymptotic
only the local density. Using the so-called operator product expansion to lowest order, we
derive a simple analytical expression for the long-time asymptotic one-body reduced density

matrix during free expansion for a one-dimensional system of bosons with large atom number
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interacting through a repulsive zero-range repulsive interactions initially confined by a potential
well. This density matrix allows direct access to the momentum distribution and we suggest to
use the collective mass current density as an interesting physical quantity during the expansion.
For initially confining power-law potentials we give explicit expressions, in the limits of very
weak and very strong interaction, for the current density distributions during the free expansion.

2) The second work deals with a study on an expansion of ultracold gas from a confining
harmonic trap to another harmonic trap with a different frequency ( called a quench from trap
to trap). For the particular case of a quantum impenetrable gas of bosons (a Tonks—-Girardeau
gas) with a given atom number, we present an exact analytical expression for the mass current
distribution (mass transport) after release from one harmonic trap to another harmonic trap.
It is shown that, for a harmonically quenched Tonks—Girardeau gas, the current distribution is
a suitable collective observable and under the weak quench regime, it exhibits oscillations at
the same frequencies as those recently predicted for the peak momentum distribution in the

breathing mode [15, 37]. The analysis is extended to other possible quenched systems.

4.2 Asymptotic long-time one-body reduced density ma-
trix of an interacting zero-range repulsive Bose gas
system with large N.

First we consider a large N system of zero range interacting bosons in one dimension
(called Lieb-Liniger model and discussed in Chapter 3.), for which we use the time-dependent
evolution in free space of the many-body wave function ¥ (1, xa, ......... , xn; 1) after the release of
the trap to obtain analytical expression for the long time asymptotic one-body density matrix
after a sudden release of arbitrary confining potential V' (x). The time dependent evolution
in free space after the release of the trap potential V(z) of the many-body wave function
U(21, Ty e ,xn;t) has been calculated in the work [31] and after a long time, the wave

function denoted by U (21, Ta, ..o...... ,xn;t), was shown to be
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N/2 .
e e o
O o B i (%) (1.4)

In above, b (ky, ks..., ky) and 0 (kq, ko..., ky) are functions of N different quasimomenta (also
referred to as rapidities) evaluated at stationary phase points k; = ma;/(fit) [31]. Let us consider

the corresponding asymptotic one-body reduced density matrix
Poc(@,y,t) = N [daa...donToo (T, 22, 73 N5 1)UL (Y, B2, 73 N3 t) (2.4)
Upon inserting Eq. (1.4) into (2.4), we obtain

. N
Poo(T,y5t) = Nezﬁt(””z—?ﬂ)(m) X

ht
MO MINY Y TIN5 ZES) 0
fde....deb(m,..., — )b (ht,..., — )e R it Tiigla)

or

poo(a:ayat) - N@i%(xQ_Zﬂ) (m> X

ht
[dus....duyb (%, Us..., uN) b* (%, Us..., uN> ei[9<%’“2”"”)9_9(%’W””“(Vél).]él)

Using the centre of mass X = (z+y)/2 and the relative s = z —y coordinates, Eq.(4.4) becomes

m

-m X m
)
e’ h i X

m S m s
[dus....duyb (E<X + 5),u2...,uN) b* (E(X — 5),u2 ,uN) X
ei[@(%(X+§),u2...7uN)—9(%(X—%),ug...,uw)] (5.4)

where we have used (22 — y?) /2 = X.s. Since we consider a system of large particle number, we
shall obtain an expression for p_ (z,y;t) which is consistent with the Thomas-Fermi approxi-

mation. For fixed values of us, ..., uy, we use a Taylor series of the above functions b, b* and ¢
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around the non-locality s, to first order we can write

b(ht(XJr %), uN> ~ b(mx us.. uN)+§<§—;)S:0 (6.4)
b (%(X—g),m...,u]v> ~ b (mx - —3(2@8_0 (7.4)
e(m()u %), uN> ~ e(mx .. )+§(§—§)80 (8.4)
e(m(x—§) ) A e(mx Uz iy ) = . (5—;)820 (9.4)

To be consistent with the Thomas-Fermi approximation, we keep in the above expansions only
the zero order term since higher contributions will involve gradients of the density. We shall
now substitute in Eq. (5.4) the product b (% (X + %), ug...,un) b* (2(X — %), ug...,un) by its
zero order expansion b (ﬁX, Us..., uN) b* <EX> Us..., uN). In the literature this is known as the

operator product expansion (OPE) of local operators [32]. Then Eq. (5) reduces to

Poo(T: Y1) = poo(X +5/2, X — s/2;1)

Neis (%) [ dus....duyb* (htx Us.. N) b(%X, ug...,uN> X

ei[e(%(XJF;),W...,UN)_Q(%(X_;) us.. uN)] (10'4)

Q

where we have also used the OPE for the product; ew(%’“”“’w )e_ié)(%’“Q""“N ). Using the
definition of the quasi-momenta distribution, g(k) = [dky....dky b (k, k..., ky)[*[31], Eq. (10.4)

becomes after returning to the original variables z,y, we find

Poo(,y; 1) = €3 (7 )Zzg (27;;( + y)) (11.4)

For y = z, Eq. (11.4) reduces to p(z;t) = %g (2x) which is the result obtained previously
or the local density in [31]. Notice that at this level the hermiticity property of Eq. (11) is still
ensured Ji.e; pta(,558) = poo(t,231)

It is well known that the momentum density n(k) is the Fourier transform of one-body den-
sity matrix p(z, z"). We immediately get the asymptotic long-time momentum density 1 (k, t)

as

Neoo (K, ) //ddee_’kSpoo(X—i—s/Q X —s/2;t) (12.4)
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To check the correctness of our result in Eq. (11.4), we substitute it into Eq. (12.4) to find
1m m (mX
by t) = =1 [ dxg () [ dselCHE ) 13.4
neo (1) = o ght/ser (134)
Upon using, fdsei<%_k)8 = 2m§ (X — 2k), we obtain
noo (K, 1) = g(F) (14.4)

Hence we recover the result of work [31], that the initial quasimomentum distribution g(k) of
the trapped gas is mapped to real momenta distribution of the expanded cloud.

It should be noted that the role of the phase factor e'zi:@*~¥") in Eq. (11.4) is to impart a
collective motion with a nonvanishing velocity field, to the system initially confined after the
release of the trap. This collective motion or mass transport is an important observable and is
well described by the current density distribution defined as

@0 =5 | (55 55) oo 0] (15,4

" 2mi

While the use of the current density distribution as a tool to describe physical situation where
suddenly the trap is removed, goes back to the earlier work of Moshinsky [33] on the shutter
problem where it is shown in that work that the transient current has a close mathematical
resemblance with the intensity of light in the Fresnel diffraction by a straight edge [see also [34]],
the current growing interest in the out-of-equilibrium protocol realised by a quantum quench,
motivated us to examine the structure of current distribution j(z,¢) as a dynamical variable
describing the post-quench mass transport.

Substituting Eq. (11.4) into (15.4) gives the asymptotic long-time current distribution in

the form

m o ,m

ool t) = 7 |2 (5)] (16.4)

According to Eq. (11.4) we may write, joo(7,t) = § po(7,t), showing that the associated
velocity field v(z,t) = j(x,t)/p(x,t) exhibits a linear spatial dependence, given by v(z,t) =
x/t.

In the following we shall present the results for the density matrix, current density distri-

bution in the case of class of initially trapping potentials of the form V(z) = a,, |z|” /2, where



4.2 Asymptotic long-time one-body reduced density matrix of an interacting
zero-range repulsive Bose gas system with large N. 40

«, is the confinement strength These power law potentials are suitable for studying the effects
of adiabatically changing the shape of the trap.

We start with the weakly-interacting regime, where the local density is known to be p(x) =
(g — V(x))/g where g is the strength of the interaction, the quasimomentum distribution was

_ ri (420, /2 Loz \ /v
obtained as g(k) == (m_g) <1 — m) [31]

Here I, = /7L'(1/v)/[(2+ V) (1/24 1/v)], py = p(x = 0) is the density in the centre of
the trap and y is the chemical potential of the initially trapped gas. Moreover R = (2p,/ 041,)1/ v
is the Thomas-Fermi radius obtained through V' (R) = 1. On substituting respectively into Eq.
(11.4) and (16.4) we find

1 1
e oy AT vt
poolyit) = T — A[EO) (1 ( ) ) 1)

, v 4l, p, 5 %
Jool@,t) = 5 A()( t2R2> (18.4)

with A(t) = 2,/% % is a dimensionless parameter.

For strong interacting regime, the spatial density is p(z) = 1\/2m (u (x)) /Rh?, the

1/U
initial quasimomentum distribution g(k) was shown to be g(k) ( = ) [31].
Here p, = p(z = 0) and R = (2uy/a,)"”. Using the dimensionless parameter A(f) =
2t 0t/ R, we get after combining with Eqs. (11.4) and (16.4)

lryt) = e —y)f&) (1 ii(i%z) (19.4)
. _ T Po x? v
Joo(x,t) = ?)\(t) <1 — )\(t)zRQ) (20.4)

In the following we shall show that Eqs. (20.4) obtained for strong coupling case can be
recovered for the specific harmonic oscillator potential V(x) = mw2x?/2, through an exact
treatment. This corresponds to v = 2 and setting ay = mw? for the confinement strength of the
potential. The Thomas-Fermi radius R is then given by R = (24,/ mw%)l/ 2

A(t) = wot, so Eq. (20.4) reduces

and the paramertr

2 2
08¢ L Po o
t)h=——|1— ———= 21.4
Jeo' (@) t wot < w3t2R2) (21.4)

Using the Bose-Fermi mapping theorem [35] and see also [in chapter 3], which links a gas of

bosons in strong interacting regime (Tonks-Girardeau gas) to a system of noninteracting spinless
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Fermions, the authors of [36] have derived an exact analytic expression for the time dependent
one-body density matrix p(z,y;t) in an external harmonic oscillator trap V(z) = mw?(t)z?/2
with time dependent frequency w(t) . It is given by the scaling and gauge transformation
pla,y;t) = eim(ZQ‘yz)%p(%, 20) (22.4)
where the scaling factor b(t) is a solution of the differential equation, b+ w?b = wa /b with
initial conditions b(0) = 1, b(0) = 0 and wy = w(t = 0).
Now if we assume that the one-body reduced density matrix at p(x,y;0) at t = 0 is a

real function, it follows from the hermiticity property that this density matrix is symmetric,

ie p({,%;0) = p(¥,%:;0). Upon using Eq. (15.4) we deduce the quantum mechanical current
density as

. b x

jlit) = 250(350) (23.4)

Here p(%;0) is the scaled density profile at ¢ = 0. Notice that the above current obeys the
equation of continuity, dj(x;t)/0x + dp(x;t) /0t = 0 with p(x;t) = p(%;0)/b, as it should.

Let us now consider the case of a free expansion after turning off the confining harmonic
trap. This corresponds to the situation where w(t) = 0 for £ > 0, yielding to a scaling factor
b(t) = /1+wit?[36]. Tt is easy to check that in the long-time (wot >> 1), we have b(t) ~
wot, the current distribution in Eq. (23.4) reduces to the one obtained in (21.4) providing
one considers a sufficiently high number of particles where the density profile is given by the
well-known Thomas-fermi expression, p(r;0) = py/1 — 72/ R2.

The next section is devoted to study the breathing-mode oscillations of a harmonically
trapped TonksGirardeau gas [37, 15|, so we will apply the exact relation in Eq.(23.4) to the

case of a rapid change of the external trapping potential (quench from trap to another trap).

4.3 Exact analytical expression of current density for
Tonks-Girardeau gas in trap to trap quench.

We will focus on the persistent collective mass current distribution generated by the quan-

tum quench. The fast change of the trap frequency induce a collective motion described by
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current density and we shall derive analytical expression of this current density for a TG gas
with a fixed number of particles V.

We consider the situation where the gas is initially harmonically trapped in a well with
frequency wg and at ¢t > 0 the frequency suddenly is changed and becomes w such that w < wy.

As shown in [36], Eq. (22.4) can be used with
b(t) = V1 + esin?wt (24.4)

where € = (w3/w? — 1) is the quench strength. The current density distribution is still given by
Eq. (23.4) which combined with (24.4) yields

€w sin 2wt T
2(1 + esin® wt)?’/pr(g;O) (254)

jlzit) =

Here p (z/b(t);0) is the local density of the TG gas before the release of the trap calculated
at rescaled position z/ V1 + esin®wt. This local density is identical to the density profile of
an other system, namely the fermionic system [35]. For this latter system of noninteracting
Fermions an exact analytical expression of the density profile exists for some time and has been
obtained by Shea and Van Zyl [38]. Considering a system of N noninteracting Fermions filling
(M + 1) oscillator shells, in a d — dimensional isotropic harmonic oscillator with wg is the
frequency and the Fermi energy p = (M +d/2)hw , these authors obtained an exact expression
for the one-body density matrix, which in one spatial dimension (d = 1) and for spin polarized
gas becomes

1

pelay) = (M) e 2*”2’2 "Lt (2 4 9)?) L (e~ 9)?) (26.4)

Here L;(7) is the associated Laguerre polynomial [?]. The local density pp = [pp(z,y)],_, is

then given by

sw\u

Mwe\ /2 _mug o M §
pr() = (2) e Y (-1

n=0

1 /2
L (0) L7 ( ”;won) (27.4)
As stated before and due to the Bose-Fermi mapping we can write, p (x/b(t);0) = pp(z/b(t)).
Eq. (27.4) may be substituted into Eq. (25.4), we then find the exact result
2

. €w sin 2wt mwo\ /2 _ (e —1 (2muwq T
€, t) = T ( > e Th (1+€ sin2 wt) an Ln 2
Jw:t) 2(1 + esin®wt)3/2” \ 7h Z - (0) ( Ao (1+ esin® wt)>

(28.4)
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which shows that the system responds through a periodic function of time for the current
density distribution having a period T" = w/w. Mathematically speaking the Fourier series of
this periodic odd function of time contains only sine terms (harmonics) having frequencies,
2w, 4w, bw..., 2nw, ... Notice that this current density is the same as for the ideal Fermi gas
(discussed in chapter 2.).

It is interesting to examine the weak quench regime corresponding to ¢ < 1, since this
regime has been the subject of a recent study [15]. Rather than using Fourier expansion, here
we simply use the approximation, (1 + esin?wt)™%/2 ~ 1 — (3/4)e(1 — cos(2wt)), in Eq. (28.4)

yielding to

j(xt) ~ %w sin 2wt [1 — (3/4)e(1 — cos(2wt))] x

2

mwo\ 1/2 —(mea) —1 (2mwy T
g (1+e sin? wt) nL2 LTL 2 4
x(’/Th) ‘ Z - (0) ho (1 + esinwt) (594

After arrangement, we get up to order €2

W

3 3
5 [e (1 - 4_16) sin 2wt + §€2 sin(4wt))} X

. (%)W o (750)a? i(—n% (0 Ly® (2”;“0x2) (30.4)

n=0

jlast) =~

Em\»—t

which shows that the current density is a superposition of two harmonics at frequencies 2w and
4w. This collective breathing mode oscillations in a harmonic trap has been recently predicted
[15] in the time evolution of the peak momentum distribution n(k = 0;¢) in the weak quench
limit of the harmonic trap. We believe that the current distribution offers good insight and

complement the study of these oscillations in the breathing mode.

4.4 Generalization to higher spatial dimensions

In the following we shall show that the behavior discussed in the previous section concerning
the collective current density can be generalized to other many-body interacting systems. First
, consider a system of interacting Fermions at unitarity [see : [39] and references therein] with a
three-dimensional isotropic harmonic trap with time dependent frequency w(t). This problem

has been exactly solved [39] and a relationship between the time dependent many-body wave
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function (71, 7, ..., 7 n;t) and the wave function Uo(7'1, 7, ..., 7 n) at t = 0 through a

scaling and gauge transformation law was then derived

Here the scaling factor b(t) is a solution of the differential equation, b+w?h = w3 /b and we as-

sume the initial conditions b(0) = 1, b(0) = 0 and wy = w(t = 0). Using this transformation, we
immediately obtain the time dependence of the one-body reduced density matrix p(7 1, 7°2; 1)

in the form

Kz‘g

P Tat) = 6B o (73-73) 1 (7’1 Ty 0) (32.4)
1) =¢e* P 5 ; .

[b(H))*" \b(t)” b(1)
yielding to exact scaling solution similar to Eq. (22.4). in a similar way as was done previously

for a Tonks Girardeau Bose gas, one can calculate the collective current density defined by,
H

J (758 = o [(Vo, = V) (71, 7 i)

Starting from a physical situation where the gas is initially harmonically confined in iso-

— — —
T o=Tr1=71

tropic harmonic trap with frequency wg and at ¢ > 0, the frequency suddenly is changed and
becomes w such that w < wy. We assume that the static solution p,(7 1, 72) does not support
mass current at ¢ < 0 and using Eq. (32.4) the current density at ¢ > 0 is then given by

Jrst) =7+

—
T? b4p b?

0) (33.4)

Here b(t) = V1 + esin® wt and if we since the initial density profile has spherical symmetry, we

obtain periodic current density distribution along the radial direction ¢, = 7 /r

b
T = rp(550)E,
b b
€w sin 2wt T _
— r ;0 €, 344
2(1 + esin® wt)5/2 p<\/1+esin2wt ) (344

For the case of weak quench, we have € < 1, the time dependent parameter b(t) reduces

to, b(t) ~ (1 — 5e/4) — (5e/4) cos(2wt), yielding after substitution into Eq. (34.4), to order €

(7;t) ~ 2 {e (1 — Ze) sin 2wt + 262 sin(4wt)} rp(r;0) €, (35.4)

—
J 2
which clearly shows that in this weak quench regime the mass current density is a sum of two

harmonics with frequencies 2w and 4w respectively.
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It is worth mentioning that the above analysis and the use of current density as a tool
may be extended to the class of time-dependent many-body interacting systems for which
the corresponding Schrodinger equation is solved through a scaling transformation. In this
context the authors of ref. [40] showed that, a time dependent many-body wave function ¥,
solution of time dependent Schrédinger equation with time dependent parameters, such as
mass, interaction constant, external potential, can be mapped, under certain conditions satisfied
by these parameters, to an equilibrium many-body wave function ® with time independent
parameters. As a consequence of this mapping similar relation to Eq. (32.4) was obtained
between the one-body reduced density matrices of the ¥ system and the time independent ®

system. This relation allows a direct calculation of the mass current density.






Chapitre 5

Conclusion

In the last two decades, the study of ultra-cold quantum gases has been a central topic in
the experimental and theoretical physics. The extraordinary degree of control for such systems
of external parameters governing their Hamiltonians allows to investigate the fundamental
behavior of quantum matter in various regimes and geometries. This thesis has been devoted
to the theoretical study of one-dimensional quantum interacting systems subjected to a sudden
change of their trapping potentials, called quench of the potential, and study the resulting
behaviour.These systems can be realized using ultracold atoms.

In chapter I, we have presented general considerations on the physics of ultra-cold quantum
gases. We have briefly discussed some experimental aspects related to this field such as cooling
and trapping gases. We have also discussed on the control of the external parameters acting on
the confined gas which has led to the interesting issue of the study of non-equilibrium dynamics
of many-body system.

In chapter II, we have examined a simple quench problem which we have solved through
the use of time evolution propagator. For a system of N noninteracting Fermions in one-
spatial dimension initially confined in harmonic trap potential, we have calculated the time
dependent one-body density matrix, this quantity is of extreme theoretical importance, after
a sudden release of the confining potential (free expansion). After that, we calculated the
one-body density matrix a sudden change of the frequency of the confining potential from an
initial value to a different value (trap to trap quench). We derived a scaling law for the time

dependent density matrix, extending the result known in the litterature for the local density.



The knowledge of density matrix allows to calculate the current density distribution. We have
proposed to use the current density distribution as an interesting tool to describe the collective

motion of the particles following the quench.

In chapter III, we tackled a somewhat different problem. Considering the system of two
one-dimensional zero-range strongly repulsive bosons confined in harmonic trap, we present
an alternative expression of the corresponding reduced one-body density matrix in terms of
centre of mass and relative coordinates. Using a short range expression of our expression, we
calculated the momentum density of the system. We have recovered the well-known behaviour
of momentum density at large values of momentum (high momentum tail) and we compared
our Tan’s coefficient with the one obtained in the litterature.

Finally we discussed in the last chapter of this thesis (chapter 4) the dynamics of system
of one-dimensional zero- range repulsive interacting bosons. We notice that, while the methods
used in the previous chapters two and three are new, the results discussed in chapter 4 constitute
the main part of this thesis and these results have been the subject of a publication in Journal
of physics A [31]. We focus on the non-equilibrium dynamics of quantum gas released from
an initially trapping potential and we discuss in the following two different physical situations.
In the first part of this chapter, we used the operator product expansion to lowest order to
derive a simple analytical expression for the long-time asymptotic one-body reduced density
matrix during free expansion for a one-dimensional system of bosons with large atom number
interacting through a repulsive zero-range repulsive interactions initially confined by a potential
well. The second part of this chapter 4 deals with a study on an expansion of ultracold gas
following a quench from trap to trap of a system of impenetrable gas of bosons (a Tonks—
Girardeau gas) with a given atom number. We pointed out the use of current mass distribution
as an important tool describing the collective motion following the quench. We have shown that
this current exhibites the same oscillations as those of momentum density. The study has been
extended to the so-called interacting three-dimensional Fermi gas at unitarity.

The previous results were derived at zero temperature and a natural perspective would
to extent non-zero temperatures. Another interesting issue would be to study the quench of

spin-orbit coupled systems.
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5.2 Appendix A

In this appendix we will evaluate the terms given in Egs. (8)-(11). Returning to Eq. (9),

and making the change of variable t = u 4+ X, this equation becomes

X—lsl/2 —mw 42 82
I, = / e n ! {(t—X)2—Z1dt

X—|8‘/2 —mw 12 X_|8|/2 —mw 12 82 X_|S|/2 —mw 12
= / t2e h Udt — ZX/ te n Udt + <X2 — Z) / e n “dt (A1)

performing an integration by parts for the first integral, and since the second integral can be

exactly computed, we get after arrangements the result

h |8| —mw 7& 2 h 82 Xﬁ‘s‘/2 —mw 42
L=— X+ X-3) — 4+ X2 / St A2
! 2mw( +2>€h ’ +(2mw+ 4 «’ (42)

—00

To compute 5 in Eq. (10) we rewrite it as

—lsl/2_ , g2
I = / P (2 T (A3)

o0

and putting t = u — X, and following the same steps as was done for [, we arrive to

L= ——— (X+§>e PR (—+X2—8—>/ e dt (A4)

2mw 2mw 4 oo

Let us now come to the third term given in Eq. (11), and using the change of variable ¢t = u+ X,
to write

X+|8|/2 —mw 42 X+|S|/2 —mw 42 52
[3—/ t2e™n Udt —2X te n ! dt+<X2——>
X—|s|/2 X—[s]/2 4

Xtlsl/2 —mw ;2
/ e n Udt  (Ab)

X—|s|/2

carrying out a double integration by parts for the first integral, the equation (A5) becomes

h |S’ —mw Isly2 h |5| —mw _Isly2
. = — [ x -2 X+t " (x o 2 P (X130
3 2mw( 2>€r ’ Qmw( +2 ¢’ ot

X+lsl2
/ e n Udt (A6)

X—s|/2




Collecting the results in Eq. (A2), (A4) and (A6), the expression of B in Eq. (8) reduces to

h —mw —mw
B = {og e B e B ]

B o\ [ px-lsl2 —X—lslf2 X+lslf2
(———+X2—i> /’ eibﬁ#+/‘ ent%t—/ e it dt
2muw 4 —o0 oo X—|s|/2

To further simplicity Eq. (A8), we denote by Z the following combination

X—|s]/2 e 12 —X—1s|/2 e 12 X+]s|/2 e 2
Z:/ eﬁtdt+/ eﬁtdt—/ e n Udt (A8)
—o0 —o0 X—|s|/2
using the identities,
Xlsl/z X+lsl/z X—lsl/z
/ ehtdt:/ ehtdt—/ e n Udt (A9)
X—|s|/2 —00 —o0
~X—lsll2 too
/ e n Udt = / e Udt (A10)
—00 X+]s|/2

equation (A9) can be rewritten as

X—lsli2 Xtsli2 o ] T e
Z:2/ eﬁtdt—/ ehtdt—l—/ e n tdt

[ X7|S|/2 —mw 42 XJr‘S‘/Z —mw 42 ] ﬂ-h
= 2/ ehtdt—/ e n Udt| 4+ — (A11)

The above term between brackets can be expressed in terms of error function, erf(z) =

2/VT [ e~ dt [4] through the use of the identity
X_|S|/2 —mw 42 X—HS|/2 —mw 42 X_|S|/2 —mw 12 X—HS‘/2 —mw 42
/ ehtdt—/ ehtd:/ ehtdt—/ e n Ut (A12)
0 0

—0o0 —0o0

yielding to

/X_|S|/2 e’{“”t2dt_/x+|8|/2 P i | - 7T_h erf mw X — M — erf me X + M

which upon insertion into Eq. (A11) gives

o o5 (e 5)) o5 ()]

Substituting this result into Eq. (A7) we arrive to Eq. (12) of the main text.
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