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Introduction

This course support is dedicated to the Variational Inequality Problem (V IP ), de-

signed for Master’s 2 students in Optimization and Optimal Control option.

Variational inequalities provide a powerful, unified mathematical framework that

generalizes and encompasses a wide range of fundamental problems in applied math-

ematics, economics, and engineering. This includes optimization problems (both

constrained and unconstrained), complementarity problems, fixed-point problems,

and Nash equilibrium problems in game theory. Therefore, knowing how to formu-

late and solve (V IP ) is a crucial skill for handling complex real-world systems that

involve optimality and equilibrium.

This document is structured to guide the student from the foundational principles

to the forefront of numerical techniques.

Chapter One establishes the core concepts, introducing the formal definition of the

variational inequality problem, its geometric interpretation, and its profound con-

nections with optimization and other mathematical problems.

Chapter Two delves into the theory behind (V IP ). We will classify different types

of (V IP ) based on the properties of the underlying mapping (e.g., monotonicity,

strong monotonicity) and rigorously examine the crucial questions of existence and

uniqueness of solutions, which form the base of any numerical approach.

Chapter Three marks the transition into computational methods. We will explore

the family of projection methods, the foundational algorithms for solving (V IP ).
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The student will learn about their derivation and their convergence properties.

Chapter Four builds upon this foundation by focusing on the advanced and highly

effi cient class of projection and contraction methods. These algorithms, which en-

hance basic projection steps with specially designed contraction steps, offer robust

convergence without restrictive assumptions.

By the end of this course, the student will has gained a comprehensive understanding

of both the theory of variational inequalities and the numerical tools essential for

solving them, providing a strong foundation for his research and professional work

in optimization and optimal control.
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Chapter 1

Variational Inequalities Problem

Let’s take the space Rn where n is a finite non negative integer (the dimension of

the space is finite). The norm and inner scalar considered here are as follows

• ∀x, y ∈ Rn, 〈x, y〉 =
n∑
i=1

xiyi.

• ∀x ∈ Rn, ‖x‖ = 〈x, x〉
1
2 .

This chapter focuses on the variational inequalities problem. The first section in-

troduces its definition and geometrical interpretation. As (V IP ) generalizes several

fundamental mathematical problems, the second section explores the connections

between (V IP ) and these related problems.

Definition 1.0.1 Let C be a non-empty closed convex of Rn and F a mapping of

Rn in it self (F : Rn −→ Rn). Variational Inequalities Problem denoted V IP (F,C)

or simply (V IP ) is to

V IP (F,C)

 Find x ∈ C such that

〈F (x) , x− x〉 ≥ 0, ∀x ∈ C
(1.1)
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Chapter 1.Variational Inequalities Problem

1.1 Overview history

Historically, the variational inequalities problem (V IP ) originated in the 1960s.

Specifically, Hartman and Stampacchia (1966) first introduced (V IP ) in the context

of partial differential equations (PDEs) for infinite-dimensional mechanics applica-

tions [16, 26]. Later, Dafermos developed the (V IP ) theory in finite dimensions when

he noticed that the optimality conditions of a transport problem naturally aligned

with (V IP )’s structure. During the 1970s and 1980s, significant progress was made

in establishing (V IP )’s fundamental theory, including the existence, uniqueness,

and stability of solutions. Today, research remains active, with ongoing efforts to

develop effi cient numerical resolution methods for this problem. For more details,

see [5, 6, 7, 11, 21].

We denote by S the set of solutions associated with (V IP ) supposed non-empty.

1.1.1 Geometric interpretation

1. x ∈ S ⇐⇒ F (x) and any vector of the form x − x (∀x ∈ C) must form an

angle ≤ 900.

2.

x ∈ S ⇐⇒ −F (x) ∈ NC (x) (1.2)

Recall the definition of NC (x) the normal cone of C at the point x

NC (x) = {y ∈ Rn/ 〈y, x− x〉 ≤ 0, ∀x ∈ C} .

4
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Indeed,

−F (x) ∈ NC (x) ⇐⇒ 〈−F (x) , x− x〉 ≤ 0, ∀x ∈ C

⇐⇒ 〈F (x) , x− x〉 ≥ 0, ∀x ∈ C

⇐⇒ x ∈ S.

Or, we can also write

x ∈ S ⇐⇒ 0 ∈ F (x) +NC (x) (1.3)

Equation (1.3) is known as the generalized equation.

We have, F (x) +NC (x) = {F (x) + y/y ∈ NC (x)}, then

0 ∈ F (x) +NC (x)⇐⇒ ∃y ∈ NC (x) such that 0 = F (x) + y.

Thus, y = −F (x) and since y ∈ NC (x), then −F (x) ∈ NC (x).

According to (1.2) ,we conclude that x ∈ S.

1.2 Motivations

Our study of the variational inequalities problem (V IP ) is motivated by two principal

reasons:

Broad Applicability: (V IP ) arises naturally in diverse domains, serving as a

foundational tool in economic equilibrium theory, traffi c network analysis, and me-

chanical contact problems, among others. Its ability to model complex phenomena

explains its widespread using across applied mathematics.

Unifying Framework: More fundamentally, (V IP ) provides a unifying framework

that generalizes and connects fundamental mathematical problems, including:

Nonlinear equation systems
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Complementarity problems

First-order optimality conditions in convex optimization

Nash equilibrium formulations in game theory

Variational formulations of optimal control problems

This generality makes (V IP ) a central tool for both theoretical analysis and algo-

rithmic development.

In what follows, we will establish the relationship between (V IP ) and these problems

1.2.1 Systems of equations

Proposition 1.2.1 Let C = Rn, F : Rn −→ Rnand x a solution of V IP (F,Rn).

Then,

x ∈ S ⇐⇒ F (x) = 0.

Proof. ⇐=)

F (x) = 0 =⇒ 〈F (x) , x− x〉 = 0, ∀x ∈ Rn

(Variationel equality )

=⇒ x ∈ S.

=⇒)

x ∈ S =⇒ 〈F (x) , x− x〉 ≥ 0, ∀x ∈ Rn.

6



Chapter 1.Variational Inequalities Problem

We take x = x− F (x) ∈ Rn, then we get

〈F (x) , x− F (x)− x〉 ≥ 0 =⇒ 〈F (x) ,−F (x)〉 ≥ 0

=⇒ −‖F (x)‖2 ≥ 0

=⇒ ‖F (x)‖2 ≤ 0

=⇒ ‖F (x)‖ = 0

=⇒ F (x) = 0.

Therefore, xis a solution of the system F (x) = 0.

Second method

We know that if C is an open set, then its normal cone coincides with the singleton

{0} ,(NC (x) = {0} ,∀x ∈ C).

We have Rnis an open set, so NRn (x) = {0}.

Moreover from (1.2), we have x ∈ S ⇐⇒ −F (x) ∈ NC (x) .

Since C = Rn, then

x ∈ S ⇐⇒ −F (x) ∈ NRn (x)

⇐⇒ −F (x) ∈ {0}

⇐⇒ F (x) = 0.

1.2.2 Complementarity problem

If C is a cone (∀x ∈ C, ∀λ ≥ 0, λx ∈ C), then (V IP )admits an equivalent form

known as the complementarity problem.

Definition 1.2.1 Let C a cone of Rn and F a mapping (F : C −→ Rn), the general

complementarity problem (GCP ) is defined as follows(GCP )

 Find x ∈ C such that

F (x) ∈ C∗, 〈x, F (x)〉 = 0
,
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where C∗ denotes the dual cone of C defined byC∗ = {y ∈ Rn/ 〈x, y〉 ≥ 0, ∀x ∈ C} .

Proposition 1.2.2 Let C a cone of Rn and F a mapping (F : C −→ Rn), then we

have

x ∈ S ⇐⇒ x is solution of (GCP ) .

Proof. =⇒)

x ∈ S =⇒ 〈F (x) , x− x〉 ≥ 0,∀x ∈ C (a)

Since C is a cone, then 0 ∈ C. Taking x = 0,

(a) =⇒ 〈F (x) ,−x〉 ≥ 0

=⇒ 〈F (x) , x〉 ≤ 0 (∗)

For x = 2x,

(a) =⇒ 〈F (x) , 2x− x〉 ≥ 0

=⇒ 〈F (x) , x〉 ≥ 0 (∗∗)

From (∗) , (∗∗) , we obtain 〈F (x) , x〉 = 0 (i) .

Also according to the last equation and the fact that x is a solution for (V IP ), we

have

〈F (x) , x− x〉 ≥ 0, ∀x ∈ C ⇐⇒ 〈F (x) , x〉 − 〈F (x) , x〉 ≥ 0, ∀x ∈ C

⇐⇒ 〈F (x) , x〉 ≥ 0, ∀x ∈ C

⇐⇒ F (x) ∈ C∗ (ii)
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From (i) and (ii) , we deduce that x is a solution for (GCP ).

⇐=)

x is a solution for (GCP ) =⇒ F (x) ∈ C∗ and 〈F (x) , x〉 = 0

=⇒ 〈F (x) , x〉 ≥ 0, ∀x ∈ C and 〈F (x) , x〉 = 0

=⇒ 〈F (x) , x〉 − 〈F (x) , x〉 ≥ 0, ∀x ∈ C

=⇒ 〈F (x) , x− x〉 ≥ 0, ∀x ∈ C

=⇒ x ∈ S.

There are special cases of the general complementarity problem which are very im-

portant for modelling many practical problems. We introduce here, the case where

C = Rn+ known by the complementarity problem.

Since the dual cone of the positive orthant Rn+ is itself, then (CP ) is defined as

follows

(CP )

 Find x ≥ 0 such that

F (x) ≥ 0, 〈x, F (x)〉 = 0
.

Orthogonality conditions

〈x, F (x)〉 = 0 in component expression is given by xiFi (x) = 0,∀i = 1, . . . , n.

This condition explains the term of complementarity which means that if one of the

components is strictly positive, then the other is certainly zero.

The complementarity problem (CP ) traces its origins to RichardW. Cottle’s doctoral

dissertation in 1964, marking a pivotal development in mathematical programming.

The problem class admits two fundamental formulations based on the nature of the

mapping F .

9
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Linear complementarity problem (LCP ): When F is affi ne F (x) = Mx + q

(M ∈ Rn×n, q ∈ Rn), (CP ) reduces to an (LCP ). This special case became the

subject of intensive study during 1965-1980, with C. E. Lemke’s pivotal algorithm

(1965) and subsequent developments by Eaves (1971) and Murty (1972) establishing

its theoretical and computational foundations.

Nonlinear complementarity problem (NLCP ): The general case where F is

nonlinear includes important subclasses such as:

(P0/NLCP ) class (generalizing of P0-Matrix theory).

Monotone (NLCP ) class (arising in convex optimization).

The fundamental connection between V IP (F,Rn+) and (CP ) is characterized by the

following proposition, which establishes their equivalence under standard constraint

qualifications when C = Rn+. This relationship provides crucial insights into the

variational structure of complementarity conditions.

Proposition 1.2.3 Let C = Rn+ and F a mapping (F : Rn+ −→ Rn), then we have

x ∈ S ⇐⇒ x is a solution of (CP )

First method: We can use the same way of demonstrating given in the case of (GCP ).

Second method: Replace x = x+ ei ∈ Rn+ in V IP
(
F,Rn+

)
witn

ei =
(

0, . . . , 0, 1
i
, 0, . . . , 0

)
.

x ∈ S of V IP
(
F,Rn+

)
=⇒ 〈F (x) , x+ ei − x〉 ≥ 0

=⇒ 〈F (x) , ei〉 ≥ 0

=⇒ Fi (x) ≥ 0.

We vary the index i = 1, . . . , n, then we obtain F1 (x) ≥ 0, F2 (x) ≥ 0, . . . , Fn (x) ≥ 0,

consequenstly F (x) ≥ 0. Now to have 〈x, F (x)〉 = 0 and the inverse implication,

10



Chapter 1.Variational Inequalities Problem

we use the same way of demonstration given in the case of (GCP ).

Remark 1.2.1 1. Of course, the problem (LCP ) generalizes linear programs (LP )

and quadratic programs (QP ). Since (V IP ) generalizes (LCP ), then it is the

same for (LP ) and (QP ).

2. (CP ) (and similarly for (GCP )) is a special case of (V IP ), but the opposite

is not true.

Affi ne problems

In what follows, we introduce several other special cases of the V IP (F,C) where

either F or C has some other interesting structures. To begin, let F be the affi ne

mapping given by: F (x) = Mx+ q, x, q ∈ Rn, and M ∈ Rn×n; in this case, we write

V IP (M, q, C) to mean V IP (F,C). If in addition C is a polyhedral set, we attach

the adjective “affi ne”and use the notation AV IP (M, q, C) to describe the all

affi ne (V IP ). Finally, if C is a polyhedral set but F is not necessarily affi ne, we

use the adjective “linearly constrained”to describe this V IP (F,C) and we denoted

by LCV IP (F,C). Unlike the AV IP (M, q, C) where both the defining mapping and

set are affi nely structured, the

V IP (M, q, C) and the LCV IP (F,C) have only one affi ne member in the pair (F,C).

An important linearly constrained (V IP ) is the box constrained V IP (F,C) denoted

by (BV IP ), where the set C is a closed rectangle given by

C = {x ∈ Rn/ai ≤ xi ≤ bi, i = 1, · · · , n} =

n∏
i=1

[ai, bi] = [a, b] , where a, b ∈ Rn.

Here ai and ai are possibly infinite scalars satisfying −∞ ≤ ai < bi ≤ +∞,

∀i = 1, · · · , n.

11



Chapter 1.Variational Inequalities Problem

Then we can write,

C = {x ∈ Rn/− x ≤ −a, x ≤ b}

C =

x ∈ Rn/
 −I

I

x ≤
 −a

b




C = {x ∈ Rn/Ax ≤ B} where A =

 −I
I

 and B =

 −a
b

 .

This extended framework includes as a particular case the (CP ), which corresponds

to a being the zero vector and b being the vector all of whose components are equal

to +∞.

We summarize the various classes of problems and their connections in the diagram

below. The notation P =⇒ Q means that we can derive problem Q by specializing

problem P .

V IP (M, q, C) V IP (M, q, C)

⇑ ⇓

V IP (F,C) =⇒ LCV IP (F,C) =⇒ AV IP (M, q, C)

⇓ ⇓ ⇓

(NCP ) ⇐= (CP ) ⇐= (BV IP ) =⇒ (LCP )

⇓

(LCP )

12
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1.2.3 Constrained optimization problem

Variational inequalities problems arise from a variety of interesting sources. Foremost

among these sources are differentiable constrained optimization problems. Neverthe-

less, not all (V IP ) are naturally derived from optimization problems. Part of the

objective of this subsection is to show that a (V IP ) is a nontrivial extension of a

standard optimization problem.

An optimization problem is characterized by an objective function which must be

maximized or minimized on Rn or on a subset of Rn. In both cases the optimization

problem with or without constraints can be formulated as (V IP ). The following two

propositions define the relationship between an optimization problem and (V IP ).

Proposition 1.2.4 Consider the constrained optimization problem

(OP )

 min f (x)

x ∈ C
,

where the objective function f is defined and continuously differentiable on the closed

convex set C (∅ 6= C ⊆ Rn). Let x a solution of (OP ), then x is a solution of the

following (V IP )

〈∇f (x) , x− x〉 ≥ 0,∀x ∈ C.

Proof. Let x be any point in C and x the local minimum of (OP ). Taking the

convex combination of the two points x and x, then we have

tx+ (1− t)x ∈ C and t ∈ [0, 1] .

Using the limited Taylor expansion of f in the neighborhood of x, then

f (y) = f (x) + 〈∇f (x) , y − x〉 , ∀y ∈ V (x) .

13
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For y = tx+ (1− t)x, and t > 0 small enough,

f (tx+ (1− t)x) = f (x) + 〈∇f (x) , t (x− x)〉

(f (tx+ (1− t)x)− f (x)) /t = 〈∇f (x) , (x− x)〉 .

Since x is a local minimum of f on C, then (f (tx+ (1− t)x)− f (x)) ≥ 0, in

addition we have t > 0. Therefore, we deduce that 〈∇f (x) , x− x〉 ≥ 0,∀x ∈ C and

consequently x is a solution of V IP (∇f, C) .

The last inequality is called the stationary point condition for (OP ) .

Proposition 1.2.5 If f is a convex function and x a solution of V IP (∇f, C), then

x is also a solution of (OP ).

Proof. Here we use the definition of the convexity of f in terms of the its gradient

f is convex on C ⇐⇒ f (x)− f (y) ≥ 〈∇f (y) , x− y〉 ,∀x, y ∈ C.

Let x a solution of V IP (∇f, C), then we have

〈∇f (x) , x− x〉 ≥ 0, ∀x ∈ C

If we take y = x in the previous definition of the convexity of the f function, we find

f (x)− f (x) ≥ 〈∇f (x) , (x− x)〉 ≥ 0,∀x ∈ C

f (x)− f (x) ≥ 0,∀x ∈ C.

Therefore, x is a global minimum of f on C (x a solution of (OP )).

Consequently, for a convex problem , i.e., with f a convex function and C a convex

set, the V IP (∇f, C) is equivalent to the optimization problem (OP ) .

In the case where the condition of symmetry of the jacobian of mapping F is satisfied,

14
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V IP (F,C) can be transformed into an optimization problem. This transformation

is given by the following theorem.

Theorem 1.2.1 Assume that the mapping F = (F1, F2, . . . , Fn) is continuously dif-

ferentiable on D (an open convex) and that its Jacobian matrix is given by

JF (x) =



∂F1
∂x1

(x) ∂F1
∂x2

(x) · · · ∂F1
∂xn

(x)

∂F2
∂x1

(x) ∂F2
∂x2

(x) · · · ∂F2
∂xn

(x)

...
...

...

∂Fn
∂x1

(x) ∂Fn
∂x2

(x) · · · ∂Fn
∂xn

(x)


.

1- If JF (x) is symmetric, then there exists a real-valued function f : D ⊆ Rn −→ R

such that ∇f (x) = F (x) and f (x) =
∫
F (x)T dx, ∀x ∈ D.

2- In addition if JF (x) is positive semidefinite on D and x a solution of V IP (∇f, C),

then x is also a solution of (OP ) on C, where C is a closed convex set included in

D (C ⊂ D) .

Proof.

1. This is a result of differential calculus.

2. Since ∇f(x) = F (x), then Hf (x) = JF (x) on D, where Hf (x) is the Hessian

matrix of f .

3. If JF (x) is positive semi-definite on D, then Hf is also positive semi-definite on

D. Therefore, f is convex on D, then f is also convex on D (where D ⊂ C is

a closed convex) . By Proposition 1.2.5, x is a solution of V IP (∇f,D), then

x is a solution of (OP ) on D.

There is a very interesting case where we can transform (V IP ) to an equivalent

optimization problem without requiring the jacobian matrix of F to be symmetric.

The following lemma describes this equivalence.
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Lemma 1.2.1

x ∈ S ⇐⇒ x is a solution for (P1) ,

where

(P1)

 min F (x)T x

x ∈ C

Proof. Indeed,

x ∈ S ⇐⇒ 〈F (x) , x− x〉 ≥ 0, ∀x ∈ C

⇐⇒ 〈F (x) , x〉 ≥ 〈F (x) , x〉 , ∀x ∈ C

⇐⇒ 〈F (x) , x〉 = min 〈F (x) , x〉 ,∀x ∈ C

⇐⇒ x = arg min
x∈C

(P1) .

In the case where we take the set C is a polyhedron, (P1) became a linear program.

Therefore, several algorithms known for their effi ciency can be used for its resolution.

Unfortunately, this is not the case, because the value of F (x) in the objective function

of (P1) is unknown.

But this relationship established between (V IP ) and (P1) is of great interest for

writing the Karush-Kuhn-Tucker (KKT ) system associated with (V IP ), as we will

see later.

1.2.4 Variational inequalities problem and the KKT system

It is well known that the (KKT ) conditions have played a key role in all aspects of

constrainted optimization problems. It turns out that these conditions can be easily

extended to (V IP ). We start this extension for (LCV IP ).

16
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Proposition 1.2.6 Let be the following problem (LCV IP ) with C be given by

C = {x ∈ Rn/Ax ≤ B, Dx = E} , A ∈ Rm×n, D ∈ Rl×n and B ∈ Rm, E ∈ Rl.

(1.4)

Then,

x ∈ S ⇐⇒ ∃ λ ∈ Rm+ and µ ∈ Rl such that
F (x) + ATλ+DTµ = 0

Dx− E = 0

λi (Aix−Bi) = 0, i = 1, · · · ,m

(1.5)

with Ai is the ith line of the matrix A and Bi is the

ith component of the vector B.

Proof. According to the Lemma 1.2.1, we can associate the (V IP ) with an equiv-

alent optimization problem of the form (P1) that we denote (LP1) where the con-

straint set C is defined by (1.4).

x ∈ S ⇐⇒ x is the following linear program (LP1)

(LP1)


min(f (x) = 〈F (x) , x〉)

Ax ≤ B

Dx = E

Since the constraints are affi ne (linear) holds at every point in C. Given that x is a

solution to (LP1), the (KKT ) conditions are necessary suffi cient for optimality of

x. Therefore, we get directly the system (1.5) .

In the other hand, since x is a solution to (P1) and thus to (V IP ), then the proof

is achevied.
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The next part, we will extend the above result for a more general set C by giving

the following proposition.

Proposition 1.2.7 Let the following problem (V IP ) with C be given by

C = {x ∈ Rn/hi (x) ≤ 0, i = 1, · · · ,m and gj (x) = 0, j = 1, · · · , l} ,

where the functions hi and gj are continuously differentiable on C.

The following two statements are valid.

• Let x ∈ S. If the constraints qualification holds at x, then there exist vectors

λ ∈ Rm+ and µ ∈ Rl such that

x ∈ S =⇒ ∃ λ ∈ Rm+ and µ ∈ Rl such that


F (x) +

m∑
i=1

λihi (x) +
l∑

j=1

µjgj (x) = 0

g (x) = 0

λihi (x) = 0, i = 1, · · · ,m

(1.6)

• Conversely, if each function gj is affi ne and each function hi is convex on C,

and if (x, λ, µ) satisfies (1.6), then x solves the V IP (F,C).

Proof. By following the same steps of the demonstration Proposition 1.2.6, we

obtain the desired result.

1.2.5 Fixed point problem

The link between (V IP ) and the fixed point problem is established mainly by using

the projection application. The definition of this application is given below.
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Definition 1.2.2 Let C be a non-empty closed convex of Rn.Then, for any point

x ∈ Rn, there exists a unique point x ∈ C such that

‖x− x‖ ≤ ‖y − x‖ ,∀y ∈ C,

or

x = PC (x) = arg min
y∈C

‖y − x‖ = arg min
y∈C

(
1

2
‖y − x‖2

)
.

PC denotes the orthogonal projection application on C and x the orthogonal projection

(or orthogonal project) of x onto C.

Theorem 1.2.2 Let C be a non-empty closed convex of Rn. Then, for x ∈ Rn, we

have

x = PC (x)⇐⇒ 〈x− x, y − x〉 ≥ 0,∀y ∈ C.

This inequality is known as the classical projection inequality.

Proof. We have x = PC (x), thus x is a solution of the following optimization

problem  min
(
1
2
‖y − x‖2 = f (y)

)
y ∈ C

.

The latter problem has a unique solution x because f is continuously differentiable

and strictly convex on C.

The solution x is characterised by the following inequality

〈∇f (x) , y − x〉 ≥ 0,∀y ∈ C.
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Since ∇f (y) = y − x , the previous inequality becomes

〈x− x, y − x〉 ≥ 0, ∀y ∈ C,

Hence the result.

Theorem 1.2.3 Let C be a non-empty closed convex of Rn and F : C −→ Rn.

Then,

x ∈ S ⇐⇒ x is the fixed point of the mapping PC ◦ (IRn − αF ) ,∀α > 0

In other words

x = PC (x− αF (x)) , ∀α > 0.

Proof. Suppose that x ∈ S,

〈F (x) , x− x〉 ≥ 0, ∀x ∈ C ⇐⇒ −α 〈F (x) , x− x〉 ≤ 0, ∀x ∈ C, ∀α > 0

⇐⇒ 〈(x− αF (x))− x, x− x〉 ≤ 0, ∀x ∈ C, ∀α > 0

⇐⇒ 〈x− (x− αF (x)) , x− x〉 ≥ 0, ∀x ∈ C, ∀α > 0.

Using the result of Theorem 3, it implies that x = PC (x− αF (x)) .

1.2.6 Equilibrium problem

The equilibrium problem denoted by EP (f, C), in its most general form, is defined

as follows

 Find x ∈ C such that

f(x, y) ≥ 0, for all y ∈ C,
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Where C is a closed, convex subset of Rn and f : C × C → R is a bifunction (a

function of two arguments).

It was Oettli who in 1994 the first coined the term equilibrium problem during the

annual conference of the Indian Mathematical Society and his paper was published

in the journal (MSIMS) [2]. It is one of the most cited papers in optimization theory.

The power of this formulation is that it allow to include, in a common framework, a

large set of problems.

For example consider

f (x, y) = ϕ (y)− ϕ (x) and C ⊆ Rn, (1.7)

with ϕ : C −→ Rn.

Then the solution set of the problem EP (f, C) coincides with the set of global

minimizers of the function ϕ on C.

Now if we consider

f (x, y) = ϕ (x)− ϕ (y) and C ⊆ Rn. (1.8)

Then, symmetrically, the solutions of the equilibrium problem EP (f, C) are the

global maximizers of the function ϕ on C.

Thus, the concept of an equilibrium problem seems to unify both minimization and

maximization problems.

Additionally, in the case where the objective function ϕ is supposed to be differen-

tiable and convex on a closed convex set C. Then, it is a well-known that

x is a global minimizer of ϕ on C , if and only if
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x is a global minimizer of ϕ on C ⇐⇒ 〈∇ϕ (x) , y − x〉 ≥ 0,∀y ∈ C. (1.9)

The above inequality expresses the necessary and suffi cient condition for the global

optimality of the solution x. Thus, in context of convex optimization, a first rela-

tionship between equilibrium problem and variational inequality occurs since

EP (fϕ, C) = arg min
C

ϕ = V IP (∇ϕ,C) with fϕ (x, y) = ϕ (y)− ϕ (x) . (1.10)

Now, we will explore the relation that can be stated between equilibrium problem

and variational inequalities problem whenever the function f is not coming from an

optimization problem.

Given a subset C of Rn and a mapping F : Rn −→ Rn and the associated variational

inequalities problem V IP (F,C), an immediate link with an equilibrium problem can

be stated by simply considering the bifunction fF defined on C by

fF (x; y) = 〈F (x), y − x〉 ,

then we get

EP (fF , C) = V IP (F,C).

This equality being valid without any hypothesis. Thus, we can consider that vari-

ational inequality problem is particular class of equilibrium problems.

Let us exanime the reverse question that is under which conditions an equilibrium

problem EP (f, C) can be seen as a variational inequality problem.
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To establish this result, one of the most common needed assumptions in the literature

is the following

1. f(x, x) = 0 for all x ∈ C.

2. For any x ∈ Rn, the function y ∈ C −→ f(x, y) is a convex function.

The first condition shows that if x is a solution of the equilibrium problem, then x

a minimzer of the function f(x, y) on C.

Now assume that f is a differentiable convex function respecting to y and C a closed

convex set. Then, we can write the necessary and suffi cient optimality condition as

〈∇fy (x, x) , y − x〉 ≥ 0,∀y ∈ C.

This shows that x solves the problem V IP (Ff , C) where, for each x ∈ Rn,

Ff (x) = ∇fy(x, x).

Further if x solves V IP (Ff , C), then by (1.9) and the convexity of f respecting to

the second variable y, it is clear that x minimizes f (x, .) on C. Additionaly, since

f(x, x) = 0, we conclude that x solves EP (f, C). Thus, the solution set of EP (f, C)

coincides with the solution set of V IP (Ff , C) once we assume that f is differentiable

and convex respecting to the second variable, that is

EP (f, C) = V IP (Ff (x), C)whereFf (x) = ∇fy(x, x).
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Exercises

Exercise 1.2.1 Let F be the mapping defined by:

• F : R3 −→ R3

(x, y, z) 7−→ (yz2, xz2 + z, 2xyz + 2z + y)

• F : R3 −→ R3

(x, y, z) 7−→ (2x− y + 3, 2y − x− z − 1, 2z − y + 2)

In both cases of F :

1. Find the primitive of F on R3 if it exists.

2. If so, determine the optimization problem equivalent to V IP (F,C) where C

= R3.

Solution 1.2.1 a) F (x, y, z) =


F1 (x, y, z)

F2 (x, y, z)

F3 (x, y, z)

 =


yz2

xz2 + z

2xyz + 2z + y


We determine the jacobian matrix of F :

JF (x, y, z) =


0 z2 2zy

z2 0 2xz + 1

2zy 2xz + 1 2xy + 2

 .

JF (x, y, z)T = JF (x, y, z), then JF (x, y, z) is a symmetric matrix.

Determonation of f the primitive of F :

We have that:

F = ∇f ⇔


F1

F2

F3

 =


∂f
∂x

∂f
∂y

∂f
∂z

 .
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Thus,

f (x, y, z) =

∫
∂f(x,y,z)

∂x
dx

=

∫
F1 (x, y, z) dx

=

∫
yz2dx

= xyz2 + h (y, z) .

Then,
∂f(x,y,z)

∂y
= F2 (x, y, z) ⇐⇒ xz2 + ∂h(y,z)

∂y
= xz2 + z

⇐⇒ ∂h(y,z)
∂y

= z

⇐⇒ h (y, z) = yz + g (z) .

f (x, y, z) = xyz2 + yz + g (z) .

Finally,

∂f(x,y,z)
∂z

= F3 (x, y, z) ⇐⇒ 2xz + y + g
′
(z) = 2xyz + 2z + y

⇐⇒ g
′
(z) = 2z

⇐⇒ g (z) = z2 + k, (k ∈ R) .

So,

f (x, y, z) = xyz2 + yz + z2 + k, (k ∈ R) .

f is a convex function if and only if its hessian matrix is positive semidefinite.

We have that ∇2f (x, y, z) = JF (x, y, z). We calculate the principale minors:

41 = 0.

42 =

∣∣∣∣∣∣∣
0 z2

z2 0

∣∣∣∣∣∣∣ = −z4 < 0, z 6= 0.

Therefore, this V IP (F,C) does not admit an equivalent optimization problem.

25



Chapter 1.Variational Inequalities Problem

b) F (x, y, z) =


F1 (x, y, z)

F2 (x, y, z)

F3 (x, y, z)

 =


2x− y + 3

2y − x− z − 1

2z − y + 2


We determine the jacobian matrix of F :

JF (x, y, z) =


2 −1 0

−1 2 −1

0 −1 2

 .

JF (x, y, z)T = JF (x, y, z), then JF (x, y, z) is a symmetric matrix.

Determonation of f the primitive of F :

We have that:

f (x, y, z) =

∫
∂f(x,y,z)

∂x
dx

=

∫
F1 (x, y, z) dx

=

∫
(2x− y + 3) dx

= x2 − yx+ 3x+ h (y, z) .

Then,
∂f(x,y,z)

∂y
= F2 (x, y, z) ⇐⇒ −x+ ∂h(y,z)

∂y
= 2y − x− z − 1

⇐⇒ ∂h(y,z)
∂y

= 2y − z − 1

⇐⇒ h (y, z) = y2 − zy − y + g (z) .

f (x, y, z) = x2 − yx+ 3x+ y2 − zy − y + g (z) .

Finally,
∂f(x,y,z)

∂z
= F3 (x, y, z) ⇐⇒ −y + g

′
(z) = 2z − y + 2

⇐⇒ g
′
(z) = 2z + 2

⇐⇒ g (z) = z2 + 2z + k, (k ∈ R) .
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So,

f (x, y, z) = x2 − yx+ 3x+ y2 − zy − y + z2 + 2z + k, (k ∈ R) .

We calculate the principale minors of JF (x, y, z):

41 = 0.

42 =

∣∣∣∣∣∣∣
2 − 1

−1 2

∣∣∣∣∣∣∣ = 3

42 = det (JF (x, y, z)) = 4.

Then, JF (x, y, z) positive semidefinite. Hence, this V IP (F,C) admit an equivalent

optimization problem defined by

{
min

(x,y,z)∈R3
f (x, y, z) = x2 − yx+ 3x+ y2 − zy − y + z2 + 2z + k

Exercise 1.2.2 Consider the following V IP (F,C) where

F (x) = Ax with A =

 0 1

−1 0

 and C = R2.

1. Does it exist any equivalent optimization problem to this V IP (F,C).

2. Determine the solutions of this V IP (F,C) by different methods.

Exercise 1.2.3 Let consider the following V IP (F,C) where

F (x) =

 x1 + 1

2x2 + 1

 and C = R2+.
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1. Determine the dual cone of C and the normal cone of C at the origin.

2. Knowing that the orthogonal projection of any point x of R2onto C is given by

[
PR2+ (x)

]
i

= max (0, xi) , i = 1, 2.

determine the solutions x of this V IP (F,C) by using the fixed point formula.

3. Draw the geomitricly x and the cones C∗,NC (x) .

Exercise 1.2.4 Let V IPa(F,C) be a variational inequalities problem where the map-

ping F and C are given by

F (x) =

(
2

1− ‖x‖2
)
x+ a, a ∈ R3andC =

{
x ∈ R3/ ‖x‖2 ≤ 1

}
.

Exercise 1.2.5 1. Show that V IP (Fa, C) admits an equivalent optimization prob-

lem (Pa) that must be determined.

2. Consider Ca =
{
x ∈ R3/h1 (x) = ‖x‖2 ≤ 1

4
, h2 (x) = 〈a, x〉 ≤ 0

}
. Using the

conditions of Karush Kuhn Tuker (KKT ):

(a) Solve V IP (Fa, Ca) for the case a = 0.

(b) Suppose that a 6= 0 and we denote by x the solution ofV IP (Fa, Ca) where

h2 (x) < 0. Determine the multipliers of (KKT ) λ1, λ2 associated (Dis-

cuss only the case λ1 > 0) and the solution x.

Solution 1.2.2 Let be V IP (F,C) where F and are given by

Fa (x) =

(
2

1− ‖x‖2
)
x+ a, a ∈ R3,
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C is a closed convex set included in D =
{
x ∈ R3/ ‖x‖2 < 1

}
.

1. We determine the jacobian matrix of F

Fa (x) =

(
2

1−(x21+x22+x23)

)
x1

x2

x3

+


a1

a2

a3

 =


F1 (x1, x2, x3)

F2 (x1, x2, x3)

F3 (x1, x2, x3)

.

JF (x) =


2(1−‖x‖2)+4x21

(1−‖x‖2)
2

4x1x2

(1−‖x‖2)
2

4x1x3

(1−‖x‖2)
2

4x1x2

(1−‖x‖2)
2

2(1−‖x‖2)+4x22
(1−‖x‖2)

2
4x2x3

(1−‖x‖2)
2

4x1x3

(1−‖x‖2)
2

4x2x3

(1−‖x‖2)
2

2(1−‖x‖2)+4x23
(1−‖x‖2)

2



= 2

(1−‖x‖2)
I3 + 4

(1−‖x‖2)
2


x21 x1x2 x1x3

x1x2 x22 x2x3

x1x3 x2x3 x23


= 2

(1−‖x‖2)
I3 + 4

(1−‖x‖2)
2xxT .

Since JF (x) is the sum of symmetric matrices, then JF (x) is also a symmetric

matrix. Therefore, it exists fa : D ⊆ R3 −→ R such that ∇f (x) = F (x) .

JF (x) is positive semidefinite on C if only if 〈JF (x) d, d〉 ≥ 0,∀ d ∈ R3, ∀

x ∈ C.

〈JF (x) d, d〉 =

〈(
2

(1−‖x‖2)
I3 + 4

(1−‖x‖2)
2xxT

)
d, d

〉
= 2

(1−‖x‖2)
‖d‖2 + 4

(1−‖x‖2)
2

〈
xTd, xTd

〉
= 2

(1−‖x‖2)
‖d‖2 + 4

(1−‖x‖2)
2

(
xTd

)2
≥ 0,∀ d ∈ R3 and ∀ x ∈ C.

Then, V IP (Fa, C) admits an equivalent optimization problem (OP ) .
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{
min
x∈C

fa (x) ⇐⇒ V IP (Fa, C) où ∇fa = Fa on C

Determination of fa:

f (x1, x2, x3) =
∫ ∂f(x1,x2,x3)

∂x1
dx1 =

∫
F1 (x1, x2, x3) dx1

=
∫ (

2x1

(1−‖x‖2)
+ a1

)
dx1

= − ln
(
1− ‖x‖2

)
+ a1x1 + g (x2, x3) .

∂f(x1,x2,x3)
∂x2

= F2 (x1, x2, x3)⇐⇒ 2x1

(1−‖x‖2)
+ ∂g(x2,x3)

∂x2
=

(
2x2

(1−‖x‖2)
+ a2

)
⇐⇒ ∂g(x2,x3)

∂x2
= a2

⇐⇒ g (x2, x3) = a2x2 + g (x3) .

∂f(x1,x2,x3)
∂x3

= F3 (x1, x2, x3)⇐⇒ 2x3

(1−‖x‖2)
+ g′ (x3) =

(
2x3

(1−‖x‖2)
+ a3

)
⇐⇒ g′ (x3) = a3

⇐⇒ g (x3) = a3x3 +K, K ∈ R.

Donc, f (x1, x2, x3) = − ln
(
1− ‖x‖2

)
+ aTx+K, K ∈ R.

2. We consider Ca =
{
x ∈ R3/h1 (x) = ‖x‖2 ≤ 1

4
, h2 (x) = 〈a, x〉 ≤ 0

}
and using

conditions of (KKT ):

(a) Resolution of V IP (Fa, Ca) for a = 0:

x is a solution of V IP (F0, C0) iff ∃λ ≥ 0 such that F (x) + λ∇h1 (x) = 0

λh1 (x) = 0
⇐⇒


(

2
1−‖x‖2

)
x+ 2λx = 0 · · · (∗)

λ
(
‖x‖2 − 1

4

)
= 0 · · · (∗∗)

If λ > 0 =⇒ ‖x‖2 = 1
4
, we replace in (∗), we obtain 2

(
4
3

+ λ
)
x = 0.

that is impossible, because ‖x‖2 = 1
4

=⇒ ‖x‖ = 1
2

=⇒ x 6= 0 and λ > 0.

If λ = 0, then from (∗) , we have
(

2
1−‖x‖2

)
x = 0 =⇒ x = 0.

(b) Suppose that a 6= 0 and h2 (x) < 0 where x is a solution of V IP (Fa, Ca).
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x is a solution of V IP (Fa, Ca) iff ∃λ1 ≥ 0, λ2 ≥ 0 such that:


F (x) + λ1∇h1 (x) + λ2∇h2 (x) = 0 · · · (∗ ∗ ∗)

λ1h1 (x) = 0

λ2h2 (x) = 0.

Since h2 (x) < 0 =⇒ λ2 = 0.

For λ1, we discuss only the case λ1 > 0

If λ1 > 0 =⇒ h1 (x) = 0 =⇒ ‖x‖2 = 1
4
.

(∗ ∗ ∗) becomes
(

2
1−‖x‖2

)
x+ a+ 2λ1x = 0 =⇒ x = − 1

2( 43+λ1)
a.

We calculate ‖x‖2 using the fact that ‖x‖2 = 1
4
, we get

‖x‖2 = 1
4
⇐⇒

〈
− a

2( 43+λ1)
,− a

2( 43+λ1)

〉
= 1

4

⇐⇒ 1

4( 43+λ1)
2 ‖a‖2 = 1

4

⇐⇒ 9λ21 + 24λ1 + 16− 9 ‖a‖2 = 0.

We solve this second order equation of unknown λ1, we obtain

λ′1 = ‖a‖ − 4
3
> 0, accepted if ‖a‖ > 4

3
.

λ
′′
1 = −‖a‖ − 4

3
< 0, rejected.

Thus, the solution x = − 1
2‖a‖a.

Consequently,
(
λ1, λ2, x

T
)

=
(
‖a‖ − 4

3
, 0,− 1

2‖a‖a
T
)
.

Exercise 1.2.6 Let V IPa(F,C) be a variational inequalities problem where the map-

ping F and C are given by

F (x) =

 2x1 + x2

x1 + x2 − 1

 and C =
{
x ∈ R2/− x1 − x2 ≥ 2

}
.

1. Does it exist any equivalent optimization problem (OP ) to this V IP (F,C). If

so, determine it by taking f (0, 0) = 0.
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2. Solve (OP ) by using KKT conditions.

3. Determine the expression of the orthogonal projection onto C and verify that

the solution obtained for (OP ) is also the solution V IP (F,C) by using the

fixed point formula.

Exercise 1.2.7

Let g, h : C −→ R be functions (continuously differentiable on C) and C a non-empty

closed convex of Rn.

Suppose that x = arg max
x∈C

h (x) and we put f = g + h on C.

1. Show that if f, g and h are convex, then

x = arg min
x∈C

f (x)⇐⇒ x is a solution of V IP (∇g, C).

We recall that lim
α−→0

g(x0+αd)−g(x0)
α

= 〈∇g (x0) , d〉 .

2. Show that if g and h are convex, then

〈∇g (x) , x− x〉 + h (x) − h (x) ≥ 0 ⇐⇒ 〈∇g (x) , x− x〉 + h (x) − h (x) ≥ 0,

∀x ∈ C.
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Chapter 2

Classification, existence and

uniqueness solutions results of

(V IP )

The classification of variational inequalities problems depends essentially on the

monotonicity properties of the mapping F . The strongly monotone case is the most

significant, as it provides the primary framework for theoretical and algorithmic

advances. The structure of the constraint set C can also serve as a criterion for

categorization.

2.1 Classes of monotonicity

In this section, we introduce several monotonicity properties of vector mappings that

are naturally satisfied by the gradient maps of convex functions of the respective

kinds. Indeed, the class of monotone mappings play a similarly important role in

the (V IP ) as the class of convex functions in optimization.
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Definition 2.1.1 Let C be a non-empty of Rn and F : C −→ R.

• F is said to be monotone (M) on C if

〈F (x)− F (y) , x− y〉 ≥ 0,∀x, y ∈ C.

• F is said to be strictly monotone (StriM) on C if

〈F (x)− F (y) , x− y〉 > 0, ∀x, y ∈ C and x 6= y

• F is said to be strongly monotone (StroM) on C if there is µ > 0 such that

〈F (x)− F (y) , x− y〉 ≥ µ ‖x− y‖2 ,∀x, y ∈ C.

• F is said to be paramonotone (PaM) on C if F is monotone on C and

〈F (x)− F (y) , x− y〉 = 0 =⇒ F (x) = F (y) ,∀x, y ∈ C.

• F is said to be pseudomonotone (PsM) on C if one of the two conditions is

satisfied

〈F (x) , y − x〉 ≥ 0 =⇒ 〈F (y) , y − x〉 ≥ 0,∀x, y ∈ C.

〈F (x) , y − x〉 > 0 =⇒ 〈F (y) , y − x〉 > 0,∀x, y ∈ C.

• F is said to be quasimonotone (QM) on C if

〈F (x) , y − x〉 > 0 =⇒ 〈F (y) , y − x〉 ≥ 0,∀x, y ∈ C.

The last two definitions describe types of generalized monotonicity. The relation-

ships between these and other monotonicity classes are summarized in the following
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diagram.

(StroM) =⇒ (StriM) =⇒ (PaM) =⇒ (M) =⇒ (PsM) =⇒ (QM)

The concepts of convexity and monotonicity are closely related. This is most ev-

ident in the fact that the convexity of a continuously differentiable function f

(f : Rn −→ R) can be determined by the monotonicity type of its gradient. The

following theorem provides this crucial characterization.

Theorem 2.1.1 Let C be a non-empty open convex of Rn and f : C −→ R

a differentiable function where ∇f is its gradient. Then, we have the following

equivalences

1. f is convex on C ⇐⇒ ∇f is monotone on C.

2. f is strictly convex on C ⇐⇒ ∇f is strictly monotone on C.

3. f is strongly convex on C ⇐⇒ ∇f is strongly monotone on C.

Proof. =⇒)

Assume f is convex on C. By the definition of convexity, for any x, y ∈ C and any

λ ∈ [0, 1], we have

f(λy + (1− λ)x) ≤ λf(y) + (1− λ)f(x).

This can be rearranged as

f(x+ λ(y − x))− f(x) ≤ λ(f(y)− f(x)).

Dividing both sides by λ > 0,
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f(x+ λ(y − x))− f(x)

λ
≤ f(y)− f(x).

Taking the limit as λ→ 0+, the left-hand side becomes the directional derivative of

f at x in the direction (y − x) .

Since f is differentiable, this is equal to 〈∇f(x), y − x〉.

Therefore,

〈∇f(x), y − x〉 ≤ f(y)− f(x).

Similarly, we do the step another time by changing x by y and y by x, we obtain

〈∇f(y), x− y〉 ≤ f(x)− f(y).

Now, adding the two inequalities,

〈−∇f(x) +∇f(y), x− y〉 ≤ 0.

Multiplying both sides by −1, we get

〈∇f(x)−∇f(y), x− y〉 ≥ 0.

This is exactly the condition for ∇f to be monotone on C.

⇐=)

Define a function g : [0, 1]→ Rn by

g(t) = f(x+ t(y − x)),∀x, y ∈ C.
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Note that g is differentiable (since f is differentiable) and we have

g′(t) = 〈∇f(x+ t(y − x)), y − x〉 .

Now, take any t1, t2 ∈ [0, 1] with t1 < t2. Let u = x+ t1(y−x) and v = x+ t2(y−x).

These points are in C because C is convex.

Consider the difference

g′ (t2)− g′ (t1) = 〈∇f(v), y − x〉 − 〈∇f(u), y − x〉

= 〈∇f(v)−∇f(u), y − x〉 .

Note that v − u = (t2 − t1) (y − x), so y − x = 1
(t2−t1) (v − u).

Substituting this in

g′ (t2)−g′ (t1) =

〈
∇f(v)−∇f(u),

1

(t2 − t1)
(v − u)

〉
=

1

(t2 − t1)
〈∇f(v)−∇f(u), (v − u)〉 .

By the monotonicity assumption, 〈∇f(v)−∇f(u), (v − u)〉 ≥ 0 and since t1 < t2, ,

we have

g′ (t2)− g′ (t1) ≥ 0.

This shows that g′ is a non-decreasing function on [0, 1]. A standard result in single-

variable calculus states that a function with a non-decreasing derivative is convex.

Therefore, g is convex on [0, 1].

Since x and y were arbitrary points in C, this implies that f is convex on the convex

set C.
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Indeed, we put x = x+ 0× (y − x) and y = x+ 1× (y − x), therefore we obtain

f (λx+ (1− λ) y) = f (λ (x+ 0× (y − x)) + (1− λ) (x+ 1× (y − x)))

= f (x+ (λ× 0 + (1− λ)× 1) (y − x))

= g (λ× 0 + (1− λ)× 1)

≤ λg (0) + (1− λ) g (1) (since g is convex on [0, 1])

= λf(x+ 0× (y − x)) + (1− λ) f(x+ 1× (y − x))

= λf(x) + (1− λ) f(y).

Similarly, for a continuously differentiable mapping F its monotonicity properties

are directly related to the positive definiteness of its jacobian matrix JF , as we will

show in the theorem below.

Theorem 2.1.2 Let C be a non-empty open convex of Rn and F : C −→ Rn a

differentiable function where JF is its jacobian matrix. Then, we have the following

equivalences

1. F is monotone on C ⇐⇒ JF (x) is positive semi-definite on C.

2. F is strictly monotone on C ⇐⇒ JF (x) is positive definite on C.

3. F is strongly monotone on C ⇐⇒ JF (x) is positive strongly definite on C(
∃µ > 0, 〈JF (x) y, y〉 ≥ µ ‖y‖2 ,∀x, y ∈ C

)
.

Remark 2.1.1 • In the case of a symmetric matrix, to demonstrate the type of

its positive definiteness, it is suffi cient to use the eigenvalue criterion or the

principal minors criterion.

• In the case of the absence of symmetry, to verify the property in question,

we can introduce the tool of the symmetric part associated with this matrix(
sym (A) = 1

2

(
A+ AT

))
.
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We can also verify the property of strong monotonicity by another way as it is

described in the proposition below.

Proposition 2.1.1 F is (StroM) of constant µ (µ > 0) on C ⇐⇒ (JF (x)− µI)

is positive semi-definite matrix for all x ∈ C.

Proof. (=⇒) Assume F is strongly monotone with constant µ > 0. Take any x ∈ C

and any direction d ∈ Rn. Since C is open (or we consider the interior), for small

t > 0, x+ td ∈ C.

By strong monotonicity

〈F (x+ td)− F (x), (x+ td)− x〉 ≥ µ ‖x+ td− x‖2 .

Simplify

t 〈F (x+ td)− F (x), d〉 ≥ µt2 ‖d‖2 .

Divide both sides by t2 > 0,

〈
F (x+ td)− F (x)

t
, d

〉
≥ µ ‖d‖2 .

Take the limit as t −→ 0+

〈JF (x) d, d〉 ≥ µ ‖d‖2 .

This holds for all d ∈ Rn.

Therefore,

〈(JF (x)− µI) d, d〉 ≥ 0.

So, JF (x)− µI is positive semi-definite for every x ∈ C.

⇐=)
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We need to show that for all x, y ∈ C, that exists µ > 0 such that

〈F (x)− F (y), x− y〉 ≥ µ ‖x− y‖2 .

Since F is continuously differentiable, by the mean value theorem (in several vari-

ables), for any x, y ∈ C, there exists

z = y + θ (x− y) for some θ ∈ (0, 1) such that

F (x)− F (y) = JF (z) (x− y) .

Then,

〈F (x)− F (y), x− y〉 = 〈JF (z) (x− y) , x− y〉

By the positive semi-definiteness of JF (z)− µI on C, we get

〈(JF (z)− µI) (x− y) , x− y〉 ≥ 0.

So,

〈JF (z) (x− y) , x− y〉 ≥ µ ‖x− y‖2

Therefore,

〈F (x)− F (y), x− y〉 ≥ µ ‖x− y‖2

which implies the strong monotonicity of F on C.

40



Chapter 2.Classification, existence and uniqueness solutions results of (VIP)

2.2 Basic existence and uniqueness results of (VIP)’s

solutions

We briefly present the main existence and uniqueness results for the solutions of

(V IP ), which will be useful later. We point out that the majority of the results

are consequences of the generalization of the results obtained from optimization and

complementarity fields.

Theorem 2.2.1 Let C be a non-empty compact convex of Rn and F a continuous

mapping on C, then V IP (F,C) admits at least a solution.

Proof. The proof uses a fixed point argument based on the projection operator that

we recall here.

x ∈ S ⇐⇒ x = PC (x− αF (x)) ,∀α > 0.

Then, we apply Brouwer’s Fixed Point Theorem that recall:

Any continuous application Φ from a non-empty compact convex C of an Euclidean

space with values in C admits a fixed point.

Define a mapping Φ : C −→ C by

Φ (x) = PC (x− αF (x)) ,∀α > 0,

We must check that

• C is non-empty, compact, and convex (given).

• Φ s continuous.

Since F is continuous by assumption.

The mapping x 7−→ x− αF (x) is continuous (as a sum of continuous functions).
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The projection operator PC is Lipschitz continuous.

Since Φ is a composition of continuous functions (PC and x−αF (x)), it is continuous.

Therefore, by Brouwer’s fixed point theorem, the continuous mapping Φ has at least

one fixed point x ∈ C and consequently x ∈ S.

Theorem 2.2.2 Let C be a non-empty closed convex of Rnand F a continuous and

monotone mapping on C. Then,

x ∈ S ⇐⇒ 〈F (x) , x− x〉 ≥ 0,∀x ∈ C. (2.1)

Proof. Let x ∈ S ⇐⇒ 〈F (x) , x− x〉 ≥ 0,∀x ∈ C.

In other hand, we have F is monotone on C, that means

〈F (x)− F (y) , x− y〉 ≥ 0,∀x, y ∈ C.

We put y = x, thus

〈F (x)− F (x) , x− x〉 ≥ 0,∀x ∈ C =⇒ 〈F (x) , x− x〉 ≥ 〈F (x) , x− x〉 ≥ 0,∀x ∈ C

=⇒ 〈F (x) , x− x〉 ≥ 0,∀x ∈ C.

Conversly, let x ∈ C satisfaying

〈F (x) , x− x〉 ≥ 0,∀x ∈ C (2.2)

and we take x any point of C, then we get x+ λ (x− x) ∈ C for λ ∈ [0, 1] .

We put in (2.2) x = x+ λ (x− x) , so
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〈F (x+ λ (x− x)) , x+ λ (x− x)− x〉 ≥ 0 =⇒ λ 〈F (x+ λ (x− x)) , (x− x)〉 ≥ 0

=⇒ 〈F (x+ λ (x− x)) , (x− x)〉 ≥ 0,

since λ ∈ [0, 1]

=⇒ lim
λ−→0

〈F (x+ λ (x− x)) , (x− x)〉 ≥ 0

=⇒
〈
F
(
x+ lim

λ−→0
λ (x− x)

)
, (x− x)

〉
≥ 0,

since F is continuous on C

=⇒ 〈F (x) , x− x〉 ≥ 0,∀x ∈ C.

=⇒ x ∈ S.

Theorem 2.2.3 Let C be a non-empty closed convex of Rn and F a continuous

monotone mapping on C, then S (the solutions set of V IP (F,C)) is a closed convex

set.

Proof. We start by proving that S is closed.

Let {xn} be a sequence included in S and converging to x.

Therefore,

xn ∈ S =⇒ 〈F (xn) , x− xn〉 ≥ 0,∀x ∈ C

=⇒ lim
n−→+∞

〈F (xn) , x− xn〉 ≥ 0,∀x ∈ C

=⇒
〈
F

(
lim

n−→+∞
xn

)
, x− lim

n−→+∞
xn

〉
≥ 0,∀x ∈ C,

since F is continuous on C

=⇒ 〈F (x) , x− x〉 ≥ 0,∀x ∈ C

=⇒ x ∈ S

We conclude that S is a closed set.
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Now, we move to demostrate that S is convex.

Suppose that x1, x2 two points in S and we search to show that

(1− λ)x1 + λx2 ∈ S with λ ∈ [0, 1] .

We know that x1 ∈ S =⇒ x1 ∈ C (S ⊂ C) and the same thing for x2.

So (1− λ)x1 + λx2 ∈ C, λ ∈ [0, 1] , since C is concex.

According to the previous theorem (Theorem 2.2.2), we have

F is monotone on C and x1, x ∈ S ⇐⇒

 〈F (x) , x− x1〉 ≥ 0

〈F (x) , x− x2〉 ≥ 0
,∀x ∈ C.

Then, we get

(1− λ) 〈F (x) , x− x1〉+ λ 〈F (x) , x− x2〉 ≥ 0,∀x ∈ C

⇐⇒ 〈F (x) , (1− λ) (x− x1)〉+ 〈F (x) , λ (x− x2)〉 ≥ 0,∀x ∈ C

⇐⇒ 〈F (x) , (1− λ) (x− x1) + λ (x− x2)〉 ≥ 0,∀x ∈ C

⇐⇒ 〈F (x) , x− (1− λ)x1 + λx2〉 ≥ 0, ∀x ∈ C

⇐⇒ (1− λ)x1 + λx2 ∈ S (Using Theorem 2.2.2) .

Hence, S is a convex set.

Remark 2.2.1 The two last results remain true in the case where F is only

pseudomonotone on C.
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Proposition 2.2.1 Let C be a non-empty closed convex of Rn and F a continuous

pseudomonotone mapping on C, then

S = {x ∈ C/ 〈F (x) , x− x〉 ≥ 0,∀x ∈ C} = A

= ∩
x∈C
{x ∈ C/ 〈F (x) , x− x〉 ≥ 0} .

Proof. Suppose that x ∈ S and we recall F is pseudomonotone on C, so we have

〈F (y) , x− y〉 ≥ 0 =⇒ 〈F (x) , x− y〉 ≥ 0,∀x, y ∈ C

We put y = x ∈ S ⊂ C, thus 〈F (x) , x− x〉 ≥ 0,∀x ∈ C.

Consequently, x ∈ A,that implies S ⊆ A.

Reciprocally, we consider that x ∈ A and x is any point of C.

We put y = x+ λ (x− x) ∈ C (C is convex set). Since x ∈ A and y ∈ C, we obtain

〈F (x+ λ (x− x)) , x+ λ (x− x)− x〉 ≥ 0

In a similar way, we demonstrate that A ⊆ S by following the steps presented in the

proof of the Theorem 2.2.2.

Finally, we conclude that S = A.

Here, we give another method to prove that S is a closed convex set.

We fix x ∈ C, so {x ∈ C/ 〈F (x) , x− x〉 ≥ 0} represents a half space which is closed

convex set. Since S is an intersection of a set of a half spaces, therefore S is also a

closed convex set.

Theorem 2.2.4 Let C be a non-empty closed convex of Rn and F a continuous

coercive mapping on C, then S is non-empty compact set.
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We recall that F is said to be coercive on C ⇐⇒ there is x0 ∈ C and α ≥ 0 such

that

lim
‖x‖−→+∞

〈F (x) , x− x0〉
‖x‖α > 0.

Theorem 2.2.5 Let C be a non-empty closed convex of Rn and F a strictly monotone

mapping on C. If V IP (F,C) admits solutions, then the solution is unique.

Proof. Suppose that x1, x2 are two different solutions for V IP (F,C).

We have,

x1 ∈ S ⇐⇒ 〈F (x1) , x− x1〉 ≥ 0,∀x ∈ C

x2 ∈ S ⇐⇒ 〈F (x2) , x− x2〉 ≥ 0,∀x ∈ C

We take x = x2 in the first inequality and x = x1 in the second inequality, that

implies

 〈F (x1) , x2 − x1〉 ≥ 0

〈F (x2) , x1 − x2〉 ≥ 0

Consider the sum of the two inequalities, we obtain

〈−F (x1) + F (x2) , x1 − x2〉 ≥ 0 =⇒ 〈F (x1)− F (x2) , x1 − x2〉 ≤ 0.

But F is stricly monotone mapping on C i.e

〈F (x)− F (y) , x− y〉 > 0,∀x, y ∈ C and x 6= y

Thus, we get a contradiction, so the two solutions x1, x2 must be identical (x1 = x2) .
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Theorem 2.2.6 Let C be a non-empty closed convex of Rn and F a continuous

strongly monotone mapping on C. Then, the solution of V IP (F,C) exists and it is

unique.

Proof. Since F is strongly monotone mapping on C implies that F is strictly

monotone and coercive on C, we deduce directly by using Theorems 2.2.5 and 2.2.6

the result of this theorem.

Corollary 2.2.1 Suppose that x is a solution of V IP (F,C), we have

If x ∈ int (C), then F (x) = 0.

Proof. Since x ∈ int (C), there exists an open ball B (x, ε) ⊂ C for some ε > 0.

For any arbitrary vector d ∈ Rn, we can choose t > 0 suffi ciently small such that

x = x− td ∈ B (x, ε) ⊂ C. (This is because x is an interior point, so we can move a

small amount in any direction and remain inside C).

Now, since x is a solution to V IP (F,C), we have

〈F (x) , x− x〉 ≥ 0

Substituting x = x− td, we get

〈F (x) , x− td− x〉 = −t 〈F (x) , d〉 ≥ 0

Dividing both sides by −t, we obtain

〈F (x) , d〉 ≤ 0

But d was an arbitrary vector in Rn, so we can take d = F (x).
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Thus, the last inequality becomes

〈F (x) , F (x)〉 = ‖F (x)‖2 ≤ 0.

But we know that ‖F (x)‖2 ≥ 0.

Therefore, F (x) must equal 0.
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Exercises

Exercise 2.2.1 1. Show that PC, the orthogonal projection operator onto C, where

C is a non-empty closed convex set of Rn, is a monotone mapping from Rn to

C.

Solution 2.2.1 PC is monotone on Rn if 〈PC (x)− PC (y) , x− y〉 ≥ 0,∀x, y ∈ Rn.

We recall the classical projection inequality:

〈PC (u)− u, v − PC (u)〉 ≥ 0,∀u ∈ Rn,∀v ∈ C.

We put u = x, v = PC (y) , then

〈PC (x)− x, PC (y)− PC (x)〉 ≥ 0. ((1))

And we put u = y, v = PC (x) , then

〈PC (y)− y, PC (x)− PC (y)〉 ≥ 0. ((2))

By addition (1) and (2) , we obtain

〈−PC (x) + x, PC (x)− PC (y)〉+ 〈PC (y)− y, PC (x)− PC (y)〉 ≥ 0⇐⇒

〈x− y − (PC (x)− PC (y)) , PC (x)− PC (y)〉 ≥ 0⇐⇒

〈x− y, PC (x)− PC (y)〉 ≥ ‖(PC (x)− PC (y))‖2 ≥ 0.
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Exercise 2.2.2 Let F be a mapping from R3 to R3 such that

F (x) = Ax =


2 1 3

2 3 2

1 1 θ


For what values of θ this mapping is strictly monotone on Rn.

Exercise 2.2.3 Consider the the mapping F : R2 −→ R2 defined by

F (x, y) =
(
x3 − x, y

)
.

1. Show that F isn’t monotone on R2.

2. Let C = {x ∈ R2/x ≥ 1}, show that F is monotone on C.

Exercise 2.2.4 We consider a V IP (F,C) where the mapping F is pseudomonotonic

on C and S is the set of its solutions assumed to be non-empty.

S = {x ∈ C/ 〈F (x) , x− x〉 ≥ 0,∀x ∈ C} = A

= ∩
x∈C
{x ∈ C/ 〈F (x) , x− x〉 ≥ 0} .

1. Show that S = A.

2. Deduce that S is a closed convex set.
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Exercise 2.2.5 Let F be a mapping (F : Rn −→ Rn), A a matrix of Rm×n and a

∈ Rm.

We define the mapping Q (Q : Rn×m −→ Rn×m) as follows

Q (u) = Q (x.y) =

 F (x)− ATy

Ax− a

 with u = (x; y) ∈ Rn×m.

1. Show that F is monotone on Rn ⇐⇒ Q is monotone on Rn×m.

2. Does the equivalence remain true in the case of strong monotonicity?

Exercise 2.2.6 Let C be a non-empty closed convex set of Rn, we have

x = PC (x)⇐⇒ x = arg min
y∈C

(
1

2
‖y − x‖2 = f (y)

)
.

Determine the explicit formulas of the projection in the following cases

1. C =
{
y ∈ Rn/αTy = β

}
, α 6= 0.

2. C =
{
y ∈ Rn/αTy ≤ β

}
, α 6= 0.

3. C = R2+.

4. C =
n∏
i=1

[ai, bi] .

5. C =
{
y ∈ Rn/ ‖y‖2 ≤ r2

}
, r > 0.
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Chapter 3

Projection methods for solving

(V IP )

The iterative algorithms developed to solve the variational inequalities problem

(V IP ) are systematically derived from its underlying mathematical characteriza-

tions, which are expressed through various equivalent formulations. These latter

naturally give rise to several fundamental computational strategies. Notable exam-

ples include

• Projection methods, [14, 15, 17, 18, 20, 24, 25, 27, 28]

• Projection and contraction methods [3, 9, 12, 13]

• Optimization methods, [8]

• Penalty methods [1, 19],

• Interior point methods, [4]

• Decomposition methods, [10]

• Solving (V IP ) as a system of equations [21], ...
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3.1 Projection methods

Projection methods are conceptually simple numerical techniques for solving monotone

variational inequalities problems. All methods in this class share two key charac-

teristics. First, their implementation requires the ability to effi ciently compute pro-

jections onto the closed convex set C. This requirement limits their applicability,

particularly when projections are computationally expensive or complex. Second,

these methods are derivative-free and involve no complex computations beyond the

projection itself. Consequently, for sets where projection is effi cient, these methods

are extremely simple and cheap, making them suitable for very large-scale problems.

We now present a historical and technical overview of the first projection methods

introduced for the (V IP ).

We provide a detailed convergence analysis for the first two methods. For the oth-

ers, we outline the fundamental principles, present the associated algorithms, and

state the main convergence results without proof, as the full details are lengthy and

complex. The aim of this second part is to present a brief introduction of the subse-

quent developments proposed after the basic projection method and the method of

Korpolevich.

3.1.1 Basic projection method

The basic projection method is an elementary procedure is predicated on the fixed-

point theorem. Although this simple method is of limited practical use, it is recog-

nized as the developmental origin of all subsequent algorithms in the class of projec-

tion methods.

Recall that

x ∈ S ⇐⇒ x = PC (x− αF (x)) , α > 0. (3.1)
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From this result, we obtain the iterative scheme of the basic projection method

xk+1 = PC
(
xk − αF

(
xk
))
, α > 0. (3.2)

Similarly, we can see that this scheme is identical to that of the projected gradient

method known in otpimization with constraints.

Consider the following optimization problem

 min f (x)

x ∈ C.

Assume that C is a non-empty subset of Rn and f is a differentiable function on

C.

If C = Rn, the gradient method is

xk+1 = xk − αk∇f
(
xk
)
, (3.3)

where αk is the displacement step and ∇f
(
xk
)
the descent direction.

If C  Rn is a closed convex, then the gradient method becomes the projected

gradient method given by

xk+1 = PC
(
xk − αk∇f

(
xk
))
. (3.4)

The purpose of introducing the projection into this method is to ensure that the

iterates generated xk always remain in the set C. In addition, we have assumed that

C is a closed convex to ensure that the projection onto this set exists and is unique.

If we take in (4) (any application) instead of ∇f in the scheme of the projected

gradient method, we find the scheme of the basic projection procedure.
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Algorithm 1

Initialization: k = 0, x0 ∈ C and ε > 0 a given precision.

Stopping criterion: If
∥∥xk − PC (xk − αF (xk))∥∥ ≤ ε, stop xk ∈ S.

Iteration: Otherwise, we put xk+1 = PC
(
xk − αF

(
xk
))
,

k = k + 1 and repeat.

End of algorithm.

The algorithm depends largely on the choice of step size α. We give the following

theorem concerning the values of α for which Algorithm 1 converges.

Theorem 3.1.1 Let ∅ 6= C ⊆ Rn be a closed convex and F an application (F : Rn → Rn)

satisfying the strong monotonicity and Lipschitz continuity conditions, then the se-

quence
{
xk
}
generated by Algorithm 1 converges to the unique solution of (V IP )

which is the fixed point of the application PC (I − αF ) for α ∈
]
0, 2µ

L2

[
.

We recall that

• F is said to be Lipschitz continuous on C ⇐⇒ There is L > 0,

‖F (x)− F (y)‖ ≤ L ‖x− y‖ , ∀x, y ∈ C.

• F is said to be strongly monotone on C ⇐⇒ There is µ > 0,

〈F (x)− F (y) , x− y〉 ≥ µ ‖x− y‖2 ,∀x, y ∈ C.

Before giving the proof of this theorem, we need the following results.

Proposition 3.1.1 Let ∅ 6= C ⊆ Rn be a closed convex. Then, PC (the orthogonal

projection on C) is a non-expansive application, in other words

‖PC (x)− PC (y)‖ ≤ ‖x− y‖ ,∀x, y ∈ Rn.
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Definition 3.1.1 Let K be a real number such that 0 < K < 1 and A be an appli-

cation of D in itself (∅ 6= D ⊆ Rn). We say that A is a contraction application on

D of constant K if for all two distinct points of D, we have

‖A (x)− A (y)‖ ≤ K ‖x− y‖ ,∀x, y ∈ D.

Proposition 3.1.2 If A is a contraction application, then A has a fixed point and

for any x0 ∈ D, the sequence generated by the scheme
{
xk+1 = A

(
xk
)}
converges

to this fixed point.

So, if we show that PC (I − αF ) is contraction, then this application has a fixed

point x which is in this case the unique solution of (V IP ). Moreover, the sequence{
xk+1 = PC

(
xk − αF

(
xk
))}

(the iterative scheme of Algorithm 1) converges to x.

Proof. Let x, y ∈ Rn, we have

‖PC (x− αF (x))− PC (y − αF (y))‖2 ≤ ‖x− y − α (F (x)− F (y))‖2

= ‖x− y‖2 + α2 ‖(F (x)− F (y))‖2

−2α 〈x− y, F (x)− F (y)〉

Unsing the assumptions of strong

monotonicity and Lipschitz continuity

≤ ‖x− y‖2 + α2L2 ‖x− y‖2 − 2αµ ‖x− y‖2

= (1 + α2L2 − 2αµ) ‖x− y‖2 .
So,

‖PC (x− αF (x))− PC (y − αF (y))‖ ≤
√

(1 + α2L2 − 2αµ) ‖x− y‖

Therefore, for PC (I − αF ) to be contraction, it suffi ces that√
(1 + α2L2 − 2αµ) < 1.

(1 + α2L2 − 2αµ) < 1⇐⇒ α (αL2 − 2µ) < 0 ⇐⇒

 (αL2 − 2µ) < 0

α > 0.

Furthermore, to ensure the expression inside the square root is positive, we need
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(1 + α2L2 − 2αµ) > 0. This quadratic equation in α is always positive for α ∈
]
0, 2µ

L2

[
because its discriminant is ∆ = 4 (µ2 − L2) < 0 since µ ≤ L (a consequence of the

assumptions).

Remark 3.1.1 If the strong monotonicity assumption is not satisfied, then Algo-

rithm 1 is likely to diverge for any choice of α, even a variable choice.

Given that the assumptions of (StroM) and (LC) for the application are considered

too strong, it was desirable to have an algorithm that does not require the calculation

of these constants, where they have been replaced by the co-coercivity condition.

Recall that F is said to be co-coercive of constant k > 0 on C if and only if

〈F (x)− F (y) , x− y〉 ≥ k ‖F (x)− F (y)‖2 ,∀x, y ∈ C.

In this case, Algorithm 2 (the algorithm of this method) is the same as the basic

projection procedure where the choice of the step sequence {αk} is given by the

following theorem.

Theorem 3.1.2 Let ∅ 6= C ⊆ Rn a closed convex and F a co-coercive application

of constant k on C. Assume that the set S is nonempty.

If 0 ≤ inf(αk) ≤ sup(αk) ≤ 2k, then Algorithm 2 generates a sequence {xk} that

converges to a point x ∈ S.

3.1.2 Korpolevich method

This is a variant of the basic projection method proposed by Korpolevich in 1976,

also known as the extragradient method. This method converges if F is monotone

and Lipschitz continuous on C, but it requires a second projection to be calculated

at each iteration.
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The origin of the name extragradient comes from the case where (V IP ) is equivalent

to an optimization problem, we know that its optimality condition is

〈∇f (x) , x− x〉 ≥ 0,∀x ∈ C.

Therefore, the extra-evaluation (2 times) of F corresponds to the extra-evaluation

of the gradient of f .

Algorithm 3

Initialization: k = 0, x0 ∈ C and ε > 0 a given precision.

Stopping criterion: If
∥∥xk − PC (xk − αF (xk))∥∥ ≤ ε, stop xk ∈ S.

Iteration: Otherwise, we calculate

 yk = PC
(
xk − αF

(
xk
))

xk+1 = PC
(
xk − αF

(
yk
))
.

We put k = k + 1 and repeat.

End of algorithm.

Theorem 3.1.3 Let ∅ 6= C ⊆ Rn a closed convex and F a monotone application

and satisfies the Lipschitz condition of constant L > 0 on C. If α ∈
]
0, 1

L

[
, then the

sequence generated by Algorithm 3 converges to a point x ∈ S.

Proof. We begin the proof by demonstrate that the sequence
{∥∥xk − x∥∥2 , x ∈ S}

is nonincreasing.

We have the following inequality

‖PC (u)− v‖2 ≤ ‖u− v‖2 − ‖u− PC (u)‖2 ,∀u ∈ Rn, v ∈ C.

Let u = xk − αF
(
yk
)
, xk+1 = PC (u) and v = x ∈ S ⊂ C.
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Therefore,∥∥xk+1 − x∥∥2 ≤
∥∥xk − αF (yk)− x∥∥2 − ∥∥xk − αF (yk)− xk+1∥∥2

≤
∥∥xk − x∥∥2 + α2

∥∥F (yk)∥∥2 − 2α
〈
xk − x, F

(
yk
)〉
−
∥∥xk − xk+1∥∥2

−α2
∥∥F (yk)∥∥2 + 2α

〈
xk − xk+1, F

(
yk
)〉

≤
∥∥xk − x∥∥2 − ∥∥xk − xk+1∥∥2 + 2α

〈
−xk + x+ xk − xk+1, F

(
yk
)〉

≤
∥∥xk − x∥∥2 − ∥∥xk − xk+1∥∥2 + 2α

〈
x− xk+1, F

(
yk
)〉

(∗)
On the other hand, we have〈
x− xk+1, F

(
yk
)〉

=
〈
x− yk + yk − xk+1, F

(
yk
)〉

=
〈
x− yk, F

(
yk
)〉

+
〈
yk − xk+1, F

(
yk
)〉
.

Using the monotonicity of F , we obtain 〈F (x) , x− x〉 ≥ 0,∀x ∈ C.

Then,
〈
x− yk, F

(
yk
)〉
≤ 0, for yk ∈ C.

Consequently,
〈
x− xk+1, F

(
yk
)〉
≤
〈
yk − xk+1, F

(
yk
)〉
.

If we replace inequality (∗), we find that∥∥xk+1 − x∥∥2 ≤
∥∥xk − x∥∥2 − ∥∥xk − xk+1∥∥2 + 2α

〈
yk − xk+1, F

(
yk
)〉

≤
∥∥xk − x∥∥2 − ∥∥xk − yk + yk − xk+1

∥∥2 + 2α
〈
yk − xk+1, F

(
yk
)〉

≤
∥∥xk − x∥∥2 − ∥∥xk − yk∥∥2 − ∥∥yk − xk+1∥∥2 − 2

〈
xk − yk, yk − xk+1

〉
+2α

〈
yk − xk+1, F

(
yk
)〉

≤
∥∥xk − x∥∥2 − ∥∥xk − yk∥∥2 − ∥∥yk − xk+1∥∥2

+2
〈
yk − xk+1, yk − xk + αF

(
yk
)〉

≤
∥∥xk − x∥∥2 − ∥∥xk − yk∥∥2 − ∥∥yk − xk+1∥∥2

+2
〈
xk+1 − yk, xk − yk − αF

(
yk
)〉

(∗∗)
We have

〈
xk+1 − yk, xk − yk − αF

(
yk
)〉

=
〈
xk+1 − yk, xk − yk − αF

(
yk
)

+ αF
(
xk
)
− αF

(
xk
)〉

=
〈
xk+1 − yk, xk − αF

(
xk
)
− yk

〉
+2
〈
xk+1 − yk, αF

(
xk
)
− αF

(
yk
)〉
.

In addition, using the classical projection inequality, it implies〈
xk − αF

(
xk
)
− yk, xk+1 − yk

〉
≤ 0, hence yk = PC

(
xk − αF

(
xk
))
.
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We return back to our inequality (∗∗),∥∥xk+1 − x∥∥2 ≤ ∥∥xk − x∥∥2−∥∥xk − yk∥∥2−∥∥yk − xk+1∥∥2+2
〈
α
(
F
(
xk
)
− F

(
yk
))
, xk+1 − yk

〉
We also have the following result, (a− b)2 ≥ 0⇐⇒ a2 + b2 ≥ 2ab, then∥∥xk+1 − x∥∥2 ≤ ∥∥xk − x∥∥2 − ∥∥xk − yk∥∥2 − ∥∥yk − xk+1∥∥2 +

∥∥yk − xk+1∥∥2
+α2

∥∥F (xk)− F (yk)∥∥2
≤
∥∥xk − x∥∥2 − ∥∥xk − yk∥∥2 + α2L2

∥∥xk − yk∥∥2
≤
∥∥xk − x∥∥2 − (1− α2L2)

∥∥xk − yk∥∥2
≤
∥∥xk − x∥∥2 .

In other words, the distance between xk and S decreases at each iteration. This is

the Fejér monotonicity of the sequence
{
xk
}
with respect to S.

As consequences of Fejér monotonicity, the inequality above, we can conclude:

• The sequence
{∥∥xk − x∥∥2 , x ∈ S} is non-increasing (and hence convergent to

some limit L (x)) for any x ∈ S.

• The sequence
{
xk
}
is bounded.

• lim
k−→+∞

∥∥xk − yk∥∥ = 0.

Since
{
xk
}
is bounded, it has a convergent subsequence

{
xkj
}
, that its limit is denote

by x̂ (cluster point).

We use the fact that lim
k−→+∞

∥∥xk − yk∥∥ = 0 to show that any cluster point x̂ of
{
xk
}

is also a cluster point of
{
yk
}
.

According to the first expression given in Korpolevich’s scheme, then passing to the

limit along subsequences
{
xkj
}
,
{
ykj
}
and using the continuity of F and projection

operator, we obtain
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lim
j−→+∞

ykj = PC

(
lim

j−→+∞
xkj − αF

(
lim

j−→+∞
xkj
))

x̂ = PC (x̂− αF (x̂)) ,

thus, x̂ ∈ S.

Therefore, we conclude if a sequence
{∥∥xk − x∥∥2 , x ∈ S} converges, then the limit

of every convergent subsequence must be the same as the limit of the whole sequence.

The whole sequence
{∥∥xk − x̂∥∥2} converges to L (x̂).

The subsequence
{∥∥xkj − x̂∥∥2} converges to 0.

Therefore, L (x̂) must be equal to 0.

Which is equivalent to

lim
j−→+∞

xk = x̂ ∈ S.

Remark 3.1.2 - It should be noted that monotonicity can be replaced by pseudomonotonic-

ity in Algorithm 3.

- If the Lipschitz continuity assumption is not satisfied in turn, the convergence of

the Korpolevich algorithm is not guaranteed. Sometimes it is diffi cult to verify this

property for any mapping, even if the constant L is known, it may be very large, then

the interval ]0, (1/L)[ will be too small to give suitable values for the step α which

will lead to a very slow convergence. The following algorithm was proposed by A. N.

Iusem in 1994 in order to overcome these obstacles.
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3.1.3 Modified Korpolevich method

This is a variant of Korpolevich’s method for which the mapping F is only continuous

and monotone on C, and its algorithm is given below.

Algorithm 4

Initialization: k = 0, x0 ∈ C, ε1, ε2 ∈ ]0, 1[ , αmax > 0 and ε > 0 a given precision.

Stopping criterion: Calculate zk = PC
(
xk − αmaxF

(
xk
))

If
∥∥xk − zk∥∥ ≤ ε, stop xk ∈ S.



Else
∥∥F (zk)− F (xk)∥∥ ≤ ‖zk−xk‖

2αmax‖F(xk)‖2 , we take αk = αmax

Else if α ∈ ]0, αmax[ such that

ε1
‖zk−xk‖

2αmax‖F(xk)‖2 ≤
∥∥F (PC (xk − αF (xk)))− F (xk)∥∥ ≤ ε2

‖zk−xk‖
2αmax‖F(xk)‖2

Then, we take αk = α and we calculate yk = PC
(
xk − αkF

(
xk
))
.

Iteration:


xk+1 = PC

(
xk − λkF

(
yk
))

where λk =
〈F(yk),xk−yk〉
‖F(yk)‖2

.

We take k = k + 1 and repeat.

End of algorithm.

The step αk is determined by a linear search procedure known as relaxation inspired

from optimization methods. Moreover, the expression of the step λk ensures that

the hyperplane Hk of normal F
(
yk
)
is passing through yk separates the iterate xk

from the set S and xk − λkF
(
yk
)
is the projection of xk onto Hk. The hyperplane

Hk is well defined and given by Hk =
{
x ∈ Rn/

〈
F
(
yk
)
, x− yk

〉
= 0
}
.
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Notion of separation

Let be the hyperplane H =
{
x ∈ Rn/αTx = β

}
(α ∈ Rn∗ and β ∈ R).

- H separates Rn into two closed halfspaces H+ =
{
x ∈ Rn/αTx ≥ β

}
and

H− =
{
x ∈ Rn/αTx ≤ β

}
.

- If there are any two sets C1 and C2 of Rn then they are said to be strictly separate

if C1 ⊂ H+ and C2 ⊂ H−.

- Particular case: if C1 and C2 are convex.

- Moreover, we can always separate a point y from C such that C is a non-empty

closed convex and y /∈ C.

We now show that we can separate the iterate xk generated by Algorithm 4 from the

set of solutions S.

In fact, S is a closed convex set (according to the Theorem 2.2.3 ). On the other

hand, if we consider x to be any solution of (V IP ), then we have 〈F (x) , x− x〉 ≥

0,∀x ∈ C.

Moreover, applying Theorem 2.2.2, we will have 〈F (x) , x− x〉 ≥ 0, ∀x ∈ C.

We take x = yk ∈ C since yk = PC
(
xk − αkF

(
xk
))
, then

〈
F
(
yk
)
, x− yk

〉
≤ 0.

Now we just need to show that
〈
F
(
yk
)
, xk − yk

〉
> 0.

For this, we note that λk =
〈F(yk),xk−yk〉
‖F(yk)‖2 > 0, which implies that〈

F
(
yk
)
, xk − yk

〉
> 0.

Or it can be done as follows

PHk
(
xk
)

= xk − λkF
(
yk
)
∈ Hk ⇐⇒

〈
F
(
yk
)
, xk − λkF

(
yk
)
− yk

〉
= 0

⇐⇒
〈
F
(
yk
)
, xk − yk

〉
= λk

∥∥F (yk)∥∥2 > 0.

To find the expression for λk , simply apply the projection formula for the point y

onto the hyperplane H by taking y = xk, α = F
(
yk
)
and β = F

(
yk
)T
yk, we obtain

63



Projection methods for solving (VIP)

PHk
(
xk
)

= xk −
〈
F
(
yk
)
, xk − yk

〉
‖F (yk)‖2

F
(
yk
)
.

Remark 3.1.3 It is obvious that the numerical behaviour of this type of these meth-

ods depends largely on the structure of the set C. With the exception of a few convex

sets (Rn+ , boxes, spheres,...), we note that the projections are given by explicit for-

mulae, whereas in practice there are several interesting applications where calculat-

ing the projections is very costly. Furthermore, in order to determine the displace-

ment step αk, we must use a relaxation procedure where it is necessary to evaluate

PC
(
xk − αF

(
xk
))
. That means, if the procedure at iteration k requires mk steps,

then we need to evaluatemk projections onto C in order to determine yk, plus another

projection for the calculation of xk+1.

3.1.4 Double projection method

With the aim of reducing the number of projections required to compute, in 1997

Iusem again proposed a new variant of projection methods for solving monotone

(V IP ). The strategy of this variant is based, on the one hand, on the introduction

of an Armijo-type linear search procedure to determine the displacement step αk

while ensuring the separation of xk from the set S and, on the other hand, we need

to carry out only two projections at each iteration, hence the name of the method:

Double projection method.

Algorithm 5

Initialization: k = 0, x0 ∈ C, δ ∈ (0, 1) , 0 < β̂ ≤ β̃, a se sequence {βk} ⊂
[
β̂, β̃

]
and ε a given precision

Calculate zk = PC
(
xk − βkF

(
xk
) )
and r

(
xk, βk

)
= xk − zk

Criterion for stopping: If
∥∥ r (xk, βk)∥∥ ≤ ε,, we stop, xk ∈ S

Otherwise, find j the smallest nonnegative integer such that
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〈
F
(
2−jzk + (1− 2−j)xk

)
, r
(
xk, βk

)〉
≥ δ

βk

∥∥r (xk, βk)∥∥2
We take αk = 2−j and we put yk = αkz

k + (1− αk)xk

Iteration: xk+1 = PC
(
xk − λkF

(
yk
))

with λk =
〈
F
(
yk
)
, xk − yk

〉
/
∥∥F (yk)∥∥2

Let k = k + 1, and repeat

End of algorithm.

We give the following results which show that Algorithm 5 is well defined and the

sequence generated by it converges globally to a solution of (V IP ).

Proposition 3.1.3 Let
{
xk
}
be the sequence generated by Algorithm 5 and suppose

that the set S is non-empty, then

i) The sequence
{∥∥xk − x∥∥} is decreasing for all x ∈ S.

ii) The sequence
{
xk
}
is bounded.

iii) lim
k→∞

〈
F
(
yk
)
, xk − yk

〉
= 0.

iv) If an accumulation point of the sequence
{
xk
}
belongs to S, then

{
xk
}
converges

to a solution in S.

Theorem 3.1.4 Consider V IP (F,C), a variational problem, assuming that F is

continuous monotone application and S is a non-empty set. Let
{
xk
}
be the sequence

generated by Algorithm 5, then it converges globally to a solution in S.

For the separation of the iterate xk from the set S, we have the same hyperplane Hk

and according to Theorem 2.2.2, we have

〈F (x) , x− x〉 ≥ 0,∀x ∈ C.

Furthermore, yk = αkz
k + (1− αk)xk ∈ C because αk ∈ ]0, 1[ and C is convex.

Then,
〈
F
(
yk
)
, yk − x

〉
≥ 0 =⇒

〈
F
(
yk
)
, x− yk

〉
≤ 0.
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To show that
〈
F
(
yk
)
, xk − yk

〉
> 0, we use the same argument as before or we use

the formula for the linear search procedure as follows.

We have,〈
F
(
yk
)
, xk − yk

〉
=
〈
F
(
yk
)
, xk − αkzk + (1− αk)xk

〉
= αk

〈
F
(
yk
)
, zk − xk

〉
≥ δ

βk

∥∥r (xk, βk)∥∥2
> 0 (because xk /∈ S).

According to the numerical tests carried out by applying the double projection

method, the results obtained were not really encouraging and this method seemed to

be the worst when compared with the others. However, theoretically it is considered

to be the origin of all subsequent developments in projection methods.
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Exercises

Exercise 3.1.1 Consider the following V IP (F,C) where F (x) = Ax with

A =

 0 1

−1 0

and C = R2.

1. Does F satisfy the conditions of strong monotonicity and Lipschitz continuity?

2. Study the nature of sequence
{∥∥xk − x∥∥2 , x ∈ S}, where {xk} is generated by

basic projection procedure.

Solution 3.1.1 We check the Lipschitz continuity for F :

F is Lipschitz continuous on R2 if there exists L > 0 such that:

‖F (x)− F (y)‖ ≤ L ‖x− y‖ ,∀x, y ∈ R2

‖F (x)− F (y)‖ = ‖A (x− y)‖

≤ ‖A‖ ‖x− y‖

≤ 1. ‖x− y‖ .

We have take ‖A‖ = max
j=1:n

n∑
i=1

|aij| . Then, F is Lipschitz continuous on R2 for

all L ≥ 1. We check the strong monotonicity for F : F is strongly monotone

on R2 if there exists µ > 0 such that:

〈F (x)− F (y) , x− y〉 ≥ µ ‖x− y‖2 ,∀x, y ∈ R2.

〈F (x)− F (y) , x− y〉 =

〈 x2 − y2

− (x1 − y1)

 ,

 x1 − y1

x2 − y2

〉

= (x2 − y2) (x1 − y1)− (x2 − y2) (x1 − y1)

= 0.
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In the case where x 6= y, we see that F can not be strongly monotone.Nature

of sequence
{∥∥xk − x∥∥2 , x ∈ S}, where {xk} is generated by basic projection

procedure and knowing x = (0, 0)t:

∥∥xk+1 − x∥∥2 =
∥∥xk+1∥∥2

=
∥∥PC (xk − αF (xk))∥∥2

=
∥∥xk − αF (xk)∥∥2

=
∥∥xk − αAxk∥∥2

=

∥∥∥∥∥∥∥
 xk1

xk2

− α
 xk2

−xk1


∥∥∥∥∥∥∥
2

=

∥∥∥∥∥∥∥
 xk1 − αxk2

xk2 + αxk1


∥∥∥∥∥∥∥
2

=
(
xk1 − αxk2

)2
+
(
xk2 + αxk1

)2
=
(
xk1
)2

+
(
αxk2

)2 − 2αxk1x
k
2 +

(
xk1
)2

+
(
αxk2

)2
+ 2αxk1x

k
2

= (1 + α2)
((
xk1
)2

+
(
xk2
)2)

= (1 + α2)
∥∥xk∥∥2

≥
∥∥xk∥∥2 (Because α > 0) .

Therefore, we deduce the sequence
{∥∥xk − x∥∥2} is not decreasing, then the

algorithm of basic projection procedure diverges for anu choice for the initial

point differente from x.

1. Exercise 3.1.2 Let be the problem V IP (F,C) such that F (x) =

 x1 + 1

2x2 + 1

 ,

C = R2+.

1. Are the assumptions of the basic projection procedure satisfied for the given F .

2. If so, give the inverval of suitable values for the displacement steps associated

to the basic projection procedure.
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3. Calculate up until x3 using this procedure where x0 = (1, 1)T and α = 1
4
and

test the stopping criterion at each iteration.

Solution 3.1.2

F (x) =

 x1 + 1

2x2 + 1

 =

 1 0

0 2


 x1

x2

+
1

1
= Ax+ b, C = R2+.

1. a) F is strongly monotone on C if there exists a constant µ > 0

〈F (x)− F (y) , x− y〉 ≥ µ ‖x− y‖2 ,∀x, y ∈ C.

We have

〈F (x)− F (y), x− y〉 =

〈 x1 − y1

2 (x2 − y2)

 ,

 x1 − y1

x2 − y2

〉

= (x1 − y1)2 + 2 (x2 − y2)2

= ‖x− y‖2 + (x2 − y2)2

> ‖x− y‖2 .

We can choose any value for µ in ]0, 1] .

b) F is Lipschitz continuous on C if there exists L > 0 such that:

‖F (x)− F (y)‖ ≤ L ‖x− y‖ ,∀x, y ∈ C.

‖F (x)− F (y)‖ = ‖A (x− y)‖

≤ ‖A‖ ‖x− y‖

≤ 2. ‖x− y‖ .

We can choose any value for L in [2,∞+[ .
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Therefore, the assumptions of the basic projection procedure satisfied for the

given F .

2. The inverval of suitable values for the displacement steps associated to the basic

projection procedure is α ∈
]
0, 2µ

L2

[
=
]
0, 1

2

[
for µ = 1 and L = 2.

3. Application of basic projection procedure until k = 3 taking x0 = (1, 1)T and

α = 1
4
:  4k =

∥∥xk − PC (xk − αF (xk))∥∥
xk+1 = PC

(
xk − αF

(
xk
))
.

40 = ‖x0 − PC (x0 − αF (x0))‖ = 0.9014.

x1 = PC (x0 − αF (x0)) =

 1
2

1
4

 .

41 = ‖x1 − PC (x1 − αF (x1))‖ = 0.4507

x2 = PC (x1 − αF (x1)) =

 1
8

0

 .

42 = ‖x2 − PC (x2 − αF (x2))‖ = 0.128

x3 = PC (x2 − αF (x2)) =

 0

0

 .

43 = ‖x3 − PC (x3 − αF (x3))‖ = 0.

We remark that we obtain the exact solution by the basic projection procedure

after only 3 iterations.

Exercise 3.1.3 Given F a mapping F : Rn −→ Rn, C a non-empty closed convex

of Rn and we consider a V IP (F,C).

Let A ∈ Rn×n a be a symmetric positive definite matrix in what follows.

Consider the space Rn with ‖.‖Athe norm induced by the matrix A and the inner

product 〈x,Ax〉 = ‖x‖2A.
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We give the following results

- If A is a symmetric positive definite matrix, then A−1 is also.

- If λ ∈ Spec (A) , then λ−1 ∈ Spec (A−1) .

- ‖x− y‖2A = ‖x‖2A + ‖y‖2A − 2 〈x,Ay〉 .

We have,

∀x ∈ Rn, λmin ‖x‖22 ≤ ‖x‖
2
A ≤ λmax ‖x‖22 ((*))

where λmin and λmax are the smallest and largest eigenvalues of the matrix A.

PCA denotes the orthogonal projection application on C associated with the norm

‖.‖A.

We have also, PCA is a non-expensive application, i.e. ‖PCA (x)− PCA (y)‖A ≤

‖x− y‖A , ∀x, y ∈ Rn.

In addition, x = PCA (x) if and only if 〈x− x,A (y − x)〉 ≥ 0, ∀y ∈ C, ∀x ∈ Rn.

1. Show that x is a solution of V IP (F,C) if and only if x = PCA (x− αA−1F (x)).

Write the iterative diagram associated with the basic projection procedure in this

case.

2. Show that ‖A−1x‖2A = ‖x‖2A−1 .

3. Assume that F is strongly monotone of constant µ and Lipschitz con of con-

tinuous of constant L on C for the norm ‖.‖2 , then show that the interval of

approximate values of the displacement step αk corresponding to this procedure

so that the sequence ¨
{∥∥xk − x∥∥2

A

}
is decreasing ( x is solution V IP (F,C)) is

given by
]
0,

2µλ2min
L2λmax

[
.

1. We show that that x is a fixed point of the application

PCA (I − αA−1F ) ,∀α > 0 :
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x ∈ S ⇐⇒ 〈F (x) , x− x〉 ≥ 0,∀x ∈ C

⇐⇒ 〈F (x) , A (x− x)〉 ≥ 0,∀x ∈ C

⇐⇒ 〈A−1F (x) , A (x− x)〉 ≥ 0,∀x ∈ C

⇐⇒ 〈αA−1F (x) , A (x− x)〉 ≥ 0,∀x ∈ C, α � 0

⇐⇒ 〈x− (x− αA−1F (x)), A (x− x)〉 ≥ 0,∀x ∈ C, α � 0

By identification with the classical projection inequality, we get that x is a

fixed point of the application PCA (I − αA−1F ) ,∀α > 0, then

x = PCA
(
x− αA−1F (x)

)
,∀α > 0.

2. Iterative scheme of the basic projection method associated to the norm ‖.‖A :

xk+1 = PCA
(
xk − αA−1F

(
xk
))
.

3. Values of α for wich the sequence
{∥∥xk − x∥∥2

A

}
is nonincreasing, where the

sequence
{
xk
}
is generated by the basic projection algorithm associated to the

norm ‖.‖A:∥∥xk+1 − x∥∥2
A

=
∥∥PCA (xk − αA−1F (xk))− PCA (x− αA−1F (x))

∥∥2
A

≤
∥∥xk − αA−1F (xk)− x− αA−1F (x)

∥∥2
A

=
∥∥xk − x∥∥2

A
+ α2

∥∥A−1 (F (xk)− F (x)
)∥∥2

A

−2α
〈
xk − x,AA−1

(
F
(
xk
)
− F (x)

)〉
=
∥∥xk − x∥∥2

A
+ α2

∥∥(F (xk)− F (x)
)∥∥2

A−1

−2α
〈
xk − x, F

(
xk
)
− F (x)

〉
.

We have that F is strongly monotone on C if there is µ > 0 such that

〈x− y, F (x)− F (y)〉 ≥ µ ‖x− y‖22 ,∀x, y ∈ C.
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We apply it for xk ∈ C and x ∈ C, we get

〈
xk − x, F

(
xk
)
− F (x)

〉
≥ µ

∥∥xk − x∥∥2
2
.

Using (∗) , yields

〈
xk − x, F

(
xk
)
− F (x)

〉
≥ µ

∥∥xk − x∥∥2
2
≥ µ

(λmax)A

∥∥xk − x∥∥2
A
.

Therefore,

−2α
〈
xk − x, F

(
xk
)
− F (x)

〉
≤ −2αµ

(λmax)A

∥∥xk − x∥∥2
A
.

F is Lipschitz continuous on C if there is L ≥ 0 such that

‖F (x)− F (y)‖2 ≤ L ‖x− y‖2 ,∀x, y ∈ C.

We apply it for xk ∈ C and x ∈ C, we get

∥∥F (xk)− F (x)
∥∥2
2
≤ L2

∥∥xk − x∥∥2
2
.

Using (∗) , we obtain

(λmin)A−1 ‖F (x)− F (y)‖22 ≤ ‖F (x)− F (y)‖2A−1 ≤ (λmax)A−1 ‖F (x)− F (y)‖22 .

Then,

1
(λmax)A−1

‖F (x)− F (y)‖2A−1 ‖F (x)− F (y)‖22 ≤ L2
∥∥xk − x∥∥2

2
.
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Using that if λ ∈ spec (A) implies that λ−1 ∈ spec (A−1), then

(λmax)A−1 = 1
(λmin)A

and replacing in the last inequality, we obtain

‖F (x)− F (y)‖2A−1 ≤ L2

(λmin)A

∥∥xk − x∥∥2
2
.

≤ L2

(λmin)
2
A

∥∥xk − x∥∥2
A

α2 ‖F (x)− F (y)‖2A−1 ≤ α2L2

(λmin)
2
A

∥∥xk − x∥∥2
A
.

Subsiting () and () in (), we get

∥∥xk+1 − x∥∥2
A
≤
(

1 +
α2L2

(λmin)
2
A

− 2αµ

(λmax)A

)∥∥xk − x∥∥2
A
.

We conclude that
{∥∥xk − x∥∥2

A

}
is nonincreasing if

0 <
(

1 + α2L2

(λmin)
2
A

− 2αµ
(λmax)A

)
< 1, then α must belong to

]
0,

2µ(λmin)
2
A

L2(λmax)A

[
.

As special case if A = In (Identity matrix), then the norm ‖.‖A becomes ‖.‖2.

Hence the values of α for wich the sequence
{∥∥xk − x∥∥2

2

}
is nonincreasing,

where the sequence
{
xk
}
is generated by the basic projection algorithm associ-

ated to the norm ‖.‖2 are
]
0, 2µ

L2

[
since (λmax)A = (λmin)A = 1.

Exercise 3.1.4 Let V IP (F,C) where F is given by F (x) =

 x1 + 1

2x2 + 1

 and the

set C = R2+. We will use in this exercise the norm associated to symmetric positive

definite matrix A =

 2 0

0 3

 and ‖x‖2A = 〈x,Ax〉.

1. Is the basic projection procedure applicable for the given problem?

2. Does α = 0.2 ensure the convergence of the basic procedure applied for this

problem?
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3. Give the iterative formula of this procedure and determine the expression of the

projection on C associated in this case.

4. Apply this procedure to the iterate x3 taking as initial point x0 = (1, 1)Tand the

given displacement step α.

Exercise 3.1.5 Repeat the exercise 3.1.2 with Korpolevich method by taking

α = 1
4
and compare the obtained results.

Exercise 3.1.6 Let V IP (F,C) where F is given by F (x) =

 3x1 + 1

x2 + 2

 and the

set C = [1, 2]× [1, 3].

1. Verify that x = (1, 1)T is a solution for the given problem.

2. Show that the basic projection procedure is applicable for the given problem.

3. Give the interval of suitable values of the displacement step α for this procedure.

4. Apply this procedure to the iterate x2, taking as initial point x0 = (2, 2)T and

the displacement step α = 0.1.

5. Does α = 0.1 ensure the convergence of the Korpolevich method for this prob-

lem.

6. Repeat question 4 for the Korpolevich method and compare the obtained results

with those obtained by the basic procedure. What do you deduce?
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Chapter 4

Projection and contraction

methods for solving (VIP)

This chapter introduces a novel class of methods for solving monotone variational

Inequalities problems, building upon the foundational work of projection and con-

traction PC methods introduced by He, Solodov, and Tseng in the early 1990s

[3, 12, 13]. Renowned for their simplicity, robustness, and strong global convergence

properties, PC methods are distinguished by their ability to converge from any ar-

bitrary starting point. Our study of these methods class begins by constructing a

suitable descent direction, which guarantees progress toward the solution by ensuring

a suffi cient decrease in the function value at each iteration. Subsequently, we derive

an effective displacement step to update the iterates. The theoretical framework will

be concretized by presenting corresponding iterative algorithms, which we develop

and analyze for two distinct cases: first, for (V IP ) where the underlying mapping is

general (linear or nonlinear), and second, the case where the mapping is only linear

.
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4.1 General principle of a PC methods

From any point in Rn , the general iterative scheme associated to these methods is

as follows

xk+1 = xk − αkd(xk).

It can also be written in the following form

xk+1 = PC(xk − αkd(xk)),

The fundamental principle of a projection and contraction method is to minimise

the error given by the function

Ψ(x) =
1

2
‖x− x‖2 , x ∈ S, x ∈ Rn.

If we take −d(xk) as descent direction for Ψ, then at each iteration this direction

must verify

〈
d(xk),∇Ψ(x)

〉
=
〈
d(xk), x− x

〉
≥ ϕ(x) ≥ 0, (4.1)

where ϕ : Rn → R+ is a continuous function.

In many works, authors have described d(xk) as a profitable direction and ϕ as an

error measure function. In what follows, we will define these two terms.
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Definition 4.1.1 Let ϕ : Rn → R+ be a continuous function and h > 0 a constant.

We call ϕ an error measure function for (V IP ) if it satisfies

ϕ(x) ≥ h ‖e(x)‖2

and ϕ(x) = 0⇐⇒ e(x) = 0⇐⇒ x ∈ S,

where e(x) = x− PC (x− F (x)) .

Definition 4.1.2 Let ϕ be an error measure function for (V IP ) and d : Rn → Rn

a function. We call d a profitable direction for (V IP ) if

〈d(x), x− x〉 ≥ ϕ(x) ≥ 0.

From these two tools, we can define the displacement step for a PC method by the

expression given below

αk =
ϕ(xk)

‖d(xk)‖2
. (4.2)

The computation of this step comes from the following idea, it is clear that the

displacement step is obtained through an exact line search applied to the function

Ψ.

Indeed, we have

αoptimal = arg min
α≥0

(f(α) =
1

2
(
∥∥xk+1 − x∥∥2).

In addition, the sequence
{
xk
}
is generated by

xk+1 = xk − αkd(xk).

By simple calculations, we get
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f(α) =
1

2
α2
∥∥d(xk)

∥∥2 − α 〈d(xk), xk − x
〉

+
1

2

∥∥xk − x∥∥2
f ′(α) = 0⇔ α

∥∥d(xk)
∥∥2 − 〈d(xk), xk − x

〉
= 0⇔ αoptimal =

〈
d(xk), xk − x

〉
‖d(xk)‖2

.

Unfortunately, αoptimal is given in function of the solution x which is unknown. So,

from (4.1), (4.2) and since (αk ∈]0, αoptimal]), we can take

0 < αk =
ϕ(xk)

‖d(xk)‖2
≤ αoptimal.

Based on these ingredients d, ϕ and αk, the projection and contraction methods

made their first apparition and were subsequently developed by several authors.

Throughout this chapter, we assume that C is a non-empty closed convex set of Rn,

and that the projection onto C is easy to compute.

4.2 PC method applied to (V IP) monotone

4.2.1 Case of a general mapping

In this section, we examine the projection and contraction method, as developed by

Bingsheng He in 1997, for solving variational inequalities problems governed by a

monotone mapping. The algorithm is iterative and employs fundamental concepts

from projection theory to generate a sequence of points that converge to the solution.

A core assumption for its convergence is that the underlying mapping F is monotone

and continuous, notably, unlike many others.

In his original work, He employs a norm ‖.‖G induced by a positive definite sym-

metric matrix G. However, to simplify the description of the method and facilitate

calculations in the applied exercises, we will instead use the standard Euclidean norm
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(G = In ,the identity matrix).

To present this method, we need the following fundamental inequalities:

First, we use the classic inequality of the orthogonal projection of a point v ∈ Rn on

the set C,

〈v − PC(v), PC(v)− x〉 ≥ 0 ∀v ∈ Rn ∀x ∈ C, (4.3)

and as we have already seen, solving (V IP ) is equivalent to find the zero of the

equation

e(x) = x− PC (x− F (x)) .

We put v = x− F (x) and we replace in (4.3), we get

〈e(x)− F (x), PC [x− F (x)]− x〉 ≥ 0 ∀x ∈ Rn . (4.4)

Now, let x ∈ S, for any x ∈ Rn, PC [x− F (x)] ∈ C, then

〈F (x), PC [x− F (x)]− x〉 ≥ 0 ∀x ∈ Rn. (4.5)

Moreover, by using the assumption that F is monotone on C, so it verifies

〈F (PC [x− F (x)])− F (x), PC [x− F (x)]− x〉 ≥ 0, ∀x ∈ Rn . (4.6)

Using these inequalities, He constructed his projection and contraction method for

monotone (V IP ) by adding (4.4) + (4.5) + (4.6), then we find

〈e(x)− [F (x)− F (PC [x− F (x)])], (x− x)− e(x)〉 ≥ 0, ∀x ∈ Rn. (4.7)

We denote by

d(x) = e(x)− [F (x)− F (PC [x− F (x)])].
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Afterwards, we obtain

〈d(x), x− x〉 ≥ 〈d(x), e(x)〉 . (4.8)

Now, we suppose that

〈F (x)− F (y), x− y〉 ≤ (1− δ) ‖x− y‖2 , ∀x, y ∈ Rn, δ ∈ (0, 1). (4.9)

Under this assumption, we have

〈d(x), e(x)〉 = ‖e(x)‖2 − 〈F (x)− F (PC [x− F (x)], e(x)〉 ≥ δ ‖e(x)‖2 .

In other words

〈d(x), x− x〉 ≥ 〈d(x), e(x)〉 ≥ δ ‖e(x)‖2 ≥ 0. (4.10)

Based on (4.10) and the two definitions (Def 4.1.1) and (Def 4.1.2), we can take d as

a profitable direction and ϕ(x) = 〈d(x), e(x)〉 to construct the following PC method.

Algorithme 1

Initialization: x0 ∈ Rn and ε a given precision, k = 0.

Stopping criterion: While
∥∥e(xk)∥∥ > ε, do

Iteration:

xk+1 = xk − αkd(xk), (4.11)

where

d(xk) = e(xk)− [F (xk)− F (PC [xk − F (xk)])], (4.12)

and

αk =

〈
d(xk), e(xk)

〉
‖d(xk)‖2

. (4.13)

Put k = k + 1 and repeat
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End of algorithm.

Theorem 4.2.1 The sequence {xk} generated by Algorithm 1 of (PC) methods for

(V IP ) satisfies

∥∥xk+1 − x∥∥2 ≤ ∥∥xk − x∥∥2 − αk 〈d(xk), e(xk)
〉
, for all x ∈ S. (4.14)

Proof. Indeed,∥∥xk+1 − x∥∥2 =
∥∥xk − x− αkd(xk)

∥∥2
=
∥∥xk − x∥∥2 + α2k

∥∥d(xk)
∥∥2 − 2αk

〈
xk − x, d(xk)

〉
=
∥∥xk − x∥∥2 + αk

〈
d(xk), e(xk)

〉
− 2αk

〈
xk − x, d(xk)

〉
≤
∥∥xk − x∥∥2 + αk

〈
d(xk), e(xk)

〉
− 2αk

〈
d(xk), e(xk)

〉
=
∥∥xk − x∥∥2 − αk 〈d(x), e(xk)

〉
, ∀ x ∈ S.

Note that it is possible to write that the sequence {xk} generated by Algorithm 1

also verifies

∥∥xk+1 − x∥∥2 ≤ ∥∥xk − x∥∥2 − αkδ ∥∥e(xk)∥∥2 ,∀ x ∈ S. (4.15)

The inequality (4.15) indicates that we obtain a large decrease at iteration (k + 1)

if
∥∥e(xk)∥∥ is big. Conversely, if ∥∥e(xk)∥∥ is already very small, then we obtain also a

very small decrease in the same iteration, which means that xk+1 is a good enough

approximation to x ∈ S.

Theorem 4.2.2 Let {xk} the sequence generated by algorithm 1 of PC methods for

(V IP ) converges globally to the solution x.

Proof. The fundamental inequality (4.15) shows that the sequence
{
xk
}
is Fejér

monotone with respect to the solution set S. This means
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• The sequence
{∥∥xk − x∥∥2 , x ∈ S} is non-increasing, hence it is convergent.

• The sequence
{
xk
}
is bounded.

Summing the inequality (4.15) over iterations, we get

αkδ

+∞∑
k=0

∥∥e(xk)∥∥2 ≤ ∥∥x0 − x∥∥2 < +∞.

Therefore, the series on the left must converge, which forces its terms to go to zero

lim
k−→+∞

∥∥e(xk)∥∥2 = 0.

That we can write

lim
k−→+∞

∥∥xk − wk∥∥2 = 0

where

wk = PC
(
xk − F (xk)

)
Since

{
xk
}
is bounded, it has a convergent subsequence

{
xkj
}
, that its limit is

denoted by x (cluster point).

According to (), we show that any cluster point x̂ of
{
xk
}
is also a cluster point of{

wk
}
. By the continuity of F and projection operator, taking limit in the expression

of wk, we conclude that x is a solution

x = PC (x− F (x)) .

If a sequence
{∥∥xk − x∥∥2 , x ∈ S} converges, then the limit of every convergent sub-

sequence must be the same as the limit of the whole sequence.

Unfortunately, the hypothesis (4.9) may not hold for general variational inequalities

problems. To address this limitation, the same author introduced an Armijo-type
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line search procedure to dynamically determine an appropriate step size in each iter-

ation. Following the same foundational steps, a modified algorithm was developed.

However, this modified version incurs a higher computational cost, as the incorpo-

rated line search requires multiple projections onto the feasible set C per iteration.

4.2.2 Linear case

Before the study presented at the beginning of this chapter, the same author has

already proposed another work concerning a PC method applied to the monotone

and linear class of (V IP ).

Let us now consider the class of linear variational inequalities that the associated

mapping is supposed linear monotone.

(LV IP )

 Find x ∈ C such that

〈Mx+ q, x− x〉 ≥ 0, ∀x ∈ C,
(4.16)

where M ∈ Rn× n is a positive semi-definite matrix (not necessarily symmetrical)

and q ∈ Rn.

For this method, we proceed in an almost the same way as the general case.

By adding together (4.4) and (4.5), we obtain

〈Mx−Mx+ e(x), x− x− e(x)〉 ≥ 0

〈e(x)−M(x− x), x− x− e(x)〉 ≥ 0. (4.17)

According (3.14), we have

〈
(I +MT )e(xk), (x− x)

〉
≥ ‖e(x)‖2 + (x− x)TM(x− x),
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and since M is positive semi-definite, then

〈
(I +MT )e(x), (x− x)

〉
≥ ‖e(x)‖2 ≥ 0. (4.18)

We take d = (I +MT )e(x) as the profitable direction for the function Ψ and

ϕ(x) = ‖e(x)‖2 .

In this case, the algorithm associated to this method will be as follows.

Algorithme 2

Initialization: x0 ∈ Rn, ε a given precision, k = 0

Stopping criterion: While
∥∥e(xk)∥∥ > ε,

Iteration:

xk+1 = xk − αkd(xk), (4.19)

where

d(xk) = (I +MT )e(xk) (4.20)

αk =

∥∥e(xk)∥∥2
‖d(xk)‖2

(4.21)

Put k = k + 1 and repeat

End of algorithm.

Theorem 4.2.3 The sequence {xk} generated by Algorithm 2 of (PC) methods for

a (V IP ) with F is linear and monotone satisfies

∥∥xk+1 − x∥∥2 ≤ ∥∥xk − x∥∥2 − αk ∥∥e(xk)∥∥2 , for all x ∈ S. (4.22)
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Proof.∥∥xk+1 − x∥∥2 =
∥∥xk − x− αkd(xk)

∥∥2
=
∥∥xk − x∥∥2 − 2αk

〈
xk − x, d(xk)

〉
+ α2k

∥∥d(xk)
∥∥2

=
∥∥xk − x∥∥2 − 2αk

〈
xk − x, d(xk)

〉
+ αk

∥∥e(xk)∥∥2
According to ( 4.15),

∥∥xk+1 − x∥∥2 ≤ ∥∥xk − x∥∥2 − αk ∥∥e(xk)∥∥2 .
Furthermore, using the expression for αk given in Algorithm 2, we find that the latter

is bounded below

αk =

∥∥e(xk)∥∥2
‖(MT + I)e(xk)‖2

≥
∥∥e(xk)∥∥2

‖(MT + I)‖2 ‖e(xk)‖2
,

in other words

αk ≥
1

‖(MT + I)‖2
= c > 0

Afterwards, ∥∥xk+1 − x∥∥2 ≤ ∥∥xk − x∥∥2 − c ∥∥e(xk)∥∥2 , ∀ x ∈ S. (4.23)

Theorem 4.2.4 Let {xk} the sequence generated by Algorithm 2 of PC methods

for (V IP ). Suppose that F is linear monotone, then {xk} converges globally to the

solution x.

Proof. For the demonstration, we follow the same steps presented in the proof of

the Theorem (4.2.2).
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Exercises

Exercise 4.2.1 Repeat exercise (3.1.2) applying Algorithms 1 and 2 of the PC meth-

ods and compare the results obtained.

Solution 4.2.1 Let be the problem V IP (F,C) such that

F (x) =

 x1 + 1

2x2 + 1

 =

 1 0

0 2


 x1

x2

+
1

1
= Ax+ b, C = R2+.

Taking x0 = (1, 1)t .

1- Application of Algorithm 1:

Alg1



While
∥∥e(xk)∥∥ > 0 do

xk+1 = xk − αkd(xk), where

d(xk) = e(xk)− [F (xk)− F (PC [xk − F (xk)])], and

αk =
〈d(xk),e(xk)〉
‖d(xk)‖2 .

40 = ‖e(x0)‖ =
√

2.

d(x0) = e(x0)− [F (x0)− F (PC [x0 − F (x0)])] =

 0

−1

 .

α0 =
〈d(x0),e(x0)〉
‖d(x0)‖2 = −1.

We have obtain α0 < 0.

x1 = x0 − α0d(x0) =

 1

0

 .

41 = ‖e(x1)‖ = 1.

d(x1) = e(x1)− [F (x1)− F (PC [x1 − F (x1)])] =

 0

0

 .
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We have ‖d(x1)‖ = 0, so α1 is undefined.

This means the algorithm stops or fails at k = 1 because the search direction is zero.

But e(x1) 6= 0, so x1is not a solution.

We remark that Algorithm 1 did not reach an approximate solution, it may be because

the condition (4.9) is not satisfied by F.

Indeed,

〈F (x)− F (y), x− y〉 ≤ (1− δ) ‖x− y‖2 , ∀x, y ∈ R2, δ ∈ (0, 1).

〈F (x)− F (y), x− y〉 =

〈 x1 − y1

2 (x2 − y2)

 ,

 x1 − y1

x2 − y2

〉

= (x1 − y1)2 + 2 (x2 − y2)2

= ‖x− y‖2 + (x2 − y2)2

> ‖x− y‖2 .

In the case where x 6= y, It does not exist δ ∈ (0, 1) such that

〈F (x)− F (y), x− y〉 ≤ (1− δ) ‖x− y‖2 .

2- Application of Algorithm 2:

Alg2



While
∥∥e(xk)∥∥ > 0 do

xk+1 = xk − αkd(xk), where

d(xk) = (I +MT )e(xk), and

αk =
‖e(xk)‖2

‖d(xk)‖2 .

40 = ‖e(x0)‖ =
√

2.

d(x0) = (I +MT )e(x0) =

 2

3

 .

α0 =
‖e(x0)‖2
‖d(x0)‖2 = 2

13
.
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x1 = x0 − α0d(x0) =

 9/13

7/13

 .

41 = ‖e(x1)‖ = 0.8771.

d(x1) = (I +MT )e(x1) =

 18/13

21/13

 .

α1 =
‖e(x1)‖2
‖d(x1)‖2 = 26/153.

x2 = x1 − α1d(x1) = (101/221, 175/663).

42 = ‖e(x2)‖ = 0.5277.

d(x2) = (I +MT )e(x2) =

 0.9140

0.7820

 .

α2 =
‖e(x1)‖2
‖d(x1)‖2 = 0.1904.

x3 = x2 − α2d(x2) = (0.2830, 0.1132).

42 = ‖e(x2)‖ = 0.3048.

Exercise 4.2.2 Consider the following non-linear V IP (F,C)

F (x1, x2) =

 x21

x22

 and C = [0, 0.4]× [0, 0.4] .

1. Show that F is monotone on C.

2. Does F satisfy the condition (4.9)?

3. Check that x = (0, 0)T is a solution for this (V IP ).

4. Apply Algorithm 1 and the algorithm proposed in the previous exercise up to,

taking x0 = (0.4, 0.4)T as the initial point and the stopping test
∥∥xk − x∥∥ , then

compare the obtained results.
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Exercise 4.2.3 We want to propose a method of (PC) for a general monotone dif-

ferentiable (V IP ).

Let be a (V IP ) with F a monotone differentiable mapping and C a non-empty closed

convex subset of Rn.

1. Considering the linear part of the Taylor development of the mapping F in the

neighborhood of the iterate xk and following the same steps as in Algorithm

2, determine the profitable direction and the displacement step corresponding

to this method.

2. Write the algorithm associated with this method.

Exercise 4.2.4 Let a (V IP ) with F is a monotone and Lipschitz continuous oper-

ator on C a non-empty closed convex set of Rn. We consider the iterative scheme

of the Korpolevich method applied to this (V IP ).

xk+1 = PC
(
xk − αF

(
PC
(
xk − αF

(
xk
))))

, such that L < 1 and α = 1.

We want to demonstrate that the Korpolevich direction F
(
PC
(
xk − F

(
xk
)))
, ∀xk ∈

C is a profitable direction for this (V IP ). Recall that

e
(
xk
)

= xk − PC
(
xk − F

(
xk
))
.

1. Using the classical projection inequality, show that

〈
e
(
xk
)
, F
(
xk
)〉
≥
∥∥e (xk)∥∥2 .

2. Using the monotonicity hypothesis of the application F , show that

〈
xk − x, F

(
PC
(
xk − F

(
xk
)))〉

≥
〈
e
(
xk
)
, F
(
PC
(
xk − F

(
xk
)))〉

, ∀x ∈ S.
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3. From the first two questions, the Cauchy Schwarz inequality and the Lipschitz

continuity of F , show that F
(
PC
(
xk − F

(
xk
)))

is a profitable direction for

(V IP ).

4. Taking the error measure function ϕ (x) = ‖e (x)‖2, the Korpolevich direction

and introducing the PC operator on the iterative scheme, write the correspond-

ing projection and contraction algorithm.

5. Let the following (V IP ) with F (x1, x2) = (0.5x1 + 0.2x2 + 1, 0.5x2) and C =

Rn+.

(a) Show that F is a monotone and Lipschitz continuous application on C

and give the interval of convenable values of the step of the Korpolevich

algorithm.

(b) Verify that x = (0, 0)T is a solution for this (V IP ).

(c) Apply the algorithm of question 4 and that of Korpolevich to k = 2 by

taking the initial point x0 = (1, 1)T and the stopping test
∥∥xk − x∥∥, then

compare the obtained results.

Exercise 4.2.5 We assume that we have a sequence generated by xk+1 = PC
(
xk + αkd

k
)

associated with a projection and contraction type algorithm to solve the V IP (F,C)

with F monotone on C and C a non-empty closed convex of Rn. We give

- yk = PC
(
xk − F

(
xk
))
, e
(
xk
)

= xk − yk.

- 〈F (x)− F (y) , x− y〉 ≤ σ ‖x− y‖2 , ∀x, y ∈ C and σ ∈ ]0, 1[ .

- dk =
(
e
(
xk
)

+ F
(
yk
))
.

Let x be a solution of V IP (F,C)

1. Using the classical projection inequality for xk, yk, x, show that〈
e
(
xk
)
, xk − x

〉
≥
〈
e
(
xk
)
, e
(
xk
)
− F

(
xk
)〉
.
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2. Using that F is monotone on C, show that
〈
F
(
yk
)
, xk − x

〉
≥
〈
e
(
xk
)
, F
(
yk
)〉
.

3. From the first two questions, deduce that dk is a profitable direction and deter-

mine the corresponding displacement step αk.

Exercise 4.2.6 Consider the problem V IP (F,C) with the mapping F and C are

given by

F (x1, x2) =

 −1
x31

−2
x22

 , C = [1, 2]× [1, 3] .

1. Is F strongly monotone and Lipschitz continuous on C?

2. Determine the solution of this V IP (F,C).

3. Determine the multipliers of (KKT ) associated with this V IP (F,C).

4. Apply 2 iterations from x0 = (1, 1)T , the basic procedure algorithm taking α =

0.2 and He’s Algorithm 2 taking at each iteration k, the matrix M = JF
(
xk
)
.

Compare the results obtained.

92



Bibliography

93



Bibliography

[1] A. Auslender, Optimisation. Méthodes numériques, Masson, Paris, 1976.

[2] E. Blum, W. Oettli, From optimization and variational inequalities to equilib-

rium problems, Math. Student, 63 (1994), 123—145

[3] A. Bnouhachem, A new projection and contraction method for linear variational

inequalities, Journal of Mathematical Analysis and Applications, Volume 314,

Issue 2, 15 (2006) 513-525

[4] Y. Censor, A. N. Iusem and S. A. Zenios, An interior point method with Breg-

man functions for the variational inequality problem with paramonotone oper-

ators, Mathematical Programming, Vol (1998) 373—400

[5] F. Facchinei, J.S. Pang, Finite dimensional variational inequalities and comple-

mentarity problems Vol.1, Springer, series in operations research, (2003)

[6] F. Facchinei, J.S. Pang, Finite dimensional variational inequalities and comple-

mentarity problems Vol.2, Springer, Series in Operations Research and Financial

Engineering, (2011)

[7] C. Ferris and J.S. Pang, Complementarity and variational problems, state of

art. SIAM, Publications, Philadelphia, Pennsylvania (1997)

94



Bibliography

[8] M. Fukushima, Equivalent Differentiable Optimization Problems and Descent

Methods for Asymmetric Variational Inequality, Mathematical Programming,

53 (1992) 99—110

[9] D. Han, A New Class of Projection and Contraction Methods for Solving Varia-

tional Inequality Problems, Computers and Mathematics with Applications 51

(2006) 937-950

[10] D. Han, A proximal decomposition algorithm for variational inequality prob-

lems, Journal of Computational and Applied Mathematics, Vol161, Issue 1, 1

(2003) 231—244

[11] P.T. Harker and J.S. Pang, Finite dimensional variational inequality and nonlin-

ear complementarity problem: A survey of theory, algorithms and applications.

Math. Programm. 48, (1990) 161—220

[12] B. He, A class of projection and contraction methods for monotone variational

inequalities, Applied Mathematics and Optimization, Volume 35, (1997) 69—76

[13] B. He, A Projection and contraction method for a class of linear complementar-

ity problems and its Aapplication in convex quadratic programming, Applied

Mathematics and Optimization, Volume 25, (1992) 247-262

[14] H. Grar, Etude comparative de quelques méthodes pour la résolution du prob-

lème d’inégalités variationnelles à contraintes linéaires,Thèse de doctorat 2012

[15] H. Grar, D. Benterki, New effective projection method for variational inequali-

ties, RAIRO-Operations Research 49(4), (2015), 805—820

[16] R. Glowinski, Numerical methods for nonlinear variational problem. Springer-

Verlag, Berlin, Germany (1984).

95



Bibliography

[17] A.N. Iusem, An iterative algorithm for variational inequalities problem. Com-

put. Appl. Math. 13 (1994) 103—114

[18] A.N. Iusem and B.F. Svaiter, A variant of Korpolevich’s method for variational

inequalities with a new search strategy, Optimization 42, (1997) 309—321

[19] Z. Kebaili, D. Benterki, A Penalty Approach for a Box Constrained Variational

Inequality Problem. Appl Math 63, (2018) 439—454

[20] G.M. Korpolevich, The extragradient method for finding saddle points and other

problems, Matecon 12 (1976) 747—756

[21] P. Marcotte, J.P Dussault, A note on a globally convergent Newton method for

solving monotone variational inequalities, Operations Research Letters 6 (1987)

35—42.

[22] P. Marcotte, inéquations varationnelles: Motivations, Algorithmes de résolution

et quelques applications, Cours donné à Zinal, Suisse, 2014

[23] A. Maugeri, Convex programming, variational inequalities, and applications to

the traffi c equilibrium problem. Appl. Math. Optim. 16 (1987) 169—185

[24] M.A. Noor, Y. Wang and N. Xiu, Some new projection methods for variational

inequalities, Appl. Math. Comput. 137 (2003) 423—435.

[25] M.V. Solodov and B.F. Svaiter, A new projection method for variational in-

equality problems, SIAM J. Control Optim. 37 (1999) 765—776

[26] D. Kinderlehrer and G. Stampacchia, An introduction to variational inequalities

and their applications. Academic Press, New York (1980)

[27] Y.J. Wang, N. Xiu and C.Y. Wang, Unified framework of extragradient-type

method forpseudomonotone variational inequalities. J. Optim. Theory Appl.

111 (2001), 641—656.

96



Bibliography

[28] J. Wang, N. Xiu and C.Y. Wang, A new version of extragradient method for

variational inequality problems. Comput. Math. Appl. 42 (2001) 969—979

97


	Table of contents
	Introduction
	blueVariational Inequalities Problem
	Overview history
	Geometric interpretation

	Motivations
	 Systems of equations
	Complementarity problem
	Constrained optimization problem
	Variational inequalities problem and the KKT system
	Fixed point problem
	Equilibrium problem


	Exercises
	blueClassification, existence and uniqueness solutions results of (VIP)
	Classes of monotonicity
	Basic existence and uniqueness results of (VIP)'s solutions

	Exercises
	blueProjection methods for solving (VIP)
	Projection methods
	Basic projection method
	Korpolevich method
	Modified Korpolevich method
	Double projection method


	Exercises
	blueProjection and contraction methods for solving (VIP)
	General principle of a PC methods
	PC method applied to (V IP) monotone
	Case of a general mapping
	Linear case


	Exercises

