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Preface

This compendium collects all Mathematics 2 exams (regular sessions, make-up/resit
sessions, proposed exams, and their full corrections) administered at the Faculty of
Economics, Commerce and Management Sciences, University of Ferhat Abbas — Sétif 1,
from 2017 to 2025.

Structure:

e Chapter 1 — Main Examinations: Regular semester exams from 2017 to
2025.

e Chapter 2 — Resit & Make-up Exams: Second session and catch-up exam-
inations.

e Chapter 3 — Proposed Exams: Additional practice problems, MCQ tests,
and supplementary exercises.

e Chapter 4 — Key Summary: Essential formulas, theorems, and step-by-step
methods to solve all exercise types.

Best of luck to all students!

Djabi Abdelmoumene
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Chapter 1

Main Examinations — First Session (2017—
2025)

1.1 Main Exam — (2017/2018)—Version A

4 )
University of Ferhat Abbas — Sétif 1

Faculty of Economics, Commerce and Management Sciences | Department of Basic
Education

Main Exam — Mathematics 2

Level: First Year LMD Module: Mathematics 2

Date: 17/05/2018 Duration: 1h 30min
. J
[Exercise 1 (06 points)]
Let A be the matrix:
0 1 -1
A= -1 2 -1
1 -1 2

1. Prove that A? = 34 — 215

2. Deduce that A is invertible, then calculate A~!

0 1 —1
3. Is the vectors vy | —1 |, v 2 yug | —1 linearly independent 7 Jus-
1 -1 2
tify
[Exercise 2 (06 points) ]




Chapter 1. Main Examinations — First Session (2017-2025) Mathematics 2-Exams

Let the linear system
T+ a2+ x3=1
To + 233'3 =0
T+ a3 = 2

1. Write the system in the matrix form

2. Solve the system using Cramer’s method

[Exercise 3 (08 points)j

(3 1)

1. Give the characteristic polynomial of B

Let B be the matrix:

2. Find the eigenvalues and eigenvectors

3. Prove that B is diagonalizable and write it in the form B = SDS™!.

Full Solution

[Solution — Exercise 1 )

1. Prove that A2 = 34 — 2I.
First compute A?%:
0 1 -1 0 1 -1

A2=A- A=1|-1 2 -1 -1 2 -1
1 -1 2 1 -1 2

AN =0-0+1-(=1)+ (-
A%y =0- L+12+ 1)-

)4 (-1)-1=0-1-1=-2

(—
A3 =0-(=1)+1- (-1

(—

2

(—1)=0+2+1=3
1)-2=0-1-2=-3

(4%)
(4%)
(4%) )+ (=
(A = (-1)-04+2- (=) +(-1)-1=0-2—1=-3
(A%)gy = (=1) - 142-24(=1)-(=1) = —1+4+1=4
(A%)o3 = (1) - (=) +2- (=) +(-1)-2=1-2-2=-3
(A%31=1-0+(=1)-(-1)+2-1=0+1+2=3
(A% =1-1+(-1)-2+2-(-1)=1-2-2=-3
(A%)g3=1-(=1)+(=1)- (1) +2-2=—-1+1+4+4=4
Thus:
-2 3 -3
A2=|-3 4 =3
3 -3 4

2
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Now compute 3A — 215:

0o 3 -3 200

3A=|-3 6 =3], 23=(0 2 0

3 =3 6 0 0 2
0-2 3-0 -3-0 -2 3 =3
3A-23=(-3-0 6-2 -3-0]=(-3 4 -3
3—0 -3-0 6-2 3 =3 4

Therefore A? = 3A — 215.

2. Deduce that A is invertible, then calculate A~

From A? = 3A — 213, we rewrite:
A* —3A = -2I
A(A = 3Ly) = 21,
A (—%(A _ 313)) _

Thus A is invertible and: )
Al = —5(,4 —313)

Now compute A — 315:

0—3 1 —1 -3 1 -1
A—3I; = -1 2-3 -1 =]-1 -1 -1
1 -1 2-3 1 -1 -1
Therefore:
3 101
1 -3 1 -1 2 T2 2
-1 1 11
Al=—g -1 -1 1) =35 3§ 3
1 -1 -1 1 1 1
2 2 2

3. Are the vectors vy, v9, v3 linearly independent? Justify.
Form matrix M with vy, v9, v3 as columns:
0o 1 -1

M=|-1 2 -1
1 -1 2

Notice M = AT? Check: A given was

0 1 -1
A=1-1 2 -1
1 -1 2
Comparing, M = A.
Since we proved A is invertible, det A # 0.

Therefore the columns of A are linearly independent, so vy, vy, v3 are linearly
independent.



Chapter 1. Main Examinations — First Session (2017-2025) Mathematics 2-Exams

[Solution — Exercise 2 J

Let the linear system
1+ To+ T3 = 1
To + 2373 =0
T+ a3 = 2

1. The system can be written as AX = B where

111 1 1
1 01 I3 2
2. Solve using Cramer’s method.
Step 1: Compute det A
1 11
detA=10 1 2
1 01
Expand by row 1:
1 2 0 2 0 1
R I
=1-(1-1-2-00—-1-(0-1—-2-1)4+1-(0-0—-1-1)
=1-1-0—-1-(0—-2)4+1-(0—1)
=1-1-(-2)+(-1)
=1+2-1=

Step 2: Compute det A; (replace column 1 with B)

1 11
Ar=1(0 1 2
2 01
Expand by row 1:

detAlzl_‘1 2‘_1.’0 2 0 1‘

0 1 2 1 2 0
=1-(1-0)—1-(0-1—-2-2)+1-(0-0—1-2)
=1-1-(0-4)+1-(0-2)
=1—(-4)-2=1+4-2=3,

-

Step 3: Compute det Ay (replace column 2 with B)

1 11
A, =10 0 2
1 21
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Expand by row 2 (contains zeros):

det Ay = 0 - (minory;) + 0 - (minoryy) + 2 - (—1)*+3 1 ;‘
—92.(=1)-(1-2-1-1)
—2.(~1)- (2—1)
=2-(-1)-1=-2

Step 4: Compute det A3 (replace column 3 with B)

1 11
A3;=1(0 1 0
1 0 2

Expand by row 2:

11

det A3 = 0 - (minory; ) + 1 - (—1)**2 1 92

’ + 0 - (minoras)

=1-1-(1-2-1-1)=2-1=1.

Step 5: Apply Cramer’s rule

det A, 3 det A, -2 det A3 1
xlz = — l‘QZ :—:—1’ l’g: —.

detA 2’

Step 6: Verification

I'1+.1'2+£B3:

3 1
$1+$3:§+§:2 \/

| —

Thus the solution is:

[Solution — Exercise 3 )

Let B be the matrix:

1. Characteristic polynomial of B.

Pg(\) = det(B — \5) = ‘1 A ‘

2 3=
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=([1-=MEB=X)—-4)(2)
=3—-A—3\+A\-38
= A2 — 4\ — 5.

Thus the characteristic polynomial is:

Pp(A) =X\ —4\ 5|

2. Find the eigenvalues and eigenvectors.

Solve Pg(A) = 0:
N —4X—-5=0

A=5)A+1)=0
)\1:5, )\2:—1

Eigenvector for \; = 5:

(B=5Lw=0 = <1;5 3f5)(§>:0

(0 %))

The first equation: —4x +4y =0 = x =y. Choose x =1, y = 1.

(1
v = 1/
Eigenvector for \, = —1:

- 1+1 4 T\
permemo = (11,0) ()0

o))

First equation: 2r +4y=0= 2+ 2y =0 =2 = —2y. Choose y =1, x = —2.
(2
Vg = 1 .
. . 1 —2
Thus eigenvalues: \; = 5, Ay = —1; eigenvectors: v; = , Vg = )

3. Prove that B is diagonalizable and write B = SDS™!.

B is 2 x 2 and has two distinct eigenvalues (5 and —1). Therefore B is diago-
nalizable.

Let S be the matrix with eigenvectors as columns:

s=(3 1)

6
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Let D be the diagonal matrix with eigenvalues on the diagonal:

5
b’

Then B = SDS™!.

Now compute S

det S = (1)(1) — (=2)(1)

Verification (optional):

0

%)

14+2=3.

1/1 2
-1 _
112,

1
SDS™' =~
i

5

First compute DS~ = (O

_1

Then S(DS™)

Y-

Thus:

1 —
3\1 1

2

0

%)

)G

1 =2\ (5
1 1 0

0

)
(D=0 )

10

_ 1
_1)_§

B

(

1
1

-2
1

0

) )

1
3

)

5-2 1042\ _
5+1 10—1) —

1
3

(

3 12
6 9

):
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1.2 Main Exam (2017/2018)—Version B

(" )
University of Ferhat Abbas — Sétif 1

Faculty of Economics, Commerce and Management Sciences | Department of Basic
Education

Main Exam — Mathematics 2

Level: First Year LMD Module:  Mathematics 2
Date: 17/05/2018 Duration: 1h 30min

[Exercise 1 (08 points) ]

-(30)

1. Give the characteristic polynomial of A.

Let A be the matrix:

2. Find the eigenvalues and eigenvectors.
3. Prove that A is diagonalizable and write it in the form A = SDS™.
4. Calculate A°.

[Exercise 2 (06 points)j
Let A be the matrix:
2 5 =3
A= 21 1
2 0 —1
1. Calculate A? then deduce A? —2A — 515.
2. Check that A(A? —2A — 513) = 2413.
3. Deduce A1,
[Exercise 3 (06 points)]

Let the linear system

X1 + 21’2 + 3I3 = 14
1 — 3.232 — 7513‘3 = —26
—6.1'1 —+ 41'2 — 2%3 =—4

1. Write the system in matrix form, then prove that it is a Cramer’s system.

2. Solve the system using Cramer’s method.

8
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Full Solution

[Solution — Exercise 1 )

=0)

1. Characteristic polynomial of A.

Let A be the matrix:

Pa(A) = det(A — Aly) = ‘2 3 " 0 i A‘
= (2= M) (=N = (1)(3)
=-22+) -3
=2 -2\ -3.

Thus:

Pa(X\) =X —2)—3|

2. Find the eigenvalues and eigenvectors.

Solve P4(\) = 0:
M —2X-3=0

A=3)(A+1)=0
AL=3, A=-1

Eigenvector for )\, = 3:

(A-3Lw=0 = (zg?, 0i3><§):0

(3 5) ()

First equation: —z+y=0=y =2x. Choose x =1, y = 1.

(1
V1 = 1)
Eigenvector for \, = —1:

B 241 1 T\
arrmeso = (511 () =

GG

First equation: 3z +y =0 =y = —3x. Choose x =1, y = —3.

(1),

9
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)\1237 012(1)7 >\2:_17 ,02:(_13)

3. Prove A is diagonalizable and write A = SDS™!.

Thus:

A is 2 x 2 with two distinct eigenvalues (3 and —1), so it is diagonalizable.

Let S be the matrix with eigenvectors as columns:
1 1
= %)
Let D be the diagonal matrix with eigenvalues on the diagonal:
3 0
o= 2)

Then A =SDS.
Compute S~

s o
I =

=

N———

o
NI
|
—_
w
—
| =
==
N—
~
Il
/—\ \—/
| AN
N = o
N[NNI | o
[
~_
VR
s |00
| =
N
N~

First DS—lz( 1 - 1 >
1 1
11 9 3 9 1 3,1 8 4 2 1
1y 4 4) — [ 4 4 4 4 ) = 4 4 = =
zhenS(DS )—(1 _3><_% le)—(%_{_% s—2) "\ o0/ 30
Thus:

4. Calculate A°.
Since A = SDS™!, we have A% = SD3S~ 1.

#-( )-0 5)

First compute D°S~!:

3 1
s = (300 Y (1 )=
4 4

N\
|2
= W

il L Nt
! [\
—

o~

—~ w
N

%IH%IH
N~——

~

Il
7N
| =3

N Ne)

[\~
u>|»~4>|u>
w
~_
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Then A% = S(D°S™1):

Thus:
182 61
5 _
A (183 60)
[Solution — Exercise 2 )
Let A be the matrix:
2 5 =3
A=12 1 1
2 0 -1
1. Calculate A2.
2 5 =3 2 5 —3
A2=A-A=|21 1 2 1 1
2 0 -1 2 0 -1

Compute each entry:

First row:
(A1 =2-245-24(=3)-2=4410—-6=38
(A3 =2-545-1+(=3)-0=10+5+0=15
(A*)13=2-(=3)+5-14+(-3)-(-1)=—-6+5+3=2
Second row:
(A%)9;=2-241-241-2=4+2+4+2=38
(A%)9 =2-5+1-1+1-0=10+1+0=11
(A9 =2 (=3)+1-1+1-(=1)=—6+1—-1=—6
Third row:
(A%)5, =2-240-2+(—1)-2=44+0—-2=2
(A%)g=2-540-14+(=1)-0=104+0+0= 10
(A%)g5 =2+ (=3) + 01+ (=1)- (1) = =6+ 0+ 1= =5
Thus:
8 15 2
A= |8 11 -6
2 10 =5

11
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Now compute A% — 24 — 515:

4 10 —6 50 0
2A=14 2 2], 5,=10 5 0
4 0 =2 005
8—4 15—-10 2—(—6) 4 5 8
A2 -24=|8—4 11-2 —6-2 | =4 9 -8
2—4 10—-0 —5—(-2) -2 10 -3
Then subtract 515:
4—5 5—-0 8-0 -1 5 8
A2 —24—-5;,=| 4-0 9-5 —8—-0|=|4 4 -8
—-2-0 10-0 —-3-5 -2 10 -8
Thus:
-1 5 8
A —2A -5, = 4 4 -8
-2 10 -8
2. Check that A(A? —2A — 513) = 2413.
Let M = A% — 2A — 515. Compute A - M:
25 =3\ /-1 5 8
A-M=[21 1 4 4 -8
2 0 -1/ \-2 10 -8
First row:
(AM)1; =2(—1) +5(4) + (=3)(=2) = —2+20 + 6 = 24
(AM) 15 = 2(5) 4+ 5(4) + (=3)(10) =10+ 20 — 30 = 0
(AM)13 =2(8) +5(—8) + (—=3)(—8) =16 —40+24 =0
Second row:
(AM)yy = 2(—1) +1(4) + 1(—=2) = —2+4 -2 =0
AM )9y = 2(5) +1(4) +1(10) = 10+ 4 + 10 = 24
(AM)y3 =2(8) +1(—8) +1(-8) =16 -8 -8 =0
Third row:
(AM)3; =2(—1) +0(4) + (-=1)(=2) = —2+0+2=0
(AM)3y = 2(5) +0(4) + (=1)(10) =10 +0—-10=0
(AM)33 =2(8) + 0(—8) + (—=1)(—8) =16 + 0 + 8 = 24
Thus:
24 0 0
A-M=[0 24 0| =241I,.
0 0 24

Therefore A(A? —2A — 513) = 2415.

12
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3. Deduce A~1.
From A - M = 2413, we have:

Thus:

W=

Wl W

-2 10 -8

[Solution — Exercise 3 )

Let the linear system

X1 + 21‘2 +3I3 = 14:
T1 — 3x9 — Tx3 = —26
—6.1'1 + 41'2 — 2.%’3 =4
1. Matrix form and Cramer system verification.
The system can be written as AX = B with
1 2 3 1 14
A=111 -3 -7|, X=|z|, B=1|-2

Prove it is a Cramer system: A system is Cramer if n equations, n unknowns

and det A # 0. Here n = 3.
Compute det A:

1 2 3
detA=|1 -3 -7
-6 4 =2

Expand by row 1:
-3 =7 1 =7 1 -3
wwrmi |3 [f e |f P

=1-((=3)(=2) = (=7)4)) = 2 ((1)(=2) = (=7)(=6)) + 3 ((1)(4) — (=3)(-6))
=1-(6+28)—2-(—2—42)+3-(4—18)

—1-34—2.(—44) +3- (—14)

— 34488 — 42 = 80.

13



Chapter 1. Main Examinations — First Session (2017-2025) Mathematics 2-Exams

Since det A = 80 # 0, the system is a Cramer system.

2. Solve using Cramer’s method.

. det Al . det AQ . det Ag
= qetd 7 et A’ T detA”
where A; is A with column i replaced by B.

Compute det A;:

14 2 3
Ar=|-26 -3 -7
-4 4 =2

Expand by row 1:

4 =2 -4 =2

-3 -7 —-26 -7
e 0 -

‘+3.‘—26 —3’

=14-(6+28) —2- (52— 28) + 3 (—104 — 12)
—14-34—2-24+3-(—116)
— 476 — 48 — 348 = 80.

Compute det A,:

1 14 3
-6 -4 -2
Expand by row 1:
—-26 —7 1 =7 1 —26
N I I A

=1-(52—28)—14-(—2—42) + 3 (—4 — 156)
=1-24—14-(—44) + 3 - (—160)
— 24 + 616 — 480 = 160.

Compute det As:

1 2 14
As3=11 -3 —-26
-6 4 -4
Expand by row 1:
-3 —26 1 —-26 1 =3
T I

=1-(12+104) — 2+ (—4 — 156) + 14 - (4 — 18)
—=1-116 — 2 (—160) + 14 - (—14)
— 116 + 320 — 196 = 240.

14
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Now apply Cramer’s rule:

. det Al 80 . det A2

160 o detdy

240
— -1 — it — _ Y
=00t A 80 7 T qetA 80 7 T detA 80

Thus the solution is:

‘$1:17 132:2, Q;‘3:3'

Verification:

1-3(2)—7(3)=1-6-21=-26

1+2(2)+33)=1+44+9=14 Vv
-7
—6(1)+4(2) —23)=—-6+8—-6=—4 V

15
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1.3 Main Exam (2018/2019)

r a
University of Ferhat Abbas — Sétif 1

Faculty of Economics, Commerce and Management Sciences | Department of Basic
Education

Main Exam — Mathematics 2

Level: First Year LMD Module: Mathematics 2
Date: 16/09/2019 Duration: 1h 30min

[Exercise 1 (08 points) ]

Consider the following system of linear equations:

Lo — T3 — —1
(S) : Q =3y +4xy — 323 = —6
—X1 +.T2 = -1

1. Write the system (S) in the matrix form AX = B.

2. Show that the matrix A satisfies the equation: A% — 3A 4 2[5 = 0j;. Deduce
that A is invertible and determine A~!.

3. Solve the system (S) using two methods: (a) Cramer’s rule, and (b) the matrix
inverse method.

[Exercise 2 (06 points) J

Answer by True or False, correcting the false statements:

1. The product of two matrices A - B is possible if the number of rows of A equals
the number of columns of B.

2. Every homogeneous system of linear equations is a Cramer system and admits
just infinitely many solutions.

3. Every non-square matrix has a determinant equal to zero and is invertible.

4. If the number of variables equals the number of equations and the determinant
is non-zero, then it is a Cramer system.

[Exercise 3 (06 points) ]
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Let the following two matrices be:

A=[-2 -3 1], B=|l0 1 -2

1. Calculate |A|, |B|,|A+ B|, A x B, and |A x B].
2. Is |[A+ B| = |A| + |B|?

3. Is |A x B| = |A| x | B|?

Full Solution

[Solution — Exercise 1 )

Consider the following system of linear equations:

To — T3 = —1
(S): ¢ =3z +4x9 — 323 = —6
—x1+ 1= —1

1. Matrix form AX = B.

The system can be written as:

0331 + 1.ZC2 — 1]73 =1
—31’1 -+ 45(72 — 3:63 = —6
—11‘1 + 1.7}2 —+ 0(133 =—1

Thus:
0 1 -1 1 —1
A=|-3 4 -3}, X=\|z], B=1-6
-1 1 0 T3 -1

2. Show that A satisfies A2 — 3A + 2[5 = 0j;. Deduce A7'.

First compute A%:

0 1 -1 0 1 —1
A2=A-A=|-3 4 -3 -3 4 -3
-1 1 0 -1 1 0

Compute each entry:
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Row 1:
(A1 =0-0+1-(=3)+(-1)-(-1)=0-3+1= -2
(A% =0-1+1-44(=1)-1=0+4—1=3
(A%)13=0-(-1)+1-(=3)+(-1)-0=0-3+0= -3
Row 2:
(A% =(=3)-0+4-(=3)+(=3)-(-1)=0-124+3=—9
(A =(-3)-14+4-44(-3)-1=-3+16-3=10
(A%)g3 = (=3) - (=1) +4-(=3)+(=3)-0=3—-124+0= —9
Row 3:
(A%)3 = (=1)-04+1-(=3)+0-(-1)=0-3+0=—3
(A3 =(=1)-141-440-1=-1+44+0=3
(A*)33=(-1)-(-1)+1-(-3)40-0=1-3+0= -2
Thus:
-2 3 -3
A*=|-9 10 -9
-3 3 =2
Now compute A2 — 3A + 2I5:
0 3 -3 200
34=|[-9 12 -9, 2;=[0 2 0
-3 3 0 00 2
—2-0 3-3 —3-(=-3) -2 0 0
A2 —3A=[-9-(-9) 10-12 -9—(-9) ] =0 -2 0
—3—-(=3) 3-3 —2-0 0 0 -2
Then add 215:
242 0 0 000
A2 —3A+ 215 = 0 —2+2 0 =10 0 0] =0x
0 0 —2+2 000

Thus A? — 3A + 213 = 0, as required.
Deduce A~!': From A? — 3A + 215 = 0, we have:

A% —3A = -2I4
A(A = 313) = =215
1
Thus A is invertible and:
L1

18
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Compute A — 313:

0-3 1 -1 -3 1 -1
A—31; = -3 4-3 -3 =[-3 1 -3
-1 1 0—-3 -1 1 -3
Therefore:
3 11
1 -3 1 -1 2 T2 2
1
A= |83 1 3] = § 1 ¢
-1 1 -3 1 _1 3
2 2 32
1 3 -1 1
A_1:§ 3 -1 3
1 -1 3

3. Solve the system (.S) using two methods.
(a) Cramer’s rule:

First compute det A (from earlier, A~! exists so det A # 0). Using A~! =
—1(A — 313), but easier: det A can be computed directly.

0 1 -1
detA=1]-3 4 -3
-1 1 0

Expand by row 1:

4 -3 -3 -
detA:()-‘l 0’_1"—1 0‘+(—1)-'_

=—1-(0—3)—1-(=3+4)

Now compute det A; (replace column 1 with B):

-1 1 -1
Ai=11-6 4 -3
-1 1 0

4 -3 —6 —3
g o'_l"—1 0‘“‘1)"—1 1

— (=1)-(0+3)—1-(0—3) = 1-(=6+4)
— 3-1-(=3)—1-(=2)
= 3+3+2=2
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Compute det Ay (replace column 2 with B):

0 -1 -1
Ay=|-3 -6 -3
1 -1 0

Expand by row 1:
det Ay = 0.0 = —(=1)- +(=1) -
R P R ~1 0 —1 -1

=0+1-((=3)(0) = (=3)(=1)) =1+ ((=3)(=1) = (=6)(-1))
=1-(0-3)—1-(3—6)
= —3-1-(-3)=-34+3=0.

Compute det Az (replace column 3 with B):

0 1 —1
A3 =1-3 4 —6
-1 1 -1
Expand by row 1:
4 —6 -3 —6 -3 4
dan=o-f! TP Y [

=0—1-((=3)(=1) = (=6)(=1)) = 1- ((=3)(1) — (4)(~1))
= —1-(3—6)—1-(=3+4)

Thus by Cramer’s rule:

_detA1 2 _detAg_Q_O _detA;; 2
T qetd 2 0 T qed 2 7

$1:1,$2:0,ZE3:1.

(b) Matrix inverse method:
We have X = A1 B.

L3 11 -1
At=213 -1 3], B=|-6
1 -1 3 -1

3 -1 1\ /-1

X==-(3 -1 3| |-6

1 -1 3/ \—-1
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Compute:

First component:
(=) +(=1)(-6)+1(-1)=-3+6—-1=2

Second component:
3(—1) + (=1)(=6) + 3(—=1) = -3 +6—3 =0

To=12-0=0.

Third component:
I(=1)+ (-1)(-6)+3(-1)=—-1+6—-3=2

Thus:

‘.%'1:1, $2:0, .Igzl‘

Both methods give the same solution.

[Solution — Exercise 2 )

1. False. The product A - B is possible if the number of columns of A equals the
number of rows of B.

2. False. A homogeneous system is a Cramer system only if |A| # 0, in which case
it admits only the trivial solution (0,0,0).

3. False. Determinants are only defined for square matrices, and only square
matrices with non-zero determinants are invertible.

4. True.
[Solution — Exercise 3 )
-2 0 0
1. Calculations: |A| =15, |B|=3. A+B=|-2 -2 —-1| = |A+B|=8.
1 0 2
-5 2 2
AxB=|T7 -4 2 |.]|AxB|=15x3=45.
2 -1 =2

2. No. |[A+ B| # |A|+ |B| as 8 # 15+ 3.
3. Yes. |A x B| = |A| x |B| as 45 = 15 x 3.
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1.4 Main Exam (2019/2020) - Version A

4 N
University of Ferhat Abbas — Sétif 1

Faculty of Economics, Commerce and Management Sciences | Department of Basic
Education

Main Exam — Mathematics 2

Level: First Year LMD Module: Mathematics 2
Date: 03/10/2020 Duration: 1h 00min

[Exercise 1 (10 points) J

Let A, B, and C be the following matrices:

-2 4 3
A=<_2122)7 B=|l0 1 21|,
1 2

Q

I
S
o w o

Choose the correct answer for each case:

1. The sum A + B:
(a) Is a square matrix  (b) Cannot be calculated (c) Is a non-square matrix.

2. The product A x C-:
14 18

(a) Is a non-square matrix  (b) Result is <3 4 49

) (c) Cannot be calculated.

3. The product A x B x C"
a) Is a matrix Dzx3 s a matrix D99 c¢) Cannot be calculated.
I iX D(3x3) b) I ix D(2x2) C b lculated

4. The trace of matrix B:
(a) tr(B) =2 (b) tr(B) = —2 (c) Cannot be calculated.

5. The transpose C7:

. (125 . (P
(a) C" = (byCc" =12 3 (c) Cannot be calculated.
0 3 6 5 6

6. The determinant |A|:
(a) |[Al=5 (b) |[A|=—-=5 (c) Cannot be calculated.

7. The determinant |A x B x C/:
(a) |[A|x|B|x|C] (b) Is not equal to |A| x |B|x|C| (c) Cannot be calculated.

8. The determinant | B]:
(a) [B[=5 (b) |B]==5 (c) [B]=15.
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9. The inverse B! satisfies:
(a) B!'xB=13 (b) B'xB=1 (c)Cannot be calculated.

10. The inverse C1:

(a) Is a matrix C’(_l (b) Is a matrix C},!

3x2) (ax3  (c) Cannot be calculated.

[Exercise 2 (10 points)]

Let A and B be the matrices defined as follows:

0 1 —1 1 3 3/2 —1/2 1/2
-1 1 0 1/2 —1/2 3/2

1. Compute |A| and |B]:

0 1 -1
Al =|-3 4 —3|=
~11 0
3/2 —1/2 1/2
IB| = |3/2 —1/2 3/2| =
1/2 —1/2 3/2

2. Are the matrices A and B invertible or not? Justify your answer.

3. Compute A%

4. Verify that: A? = 3A — 213

5. Deduce the relationship between matrices A and B.
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Full Solution — Version A

[Solution — Exercise 1 )

1. (b) Cannot be calculated. Matrix A is 2 x 3 and B is 3 x 3. Addition is only
defined for matrices of the same dimensions.

. (14 18
2. (b) Result is (34 1)

Calculation: ((_1)(1) +(0)(2) + (3)(5) (=1)(0) + (0)(3) + (3)(6)> _ (14 18)
L @)+ (6)(2) + (@) (B)  (2)(0) + (6)(3) + (4)(6) 31 42)

3. (b) Is a matrix D(sy9). Dimensions: (2 x3) x (3 x3) x (3 x2)=2x 2.
4. (b) tr(B) = —2. The trace is the sum of the main diagonal: —24+1+(—1) = —2.

5. (a) CT = (é ; 2) Rows become columns.

6. (c) Cannot be calculated. Determinants are only defined for square matrices;
Ais 2 x 3.

7. (b) Is not equal to |A|x|B|x|C|. Because |A| and |C| do not exist individually.

8 (a) |B|=5. |B|=—2(-1-4)—4(0-2)+3(0—-1) =10+8 — 3 =15. (Note:
Corrected calculation from 10 —8 —3 = —1).

9. (a) B~! x B = I. By definition of the inverse of a 3 x 3 matrix.

10. (c) Cannot be calculated. Only square matrices can have an inverse.

[Solution — Exercise 2 J

Exam Problem:
Let A and B be the matrices defined as follows:

0 1 —1 L3 3/2 —1/2 1/2
A=|-34 3|, B=- A+ L={3/2 ~1/2 3/2
~1 1 0 1/2 —1/2 3/2

1. Compute |A| and |B].

0 1 -1
Al=|-3 4 -3
11 0
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Expand by row 1:

4 =3

‘_1"—1 o‘+(_1)"—1 |

=0—1-((=3)(0) = (=3)(=1)) = 1+ ((=3)(1) = (4)(-1))
= —1-(0-3)—1-(=3+4)
——1-(=3)—-1-(1)=3-1=2.

Thus:
|A| = 2]
Now compute |B|. Since B = —%A + %Ig, but we can also compute directly:
3 _1 1
2 2 2
3 _1 3
Bl=1|3 —3 3
11 3
2 2 2

1.

Factor % from each row: Row 1 factor %, Row 2 factor %, Row 3 factor 5

N1 B R A |
|B|:<§) 3 —1 3|==[3 -1 3

1 -1 3 81 -1 3

Compute the 3 x 3 determinant:

3 -1 1

-1 3 3 3 3 —1

3 -1 3|=3- —(-=1)- +1-

B LN i G R
=3-((=13) = B)(=1)) +1-((3)(3) = 3)(1)) + 1 (B)(=1) = (=1)(1))
=3-(-3+4+3)4+1-(9-3)+1-(-3+1)
=3-0+1-64+1-(-2)=6—-2=4.

Thus: ] .

|B|:§~4:§.
]B\:l.
2

2. Are the matrices A and B invertible or not? Justify your answer.
A square matrix is invertible if and only if its determinant is non-zero.

|A| =2 # 0, so A is invertible.
|B| = 5 # 0, so B is invertible.

\Both A and B are invertible because their determinants are non-zero.
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3. Compute A2

0 1 -1 0 1 —1
A2=A-A=|-3 4 -3 -3 4 -3
-1 1 0 -1 1 0

Compute each entry:

Row 1:
(A1 =0-0+1-(=3)+(-1)-(-1)=0-3+1=-2
(A =0-1+1-44(-1)-1=0+4—-1=3
(A%)13=0-(=1)+1-(=3)+(=1)-0=0—-34+0=—3
Row 2:
(A%)g = (=3) - 04+4-(=3)+(=3)-(=1)=0—12+3=—9
(A%)g = (=3) - 14+4-4+4(=3)-1=—-3+16—3=10
(A%)93 = (=3) - (—1) +4-(=3)+(=3)-0=3—-124+0=—9
Row 3:
(A3 =(~1)-0+1-(=3)+0-(-1)=0-3+0= -3
(A3 =(-1)-14+1-440-1=-1+4+0=3
(A%)33=(=1)- (=) +1-(=3)+0-0=1-34+0=—2
Thus:
-2 3 -3
A=|-9 10 -9
-3 3 -2
-2 3 -3
A=1|-9 10 -9
~3 3 -2
4. Verify that A? = 34 — 215.
First compute 3A:
0 3 -3
34=|(-9 12 —9
-3 3 0
Then 3A — 215:
0—2 3-0 —-3-0 -2 3 -3
34—-2I;=-9-0 12—2 —9-0|=|-9 10 -9
—3-0 3—-0 0-2 -3 3 -2

This matches A? computed above. Thus A? = 34 — 215.
Verified: A* = 3A — 21;.
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5. Deduce the relationship between matrices A and B.
We have B = —%A + %[3.
From A? — 3A 4+ 213 = 0, divide by —2:

1 3
A4 CA— I, =
5 13 3=0

But also from B = —%A + %1'3, we have:

Notice B? = (=144 31) =142 - 344 9],

Alternatively, using A2 = 3A — 213, substitute into B: From B = —%A + %[3,
multiply by A:

1 3 1 3
BA=—-A?>4+ZA=——(3A-2I —A
54 T3 2(3 3)+2
3 3
_—§A+13+§A_13.

Thus BA = 1I5,s0 B= A%
The relationship is B = A~
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1.5 Main Exam (2019/2020) - Version B

(" )
University of Ferhat Abbas — Sétif 1

Faculty of Economics, Commerce and Management Sciences | Department of Basic
Education

Main Exam — Mathematics 2

Level: First Year LMD Module:  Mathematics 2
Date: 03/10/2020 Duration: 1h 00min

[Exercise 1 (10 points) ]

Let A, B, and C be the matrices defined as follows:

Choose the correct answer from the proposed options for each case:

1. The sum B + A:
(a) is a square matrix ~ (b) is a non-square matrix  (c) cannot be computed

2. The product B x C"
12 33
(a) BxC =110 39 (b)BxC:(
12 1

17 37 13

60 12 1 ) (c) cannot be computed

3. The product A? x B x ("
(a) is & D(3x3) matrix (b) is a D3x2) matrix (c) cannot be computed

4. The trace of matrix A:

(a) tr(A) =5 (b) tr(A) = —8 (c) cannot be computed
5. The square of matrix C:
00 9 0 25
(a) C*= |25 16 (b) C? = (16 ] 49) (c) cannot be computed
1 49
6. The determinant of matrix B:
(a) |B| =34 (b) |[B] =0 (c) cannot be computed
7. The inverse of matrix B:
(a) is a B(’31X3) matrix (b) is a real number B~! = 2 (c) cannot be computed
8. The inverse of matrix C"
(a) is a C’(_le3) matrix (b) is a C’(—31X2) matrix (c) cannot be computed
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9. The transpose of matrix C"
(a) CgXS (b> ng2 (C) 02T><3

10. If Com(A) is the adjugate (comatrix) of A, then:

(a) A1 = & (Com(A)  (b) A0 = & Com(4) (c) A~ =

A 14 (Com(A))T

1
A

[Exercise 2 (10 points) ]

Let A and B be the matrices defined by:

1 00 1 0 0
A=|4 6 8|, B=|-6 3 —4
0 2 3 4 -1 3
1. Compute |A| and |B]:
1 00
Al =4 6 8=
0 2 3
1 0 0
Bl=|—6 3 —4|= ...
4 -1 3

3. Compute the adjugate (comatrix) of A: (Com(A))
Com(A) =
4. Find the transpose of the adjugate matrix of A: ((Com(A))T>
(Com(A))" =

5. Compute A~! then deduce B!
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Full Solution — Version B

[Solution — Exercise 1 )
-1 0 0 -2 3 3 30
A=\ 3 4 2|, B=|0 1 5], C=1|5 4
3 2 2 1 2 -1 1 7

Choose the correct answer from the proposed options for each case:

1. The sum B + A:
(a) is a square matrix  (b) is a non-square matrix  (c) cannot be computed

Solution: A and B are both 3 x 3 matrices, so B + A is defined and is 3 x 3,
hence a square matrix. | (a) is a square matrix |.

2. The product B x C:
12 33
(a) BxC =110 39 (b)BxC’:(
12 1

Solution: B is 3 x 3, C'is 3 x 2, so BC'is 3 x 2. Compute:

17 37 13

60 12 1 ) (c) cannot be computed

-2 3 3 3 0
BC=10 1 5 5 4
1 2 -1 17

First column: (—2)(3) +3(5) +3(1) = =6 + 15+ 3 = 12; 0(3) + 1(5) + 5(1) =
045+5=10;1(3) +2(5) + (—1)(1) =3+ 10 — 1 = 12
Second column: (—2)(0) +3(4) +3(7) =0+ 12+ 21 =33; 0(0) + 1(4) + 5(7) =
0+4435=39%1(0)+2(4) + (~1)(T) =0 +8—T=1

12 33
BC =110 39
12 1

Matches option (a). |(a) |.

3. The product A% x B x C:
(a) is a D(3x3) matrix (b) is a D(3x2) matrix (c) cannot be computed
Solution: Ais3x3,s0 A%is3x3. A’Bis (3x3)(3x3) =3x3. Then (A*B)C
is (3 x3)(3x2)=3x2. Thus A2BC is 3 x 2. |(b)|.

4. The trace of matrix A:
(a) tr(A) =5 (b) tr(A) = -8 (c) cannot be computed

Solution: tr(A) = (-1)+4+2=5.|(a)|

5. The square of matrix C"

9 0
(a) C?*=[25 16 (b) C? = <196 (1) 4213) (¢) cannot be computed
1 49
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Solution: C'is 3 x 2. For C? = C - C to be defined, the number of columns of
first C' must equal rows of second C: 2 # 3, so C? is not defined. | (c) |

The determinant of matrix B:
(a) |B| =34 (b) |B] =0 (c) cannot be computed

Solution: Compute det B:

Expand by row 2: 0- (--+) +

1
=1-((=2)(=1) = 3(1) +5- (-1
=(2-3)—5-(—4—3) = (-1)

—2)(2) = 3(1))
— —1435=34. det B=34#0. |(a)|

The inverse of matrix B:

a) is a B2\ .. matrix (b) is a real number B~! =
(3x3)

Solution: Since det B # 0, B is invertible, and B~! is also 3 x 3 (not a scalar).

1

= 3; (c) cannot be computed

(a)

. The inverse of matrix C":

(a)isa C.} (ax3) Mmatrix (b) is a C(_?)IXQ) matrix (¢) cannot be computed

Solution: C' is 3 x 2, not square, so it has no inverse. | (c) |

. The transpose of matrix C":

(a> C?Tx?) (b> C?Tx2 <C> C’irx?;
Solution: C is 3 x 2, so CT is 2 x 3, denoted CZ, 5. | (c) |

10. If Com(A) is the adjugate (comatrix) of A, then:
(a) A7t = (Com(A4))"  (b) A™' = Z; Com(4)  (c) A~ = % (Com(4))"
Solution: The correct formula is A~ = ——( Com(A))T, where Com(A) is the
cofactor matrix. Option (a) matches this if Com(A) is the cofactor matrix. | (a)|.
[Solution — Exercise 2 J
100 10 0
A=|4 6 8|, B=|-6 3 -4
0 2 3 4 -1 3
1. Compute |A| and |B|.
1 00
Al=1]4 6 8
02 3
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Expand by row 1:

6 8
2 3

4 8

0 3

ol el s

Al=1-(6-3—-8-2) =18 —16 = 2.

1 0 0
B|=|-6 3 —4
4 -1 3
Expand by row 1:
54 —6 —4 -6 3
—1.]2 0. 2
Bl=1-17 3‘ 0‘4 5|10 -1

Thus:

1
A=2]  |IBI=5|

2. Are the matrices A and B invertible or not? Justify your answer.

A square matrix is invertible if and only if its determinant is non-zero.

Since |A| =2 # 0, A is invertible.
Since |B| = 5 # 0, B is invertible.

|Both A and B are invertible because their determinants are non-zero.

3. Compute the adjugate (comatrix) of A: Com(A).
First compute all cofactors Cj; of A.
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Cy = (—1)'*! g 2 =1-(18~16) =2
Ciy = (—1)'+? 3 2 =—-1-(12-0) = —12
013:(—1)”33 gzl-(8—0):8
021:(—1)2“(2) g:—l-(O—O)zo
022:(—1)2“(1) g=1-(3—0):3
023:(—1)“3(1) g =—-1-(2—-0)=-2
031:(—1)3“2 gzl-(O—O):O
(132:(—1)3“}l g =—1-(8-0)=-8
(133:(—1)3”}l 2:1-(6—0):6

Thus the cofactor matrix (adjugate/comatrix) is:

011 012 013 2 —12 8

COHI(A): 021 022 023 = 0 3 —2

031 032 033 0 -8 6
2 —12 8
Com(A)=|0 3 =2
0 -8 6

4. Find the transpose of the adjugate matrix of A: (Com(A))”.

2 0 0
(Com(A)"'=-12 3 -8
-2 6
2 0 0
(Com(A)" = -12 3 -8
8 -2 6
5. Compute A~! then deduce B!,
We have A~ = -1 (Com(4))".
(2 0 0 1 0 0
A—l:5 -12 3 -8|=|-6 3 —4
8§ -2 6 4 -1 3
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1 0 0
Al=1-6 2 —4
4 -1 3

Notice that A~! is exactly the matrix B given in the problem.
Thus B= A", s0o B7' = (A7)l = A

1
Bl=1[4
0

N Oy O
w oo O
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1.6 Main Exam (2020/2021) - Version A

(" )
University of Ferhat Abbas — Sétif 1

Faculty of Economics, Commerce and Management Sciences | Department of Basic
Education

Main Exam — Mathematics 2

Level: First Year LMD Module:  Mathematics 2
Date: 17/06/2021 Duration: 1h 30min

[Exercise 1 (06 points) ]

Answer by True or False, correcting the false statements:
1. The trace of square matrix is the product its main diagonal elements.
2. The product of two matrices is possible if the two matrices are for the same size.

3. The determinant of matrix lower or upper triangular or diagonal matrix is the
sum of it’s diagonal elements.

4. The invertible matrix is the matrix which has zero as determinant.

[Exercise 2 (06 points)]

Let A and B two matrices given by
1 2 -1 2
=(o3)e- (501
1. Calculate A" and tr (B).

2. Find the matrix C', while 34 — B — C =0y
3. Calculate AB and BA, Then deduce.

[Exercise 3 (08 points) j

Let the linear system (.9)

I1—$2+{L‘3:1
(S) x1+2x2—a:3:2
1'1—4373:—3

1. Write the system in the matrix form, the prove that is Cramer’s system.

2. Solve the system using Cramer’s and inverse methods.

35



Chapter 1. Main Examinations — First Session (2017-2025) Mathematics 2-Exams

Full Solution — Version A

[Solution — Exercise 1 )

1. False.

Correction: The trace of a square matrix is the sum of its main diagonal ele-
ments, not the product.

2. False.

Correction: The product of two matrices A (size m x n) and B (size p X q) is
possible if and only if n = p (the number of columns of A equals the number of
rows of B), not necessarily if they are the same size.

3. False.

Correction: The determinant of a lower triangular, upper triangular, or diagonal
matrix is the product of its diagonal elements, not the sum.

4. False.

Correction: An invertible matrix is a matrix whose determinant is non-zero. A
matrix with zero determinant is singular (non-invertible).

[Solution — Exercise 2 )

Let A and B be two matrices given by:

() 53

1. Calculate AT and tr(B).
s (10
o1 )

Thus:

AT:(; g) t(B) = 3|

2. Find the matrix C such that 34 — B — C = 0y,.
The equation 3A — B — C' = 0); implies:

C=3A-1B.

3 6
i (10)
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Then:

3. Calculate AB and BA. Deducing?
AB - 1 2\ (/-1 2\ (1-(-1)+2-3 1-2+2-4\ (=146 248\ (5 10
~\0 3 3 4) \0-(-1)+3-3 0-2+3-4) \ 049 0+12) \9 12)°
BA— -1 2\(1 2y (-1-142-0 —-1-242-3 -14+0 —-2+6\ (-1 4
- \3 4/J\0 3/ \3-1+4-0 3-2+4-3 3+40 6+12) \ 3 18)°

Thus:
5 10 -1 4
AB_(Q 12)’ BA—(B 18)'

Deducing: AB # BA, so matrix multiplication is not commutative in general.

[Solution — Exercise 3 )

Let the linear system (.5):

$1—$2+£L’3:1
(S) .CL’1+2SL’2—Q33:2
$1—4$3:—3

1. Write the system in matrix form AX = B:

1 -1 1 ) 1
A=(1 2 -1], X=|x|, B=]|2
1 0 —4 T3 -3

Prove it is a Cramer system: A system is Cramer if it has n equations, n
unknowns, and det A # 0. Here n = 3.

Compute det A:

1 -1 1
detA=1|1 2 -1
1 0 —4
Expand by row 1:
2 —1 1 -1 1 2
Y e I

L (2)(=4) = (=1)(0)) + 1+ (D)(=4) = (=1)(1)) + 1- ((1)(0) = (2)(1))
1-(=8—=0)+1-(—4+1)+1-(0-2)
-8+ (—3)+(—2) = —13.
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Since det A = —13 # 0, the system is a Cramer system.

2. Solve the system using two methods.
(a) Cramer’s rule:
We have det A = —13.
Compute det A; (replace column 1 with B):

1 -1 1
A= 2 2 -1
-3 0 -4
Expand by row 3 (contains a zero):
det Ay = (=3) - (—1)*" _21 11‘ +0- (- )+ (—4) - (—1)° ; _21‘
=(=3)-1- ((—1) (2)) + L-((1D(2) = (=1)(2))

( 2) — (2+2)
=-3-(-1)—4-4=3-16=—13.

Compute det As (replace column 2 with B):

1 1 1
Ao=11 2 -1
1 -3 —4

Expand by row 1:

2 1 -1
1 -3

ol

L ((2)(=4) = (=1)(=3)) = 1- ((1)(=4) = (=1)(1)) + 1+ (1)(=3) = (2)(1))
1-(—8— 3) 1-(-44+1)+1-(-3-2)
—11-1-(-3)+(-5)=-1143—-5=—13.

Compute det A; (replace column 3 with B):

Expand by row 3:

-1 1

det A3 =1-(—1)*"! 5 o

1 2

0 () () (-1

-

=1-1-((=D©@) = (M)(@)) + (=3) - 1- (D) = (=D(D))
=(-2-2)-3-2+1)=—-4-9=—13.
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Now by Cramer’s rule:

_detAl_—13_1 _detAQ_—13_1 _detAg_—13_1
T qetAd - Z130 0 T qetA T S13 0 BT detAa . —13
Thus:

.’1,’1:1, 132:1, .133:1.
Verification:

1-14+1=1 V
142-1=2 V
1-4=-3 V

(b) Inverse method:
We have X = A7'B.
First compute A~! using the adjugate method.

Compute cofactor matrix of A:

2 —1
011:(—1)20 _4‘:1 (-8 —0)= -8
P L _
Cip = (1) 1 4= 1-(-44+1)=3
il 2 00—
Cis= (=1 (|=1-(0-2)=-2
-1 1
Cy = (—1)* 0 _4‘——1 (4—0)=—4
VA N P T
Cor = (=1)" |} _4‘_1 (=4 —1)=-5
1 -1
0232(—1)51 O‘:—l-(O—i—l):—l
-1 1
Cs = (—1)* ) _1‘:1 (1-2)=-1
1 1
Cay = (—1)° ) _1‘_—1-(—1—1):2
033:(—1)61 _1‘:1-(2+1)=3
1 2
Cofactor matrix:
-8 3 -2
C=|-4 -5 -1
-1 2 3
Adjugate matrix = CT:
-8 —4 -1
adj(A)=13 -5 2
-2 -1 3
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Then:
-8 —4 -1
1 1
-1
=——adj(A)=—=1[ 3 -5 2
det A 1B\ o 1 3

Now compute X = A~ B:

1 -8 -4 -1 1
N -2 -1 3 -3

First component:
(—=8)(1) 4+ (=4)(2) + (-1)(-3) = —-8—-8+3=—13
r= 2 =1

13 T
Second component:

3(1) + (=5)(2) +2(=3) =3 —10 — 6 = —13

=13 _4q

Qj2 —= 13

Third component:
(=2)(1) 4+ (=1)(2) +3(-3)=—-2—-2—-9=-13

_ =13 __
T3 = 13 =1

Thus the solution is x1 = x5 = x3 = 1, as before.
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1.7 Main Exam (2020/2021) - Version B

( )
University of Ferhat Abbas — Sétif 1

Faculty of Economics, Commerce and Management Sciences | Department of Basic
Education

Main Exam — Mathematics 2

Level: First Year LMD Module: Mathematics 2
Date: 2021 Duration: 1h 30min

[Exercise 1 (06 points) ]

Choose the correct answer for each of the following statements: (Refer to Version
A for the list of Multiple Choice Questions)

[Exercise 2 (06 points) J

The same questions of the version A.

[Exercise 3 (08 points) ]

Let A be the matrix given by:

1 =3 6
A=16 -8 12
3 =3 4

1. Calculate AZ2.
2. Show that A%2 = —A + 21.

3. Deduce that A is invertible and write the expression of A~! in terms of A and
Is.

4. Calculate A~! using the cofactors method.

Full Solution — Version B

[Solution — Exercise 1 )

1. Refer to Version A solution for the detailed justifications of the Multiple
Choice Questions.
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[Solution — Exercise 2

)

1. Refer to Version A solution.

[Solution — Exercise 3

Let A be the matrix given by:

1 -3
A=16 -8
3 —3
1. Calculate AZ2.
1 -3
A2—4.A=6 =8
3 -3

Compute each entry:

12

1 -3 6
6 —8 12
3 =3 4

Row 1:
(A =1-1+4(-3) 6+6-3=1—18+18=1
(A%)13=1-(=3)+(=3) - (—=8) +6-(—3) = —3+24— 18 = 3
(A%)13=1-6+(=3)-124+6-4=6—36-+24=—6
Row 2:
(A% =6-1+(—8)-6+12-3=6—48+36=—6
(A%)3 =6 (=3) + (—8) - (=8) + 12 (=3) = —18 + 64 — 36 = 10
(A%)93 =6-6+ (—8)-12+12-4 =36 — 96 + 48 = —12
Row 3:
(A2)3; =314 (-3)-6+4-3=3—18+12=—3
(A2)3 =3 (=3)+ (=3) - (—8) +4-(-3) =—9+24—12=3
(A%)33=3-6+(=3)-12+4-4=18 — 36+ 16 = —2
Thus:
1 3 —6
A =1 -6 10 —12
3 3 -2
1 3 —6
A2=1-6 10 —12
-3 3 -2




Mathematics 2-Exams Chapter 1. Main Examinations — First Session (2017-2025)

2. Show that A% = —A + 21;.
Compute —A + 215:

-1 3 -6 2 00

—A=1|-6 8 —-12|, 2[; =0 2 0

-3 3 —4 0 0 2
-1+2 3+0 —-6+0 1 3 -6
—A+2I3=|—-6+0 842 —-12+0)=|—-6 10 —12
-3+0 3+0 —4+2 -3 3 =2

This is exactly A2. Therefore:

A% = — A+ 21|

3. Deduce that A is invertible and write A~! in terms of A and I5.
From A? = —A + 215, we have:

A2+ A =21,
A(A+I3) =215
A- %(AJF I3) = 1.
Thus A is invertible and:

1
A_l = §<A+I3) .

4. Calculate A~ using the cofactors method.
First compute det A using the relation: from A? = —A 4 21, take determinant:

|A?| = | — A+ 2]
But |A%| = |A[?, so:
AP = | — A+2I].
Also, | = A+2I|=|—(A—2I)| = (-1)3|A—2I| = —|A— 2I|. But easier: from

A(A +I) =21, taking determinant:

Al -|A+1I|=|2I| =2° =38.

Compute A + I:

2 -3 6

A+T=[6 -7 12

3 =3 5
-7 12 6 12 6 —7
det(A+I):2-'_3 5‘—(—3)-'3 5‘+6-‘3 _3‘

—2.(—=35436) +3- (30 —36) + 6 - (—18 + 21)
=2.-1+3-(-6)+6-3=2—18+18=2.
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Thus |A] -2 =8= |A| =4.

Now compute cofactor matrix of A:

-3 4
Clo = (—1)* 6 12 =—1-(24—36) =12
3 4
Cis = (—1)* 6 -8 =1-(—18+24) =6
3 -3
Cy = (—1)3 30 =-1-(-124+18)=-6
-3 4
1 6
Coy = (—1)* 3 4‘:1-(4—18):—14
_o b T3 _
Coz = (1) 5 _3|= 1-(=3+9)=-6
-3 6
Cs1 = (—1) _3 12‘ 1-(—36+48) =12
1 6
O = (=1)° | 12‘ 1-(12—36) =24
Cr= (-1 2 =1-(-8+18) =10
6 —8
Cofactor matrix:
4 12 6
C=|-6 —14 —6
12 24 10
Adjugate = C7:
4 -6 12
adj(A) = [ 12 —14 24
6 —6 10
Thus:
X L[4 -6 12 1 -5 3
= adj(A)=-=112 —-14 24| =3 -1 6
det A 4 6 -6 10 s 35
2 2 2

Now check with the formula from part 3: A~ = 2(A + I):

1 -2 3

2 -3 6 . 2
A+I=|6 -7 12|, 5(A+1): 3 -1.6
3 -3 5 3 .3 5
2 2 2

Both methods give the same result.
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1
A_l - 5(14‘1‘[) -

Njw QO =
DO [~ | o
ot Oy W
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1.8 Main Exam (2021/2022)

(" )
University of Ferhat Abbas — Sétif 1

Faculty of Economics, Commerce and Management Sciences | Department of Basic
Education

Final Exam — Mathematics 2

Level: First Year LMD Module: Mathematics 2
Date: 22/05/2022 Duration: 1h 30min

[Exercise 1 (10 points)j

I. Let the linear system (.5;):

—$1+2$2+I3:3
(51) r1t+ra+a3=0
1‘1—4ZE2—2£L'3:—1

1. Write the system (1) in matrix form, then prove that it is a Cramer system.
2. Solve the system using the Gauss method.
IT. Let m be a real number and (Sz) the linear system:
—_mxr3=m — 2
(S2) ¢ —x1+ (m+ D)y + 223 =m — 2

x1+x2:m—2

2. Find the values of m for which the system (S5) is a Cramer system.

3. Solve the system (S53) for m = 2.

[Exercise 2 (10 points)]

Let A be the matrix given by:

S

I
— = O
— O
[ Y S

1. Calculate A~! using the cofactors method.

2. Find the real numbers o and 3 such that A? = a3 + SA.
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Full Solution

[Solution — Exercise 1 )

I. Let the linear system (S;):
—T1 + 219 + 23 =3
(S1) T+ x9+23=0
T — 4$2 — 2:173 =-1
I1. Let m be a real number and (S2) the linear system:
—mr3=m — 2
(S2) ¢ —x1+ (m+ 1)y + 223 =m — 2
T1+ T =mMm — 2

I. Solution of (5))

1. Matrix form and Cramer system verification.

The system (S7) can be written as AX = B where:

-1 2 1 1 3
1 —4 —2 2 1

A system is Cramer if it has n equations, n unknowns, and det A # 0. Here
n=3.

Compute det A:

-1 2 1
detA=|1 1 1
1 -4 =2
Expand by row 1:
1 1 1 1 1 1
wwnmCo |l et et )

Since det A = —1 # 0, the system (.5;) is a Cramer system.

2. Solve the system using the Gauss method.
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Write the augmented matrix [A|B]:

-1 2 1] 3
1 1 110
1 -4 -2]-1

Step 1: Swap R; and R, to get a leading 1:
11 110

Rl d R2 : —1 2 1 3
1 -4 -2 -1

Step 2: Eliminate x; from rows 2 and 3: Ry < Ry + Ry:
(—=1+1,2+1, 141, 3+0)=(0, 3, 2, 3)
Rg — Rg — Ry:

(1-1, —4—1, —=2—1, =1 —0) = (0, =5, =3, —1)

Matrix becomes:
1 0

1 1
0 3 2|3
0 -5 =3|-1
Step 3: Eliminate x5 from row 3: R3 <= 3R3 4+ 5R» (to avoid fractions):
3R; = (0, =15, =9, —3), 5Ry = (0, 15, 10, 15)

Sum: (0, 0, 1, 12)

Matrix becomes:

1 1 1]0
03 2|3
0 0 1]12

Step 4: Back substitution.

From R3: x5 = 12.

From Ry: 320 +2x3 =3 =302 +24 =3 = 320y =21 = x5 = —T7.
From Ri: 21+ 29+ 23=0=2; —7+12=0=2;+5=0= 2, = —5.

Thus the solution is:

‘I1:—5, I2:—7, 1’3:12

Verification:

—(=5)+2(-7)+12=5-14+12=3 V
5+ (-7 +12=0 Vv
—5—4(=7)—-2(12) = -5+28—-24=—-1 V
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IT. Solution of (.55)

2. Find the values of m for which the system (S5) is a Cramer system.

Write (S3) in matrix form A,, X = B,,:

0xy + 02y —mars=m — 2
—x1+ (m+ 1)xg + 22053 =m — 2

T1+ 29+ 0x3=m—2

Thus:
0 0 -m m— 2
An,=1-1 m+1 2 , B,=|m-—2
1 1 0 m— 2

The system is Cramer if det A4,,, # 0.
Compute det A,,:

0 0 -m
detA,,=|-1 m+1 2
1 1 0

Expand by row 1:

det A, = 0+ (minor) — 0 - (minor) + (—m) - (—1)'*3

-1 m+1
1 1

= (=m) -1+ ((=1)(1) = (m +1)(1))
=-m-(-1-m-1)=-m-(-m—2)

=m(m +2).

Thus det A, = m(m + 2).
The system is Cramer iff det A,, # 0, i.e.:

m#0 and m # —2.

meR\{—2,0}|

3. Solve the system (S3) for m = 2.

For m = 2, the system becomes:

—21'3 =0
- + 3?[72 + 21’3 =0

331+£E2:0

From the first equation: —2x3 =0 = 23 = 0.

From the third equation: 1 + x5, =0 = 19 = —x.
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Substitute into the second equation: —zy + 3(—x;) +2(0) =0 = —x; — 3z =

Then 9 = —21 = 0.

Thus the unique solution is:

r1=0, x5=0, x3=0]|

[Solution — Exercise 2 )

Let A be the matrix given by:

—_ O =
O ==

1. Calculate A~! using the cofactors method.

First compute det A:

Expand by row 1:

01

detA:O-‘1 0

ey

10 11

=0—1-((1)(0) = (1)(1)) +1- (1) = (0)(1))
=-1:(0=1)+1:(1-0)
=—1-(-)+1-1=1+1=2.

Thus det A = 2.
Now compute the cofactor matrix C' of A:

20
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Thus the cofactor matrix is:

The adjugate matrix is C7:

j— 20 1— . — P p—
Cu= (=1 (|=1-(0-1)=-1
T O |
Cro= (=1 (|=-1-(0-1)=1
Cis= (1", {|=1-(1-0)=1
11
(,‘21_(—1)31 ol =—1-(0-1)=1
01
(,‘22_(—1)41 ol =1-0-1)=-1
T (U | B
Cos = (=1, {|=-1-(0-1)=1
11
031_(—1)40 | =1-1=0)=1
01
(132_(—1)51 | =-1-0-1=1
01
(J&g:(—l)ﬁ’1 ol =1-0-1)=-1
-1 1 1
cC=11 -1 1
11 -1
-1 1
adj(A)=|( 1 -1 1
1 1 -1

Notice that C' is symmetric, so adj(A4) = C.

Therefore:

1 1 -1 1 1
-1 .
— adJ(A) = — 1 -1 1
det A 2 1 1 1
1 -1 1 1
A7l = 3 1 -1 1
1 1 -1

2. Find real numbers a and 3 such that A2 = a3 + BA.

First compute A?%:

A2=A A=

— = O
_ o =
O = =
— = O
=
e e
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Compute each entry:

Row 1:
(A);;=0-0+1-14+1-1=0+1+1=2
(A%)13=0-1+1-0+1-1=0+0+1=1
(A)13=0-1+1-141-0=0+140=1
Row 2:
(A%)y1=1-04+0-1+1-1=0+0+1=1
(A%)9 =1-14+0-0+1-1=14+0+1=2
(A%)93=1-140-141-0=1404+0=1
Row 3:
(A%)31=1-0+1-14+0-1=0+1+0=1
(A%)39=1-1+1-04+0-1=1+0+0=1
(A%)33=1-14+1-14+0-0=1+1+0=2
Thus:
2 11
AP=1[1 2 1
11 2

Now we want o and /3 such that A? = als + BA.
Write als + fA:

a 0 0 08 B
alz3 =10 a 0], BA=1|p5 0 §
0 0 « 6 B 0

a [ p

alz3+A=|F a [

g B«

2 11
Set this equal to A2= |1 2 1
1 1 2

Comparing entries, we get:

Verification: als+ A = 213+ A gives 2 on the diagonal and 1 elsewhere, which
matches A2,
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1.9 Main Exam (2022/2023)

(" )
University of Ferhat Abbas — Sétif 1

Faculty of Economics, Commerce and Management Sciences | Department of Basic
Education

Main Exam — Mathematics 2

Level: First Year LMD Module: Mathematics 2

Date: 23/05/2023 Duration: 1h 30min
\_ J
[Exercise 1 (06 points)]
Let A and B be two matrices given by:
2 =21 1 2 3
A=[2 -3 2|, B=[012
-1 2 0 0 01
1. Calculate det(A), det(B), det(A”), and det(A + B).

2. Is det(A) = det(AT)?
3. Is det(A + B) = det(A) + det(B)?

[Exercise 2 (08 points) ]

Let A and B be two matrices given by:

12 1 4 -1 3
A=[11 -1|, B=[|3 1 -2
2 3 1 ~1 -1 1

1. Are A and B invertible?
2. Calculate A~! then deduce B~!.

[Exercise 3 (06 points) ]

Let the linear system (.5):

—a:1—|—2:v2—|—x3:2
(S) 331+$2—£C3:0
2I1+3I2+1’3:3

1. Write the system (S) in matrix form, then prove that it is a Cramer system.

2. Solve the system (S) using the Gauss method.
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Solution — Main Exam (2022/2023)

[Solution — Exercise 1 )

Let A and B be two matrices given by:

2 -2 1 123
A=(2 -3 2|, B=|012
-1 2 0 00 1

1. Calculate the determinants.

Compute det(A):

2 =21
det(A)=12 -3 2
-1 2 0
Expand by row 3 (contains a zero):
det(4) = (~1) - (~1)*" | ;‘ r2. (- ;' +0- (minor)

(1) -1 ((=2)2) = ()(=3)) +2- (=) - ((2)(2) = (1)(2))
(=1)-(—=4+3)—2-(4—2)
=(=1)-(-1)—2-2=1—-4=-3.

Thus det(A) = —3.

Compute det(B): B is an upper triangular matrix (all entries below the diag-
onal are zero). For a triangular matrix, the determinant is the product of the
diagonal entries:

det(B) =1x1x1=1.

Compute det(A”): We know that for any square matrix, det(A”) = det(A).
Thus:
det(AT) = det(A) = —3.

Compute det(A + B): First compute A + B:

2+1 =242 1+3 3 0 4
A+B=| 240 -3+4+1 242 =2 -2 4
-1+0 2+0 O0+1 -1 2 1

Now compute det(A + B):

3.0 4
det(A+B)=|2 -2 4
-1 2 1
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Expand by row 1:

det(A+B):3-‘_2 11‘—0-‘_21 11'+4-'_21 _22‘
=3-((=2)(1) = 1)(@) +4- (2)?) - (=2)(-1))
=3-(—2-8)+4-(4-2)
=3-(—10)+4-2=-30+8=—22.

Thus det(A + B) = —22.

det(A) = =3, det(B) =1, det(A")= -3, det(A+ B)=-22|

2. Is det(A) = det(AT)?
We have det(A) = —3 and det(AT) = —3. Thus det(A) = det(AT).

This is true for every square matrix, not just this one.

Yes, det(A) = det(A") |,

3. Is det(A + B) = det(A) + det(B)?
We have det(A + B) = —22, det(A) = —3, det(B) = 1.
Then det(A) +det(B) = -3+ 1= —2 # —22.
Thus det(A + B) # det(A) + det(B).

No, det(A+ B) # det(A) + det(B) |

In general, the determinant is not additive.

[Solution — Exercise 2 )

Let A and B be two matrices given by:

12 1 —4 -1 3
A=|11 -1|, B=[3 1 =2
2 3 1 -1 -1 1

1. Check if A and B are invertible.
A square matrix is invertible if and only if its determinant is non-zero.

First compute det A:

1 2
detA=|1 1 —1
2 3
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Expand by row 1:

1 -1 1 -1 11

N R
=1 (1) = (=DE)) =2+ (HD) = (=D(2)) +1- (HB) = (1)(2))

=1-(1+3)-2-(1+2)+1-(3-2)

4—-2.-3+41=4-6+1=-1.

Thus det A = —1 # 0, so A is invertible.

Now compute det B:

-4 -1 3
detB=1]3 1 =2
-1 -1 1
Expand by row 1:
1 =2 3 =2 3 1
detB_(_4>"—1 1 ‘_(_U ‘—1 1 ‘J“O’ ‘—1 —1’
= (=4 - (D) = (=2)(=D) + 1+ (B)D) = (=2)(=1) +3- (B)(=1) — (1)(=1))
= (4)-(1-2)+1-(3-2)+3- (-3+1)
=(—4)-(-1)+1-14+3-(-2)
=4+1-6=-1

Thus det B = —1 # 0, so B is also invertible.

|Both A and B are invertible |

2. Calculate A~! then deduce B~
We compute A~! using the adjugate method.
First, we have det A = —1.
Compute the cofactor matrix C of A:

o6
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1 —1
011—(—1)23 1‘:1-(1—1—3):4
Cip = (—1) Ll =—1-(1+2)=-3
2 1
11
013_(—1)42 g =1-3-2)=1
2 1
021_(—1)33 | =-1-2=3) =1
11
022_(—1)42 | =1-0=2)=-1
1 2
023_(—1)52 gl =—1-B-4=1
a2
Co = (=)' |] _1‘_1 (—2—1)=-3
11
Cay = (—1)° | _1‘:—1-(—1—1):2
1 2
033_(—1)61 1‘:1 (1-2)=-1
Cofactor matrix:
4 -3 1
C=11 -1 1
-3 2 -1
Adjugate matrix = O7":
4 1 -3
adj(A)=|[-3 -1 2
1 1 -1
Thus:
] L[4 1 -3 —4 -1 3
-1 adj(A)=— (-3 -1 2 |=(3 1 =2
det A L T T 111

Notice that A~! is exactly the matrix B given in the problem.

-4 -1 3
Al=3 1 =2
-1 -1 1

Since B = A"', we have B™' = (A™!)~! = A.
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[Solution — Exercise 3 J

Let the linear system (.5):

—LE1+2$2+.’E3 =2
(S) ZE1+CL’2—Z‘3:0
2$1+3$2+ZL‘3 :3
1. Matrix form and Cramer system verification.

The system can be written as AX = B where:

-1 2 1 7 2
A=|1 1 -1, Xx=[=]|, B=]o0
2 3 1 T3 3

A system is Cramer if it has n equations, n unknowns, and det A # 0. Here
n =3J.

Compute det A:

-1 2 1
detA=|1 1 —1
2 3 1
Expand by row 1:
1 -1 1 -1 11
wwnmCo ) o e
= (=1)- (D) = (=1)(3)) =2 ((1)(1) = (=1)(2)) + 1 ((1)(3) — (1)(2))

(1) (1+3)—2-(1+2)+1-(3-2)
(—1)-4—2-3+1-1

—4—-64+1=—9.

Since det A = —9 # 0, the system is a Cramer system.

2. Solve the system using the Gauss method.
Write the augmented matrix [A|B]:

-1 2 1|2
1 1 —-1/(0
2 1 (3

Step 1: Swap R; and Rs to get a leading 1:
1 -1

1
R1<—>R21 -1 2 1
2 3 1

w N O

Step 2: Eliminate x; from rows 2 and 3: Ry « Ry + Ry:
(=14+1,2+1, 14+(=1), 24+0)=(0, 3, 0, 2)
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Rg(—R3

- 2R1:

(2-2,3-2,1+2 3-0)=(0, 1, 3, 3)

Matrix becomes:

Matrix becomes:

(0, 1,0, %)
11 -1]0
01 012
01 3|3

Step 4: Eliminate x5 from row 3: R3 < R3 — R»:

Matrix becomes:

(0,1-1,3-0,3-2)=(0, 0, 3, 1)

11 -1]0
01 0|2
00 3|2

Step 5: Back substitution.

From Rj3: 3x3 = % = 13 =1.

From Rs:

_ 2
$2—§.

9

From R;: x1+x2—x3:O:>x1—l—§—g:0

:>ZU1+§—%:O:>Z'1—%:0=>$1:1

Thus the solution is:

Verification:

O =

2
3

S———" W D ———

§.

1 2 7
i = — a = — T = — .
1 97 2 37 3 9

+Z——1+Z—L+Z——1+— —=—=2 V
9 9 3 9 9 9 9 9

7 1 6 7

R

702 79

=42 =T 42=-142=
tg=gT2tg=g™t +2=3 V

(@4
Ne
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1.10 Main Exam (2023/2024)

4 a
University of Ferhat Abbas — Sétif 1

Faculty of Economics, Commerce and Management Sciences | Department of Basic
Education

Final Exam — Mathematics 2

Level: First Year LMD Module: Mathematics 2
Date: 22/05/2024 Duration: 1h 30min

[Exercise 1 (06 points) J

Consider the following 3 x 3 matrix A with parameters a and b:

1 26 —a
A=10 3 b
2 0 a

1. Using Sarrus’ rule, find the determinant of matrix A in terms of a and b.

2. For which values of a and b is the matrix A symmetric (A = AT)?

3. For which values of a and b is the matrix A lower triangular?

4. Calculate the trace tr(A).

5. Determine the values of a and b for which ¢r(A) = 4 and the matrix A is singular.

6. Can we find values of a and b for which the matrix A is a diagonal matrix?
Justify your answer.

[Exercise 2 (06 points) J

Let A be the matrix given by: A = (? —_152)
1. Determine the characteristic polynomial of A.

2. Find the eigenvalues and eigenvectors for A.

3. Find the matrices D, P, and P~! such that A = PDP~! (where D is diagonal
and P is invertible).
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[Exercise & (08 points) J

Let (S) be a system of linear equations:

—r—3y+62=1
(S) Q62 —8y+122 =2
3r—3y+42=0

1. Rewrite the system (.S) in the matrix form AX = B.

2. Using the cofactors method, show that det(A) = —4, then conclude about the
nature of the system (.5).

3. Using Cramer’s method, show that (S) has a unique solution: © =2,y =8,z =
9

5-
4. Deduce the solutions of the system (S’) for variables z1, xs, z3:
—e™ —3In(zs) + Swz =1

(8) € 6e™ — 8In(zy) + a5 =2
3e™ — 3In(xs) + 223 =0

Full Solution

[Solution — Exercise 1 )

Consider the following 3 x 3 matrix A with parameters a and b:

1 26 —a
A=10 3 b
2 0 a

1. Using Sarrus’ rule, find det A in terms of a and b.

Sarrus’ rule for a 3 x 3 matrix:

detA= > - )

main diagonals  anti-diagonals

Write the matrix with the first two columns repeated:

[\]

b —a
3 b
0 a

[\

b
3
0

N O =
N O =

Main diagonals (from top-left to bottom-right):

Di=1-3-a=3a
Dy =2b-b-2 = 4b?
D3=(—a)-0-0=0
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Sum of main diagonals: 3a + 4b?.

Anti-diagonals (from top-right to bottom-left):

Ay =(—a)-3-2=—6a
A3 =2b-0-a=0

Sum of anti-diagonals: —6a.

Therefore:

det A = (3a + 4b%) — (—6a) = 3a + 4b* + 6a = 9a + 4b°.

et A = 9a + 4b%]

2. For which values of @ and b is A symmetric (A = AT)?

Compute AT:

1 0
AT =|2b 3
b

—a

< O N

For A = AT, we compare entry by entry:

(1,2): 2b=0=0b=0.

(1,3): —a=2=a=—-2.

(2,3): b= 0 (already satisfied).

Check (2,1): 0=20=0OK. (3,1): 2= —-a =2 OK. (3,2): 0=0b=0 OK.
Thus:

la=-2b=0]|

3. For which values of a and b is A lower triangular?
A matrix is lower triangular if all entries above the main diagonal are zero.

Entries above the diagonal: (1,2) =20=0=0=0, (1,3) = —a=0= a =0,
(2,3) = b =0 (already satisfied).

Thus:
a=0, b=0]|

4. Calculate tr(A).

The trace is the sum of the diagonal entries:

tr(A)=1+3+a=4+a.

tr(A) =4+ al
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5. Determine a and b such that tr(A) =4 and A is singular.
tr(A) =4 =4+a=4=a=0.
A singular means det A = 0 = 9a + 4b* = 0.
Substitute a = 0: 40> =0 = b = 0.
Thus:
a=0,b=0]|
For a =0, b = 0, check: tr(A) =4, det A = 0.

6. Can we find values of a and b such that A is a diagonal matrix? Justify.
A diagonal matrix must have all off-diagonal entries equal to zero:
(1,2)=2b=0=0b=0,(1,3) =—a=0=a=0,(2,1) =00K, (2,3) =b=0
OK, (3,1) =2 # 0 — fails regardless of a and b.

Thus it is impossible for A to be diagonal because the (3,1) entry is always 2,
never zero.

No, because A3; =2 # 0 for all a, b‘.

[Solution — Exercise 2 )

Let A be the matrix given by:

1. Characteristic polynomial of A.

Py(\) = det(A — \I5) = ‘2 “A -2 ‘

15—
= 2-X(=5-1) - (-12)(1)
=2-=XN(=b—=XN)+12
= —10 — 2\ + 5\ + \* + 12
=N +3)\+2.

Thus:

Py(A) = A2 +3)+2|.

2. Find the eigenvalues and eigenvectors.

Solve P4(\) = 0:
M 4+304+2=0

A+1D)(A+2)=0
A =1, Ay = —2.
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Eigenvector for \; = —1:

B 241 —12 )\ [\
dermee = (B 72)(7)

()6

From the second row: x — 4y = 0 = x = 4y. Choose y =1, © = 4.

(4
v = 1/
Eigenvector for \, = —2:

B 242 12 [z
N AL

(b 5)6) -

From the second row: x — 3y =0 = x = 3y. Choose y =1, x = 3.

o ()

Thus:
4 3
)\1 = —]., V1 = <1> 3 )\2 = —2, Vo = (1) .

3. Find D, P, and P! such that A = PDP~!.
Let D be the diagonal matrix with eigenvalues on the diagonal:

-1 0
D= ( ) _2> |
Let P be the matrix with eigenvectors as columns:

(1),

Now compute P~

Verification:
4 (4 3 -1 0
PDP = (1 1 0 -2
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PR
4 3\ (-1 3 446 1224 2 —12
-1y _— _ _ _
Then P(DP )_<1 1)(2 —8>_(—1+2 3—8)_<1 —5)‘

A
/-1 0 /43 L (1 =3
G O i O L SRV

Thus:
Let (S) be a system of linear equations:

First compute DP~! = (_1 3 )

—r—3y+62=1
(S)S 6z —8y+122=2
dr—3y+42=0

Deduce the solutions of the system (S’) for variables xq, o, z3:

—e™ —3In(zs) + Suz =1
(8') € 6e™ — 8In(xz) + 2a5 =2
3e™ — 31n(zs) + 123 =0

1. Matrix form AX = B.

-1 -3 6 x 1
A=16 -8 12), X=|y|, B=|2
3 -3 4 P 0

2. Using the cofactors method, show det(A) = —4, then conclude about the nature
of (5).

Compute det(A) using cofactor expansion along row 1:

~1 -3 6
det(A)=|6 —8 12
3 -3 4

det(A):(_1).’_§ 12 6 12' 6-'6 _8'

4’_(_3)"3 4 3 -3

(=1 ((=8)(4) = (12)(=3)) +3- ((6)(4) — (12)(3)) +6- ((6)(=3) — (=8)(3))
(—1) - (—32+36) +3- (24 — 36) + 6 - (—18 + 24)

(—1)-4+3-(-12)+6-6

— —4—36+36=—4.

Thus det(A) = —4 # 0, so the system (S) is a Cramer system and has a unique
solution.
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3. Using Cramer’s method, show that (5) has a unique solution: z = 2, y = 8,

z=3.
We have det(A4) = —4.

Compute det(A,) (replace column 1 with B):
1 -3 6

A, =2 -8 12

0 -3 4

1 6
2 12

= (=3)- (=1)- ()(12) = (6)(2)) +4-1- (1)(=8) = (=3)(2))
=3-(12—-12)+4- (-8 +6)

Expand by row 3:

det(A,) =0 - (minorg;) + (—3) - (_1)3+2

‘ +4-(=1)%3

1 -3
2 =8

=3.0+4-(—2)= -8

det(A,) -8
e det(A) —4
Compute det(A,) (replace column 2 with B):
-1 1 6
A, =6 2 12
3 0 4
Expand by row 3:
det(A,) =3 (~1)*" |} |40 (minorss) +4- (~1** |1 ]
Y 2 12 32 6 2

=3-1-(12-12)+4-1- ((-1)(2) — (1)(6))
=3-0+4-(—2—6)=4-(-8)=-32.

det(4,) —32
det(A)  —4
Compute det(A,) (replace column 3 with B):

-1 -3 1
A,=| 6 -8 2
3 =30

-3 1
-8 2

= 8.

Thus y =

Expand by row 3:

-1 1

9 . (_1\3+1
det(A,) = 3- (1) o o

|+ (-3): (1

‘ + 0 - (minorss)

=3-1-((=3)(2) = ()(=8)) +(=3) - (=1) - ((=1)(2) — (1)(6))
—3-(—6+8)+3-(—2—6)
—3.2+3-(—8)=6—24=—18.
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det(4,) —18 9
Thus » = -7
BT et T —4 2

Hence the unique solution is:

. Deduce the solutions of the system (.5”).

The system (57) is:
—e™ —3In(zs) 4 Sa3 =1
6e™ — 8In(zo) + Fag = 2
3e™ —3ln(xs) + 23 =0

Let X =e™,Y =1In(xy), Z = 3. Then (5") becomes:

X -3Y+67=1
6X —8Y +12Z =2
3X -3Y +4Z2=0

This is exactly the linear system (S) with variables XY, Z.

From part 3, the solution is:

Thus:

m_9_ 4
52 2"

Therefore, the unique solution of (S”) is:

45
1 =1n2, xo=¢€% T3=—|

67
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1.11 Main Exam (2024,/2025)

4 )
University of Ferhat Abbas — Sétif 1

Faculty of Economics, Commerce and Management Sciences | Department of Basic
Education

Final Exam — Mathematics 2

Level: First Year LMD Module: Mathematics 2

Date: 25/05/2025 Duration: 1h 30min
\_ J

[Exercise 1 (07 points)]

Consider the following 3 x 3 matrix:

1. Using Sarrus’ rule, find the determinant of A. Is A an invertible matrix?
2. Calculate A~! using the adjoint matrix method.

3. Calculate A% and deduce A% — 2A — 51.

4. Verify that A(A? —2A —51) = 241.

5. Deduce the matrix A~! again.

[Exercise 2 (o7 points)]

Let (S5) be a system of linear equations in variables x,y and z:

—r+2y—z=3
(S): r+y+z=0
r—4y—22=1

1. Rewrite the system (5) in the matrix form AX = b.

2. Calculate det(A) using the cofactors method. What can we conclude about the
system (.5)?

3. Using Cramer’s method, show that the system (S) has a unique solution x =
1, y=1, z=-2.
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4. Deduce the solutions of the system (S’) in variables z1, x5 and w3, such that:
2 L3
) T
(8') : $%+\/$2+73:O
r] — 41y — 3 =1

[Exercise 3 (06 points) ]

1=(12)

1. Determine the characteristic polynomial of the matrix A.

Let A be the matrix given by:

2. Find the eigenvalues and eigenvectors for the matrix A.

3. Find the matrices D, P and P~! such that A = PDP~!. (D is a diagonal matrix,
P is an invertible matrix and P~! is the inverse of P).

Full Solution

[Solution — Exercise 1 )

Consider the following 3 x 3 matrix:
2 5 =3
A=12 1 1
2 0 —1
1. Determinant of A using Sarrus’ rule.

Sarrus’ rule for a 3 x 3 matrix:
det A = (a11a22a33 + a12a23031 + a13G21a32) — (A13022a31 + Q11023032 + A12G21033)

For A:
Suml = (2)(1)(=1) + (5)(1)(2) + (=3)(2)(0)
— 24104+0=8
Sum2 = (=3)(1)(2) + (2)(1)(0) + (5)(2)(=1)
=—6+0—-10=—-16
det A = Suml — Sum2 =8 — (—16) = 8 + 16 = 24.

Since det A = 24 # 0, A is invertible.

|det A =24, Ais invertible|
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2. Calculate A~! using the adjoint matrix method.
We need adj(A) = (C;;)", where C; are cofactors.

Compute all cofactors:

Cy = (-1 (1) _11' =1-(1(=1) - 1(0)) = -1

Chy = (—1)1+2 ; _11'

Cig = (=) ; é‘ =1-(2000-1(2)=0-2= -2

Cu= (17 |§ T

G = (192 THl =1 (o0 - (-3)@) -

Coz = (—1)*+? ; (5)‘ =—1-(2(0) = 5(2)) = —1- (0 —10) = 10

O = (1) 2 “13‘ 1. (5(1) = (=3)(1)) = 5+3 =8

G = (125 =1 ) - (3)@) = -1 246 = 3
O = (1) |2 f’ —1.(2(1) =5(2) =210 = —8

Cofactor matrix:

-1 4 =2
C=1[5 4 10
8§ —8 =8

Adjugate matrix (transpose of C'):

-1 5
adj(A)=CT"=| 4 4
-2 10
Then:
1 1 (7]
Al = adj(A) = — | 4
det A 24 “9 10

8
-8
-8

)
4

) |

L [l 5 8
A—l:ﬂ 4 4 -8

-2 10 -8

) |

3. Calculate A% and deduce A? — 24 — 51.
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2 5 2 5
A2=A-A=1|2 1 1 2 1 1
2 0 2 0

Compute:
Row 1:
(A%);; =2-245-24(=3)-2=4410—6=218
(A1, =2-5+5-1+(=3)-0=10+5+0=15
(A%)13=2-(=3)+5-1+(=3)- (1) = —6+5+3=2
Row 2:
(A% =2-2+1-2+41-2=4+2+2=38
(A9 =2-54+1-1+1-0=10+1+0=11
(A3 =2 (=3)+1-1+1-(-1)=—6+1—1=—6
Row 3:
(A%)5 =2-240-2+4(=1)-2=440—-2=2
(A% =2-540-1+(=1)-0=104+0+0= 10
(A%)33=2-(=3)+0-1+(=1)-(-1)= =6+0+1=-5
Thus:
8 15 2
A*=18 11 —6
2 10 =5
Now compute 2A and 51:
4 10 —6 500
24=14 2 2], 5s51=[05 0
4 0 =2 005
8—4 15—10 2—(—6) 4 5 8
A —24=18-4 11-2 —6-2 |=[4 9 -8
2—-4 10—-0 —5—(-2) —2 10 -3
4—-5 5—-0 8-0 -1 5 8
A2 —2A—-5I=|4-0 9-5 —8-0]|=|4 4 -8
—2-0 10—-0 —-3-5 —2 10 -8
-1 5 8
A2 —24—-5I=| 4 4 -8
—2 10 -8

4. Verify that A(A? —2A —5I) = 241.
Let M = A2 —2A — 51. Compute A - M:
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2 5 =3 -1 5 8
A-M=121 1 4 4 =8
2 0 -1 -2 10 -8

First row:

)i =2(=1) +5(4) + (=3)(=2) = —2+20+ 6 = 24
104+20-30=0
(—8) =16 —40+24 = 0

~— = —
(=)
~—
I

Second row:
(AM)91 =2(—1)+1(4)+1(-2)=-24+4—-2=0
(AM)oo =2(5) +1(4) + 1(10) =10+ 4+ 10 =24
(AM)o3 =2(8) +1(—8) 4+ 1(—-8) =16—-8—-8=0

Third row:
(AM)3 1) +0(4)+ (=1)(-2)=-2+0+2=0
(AM)32 =2(5) +0(4) + (=1)(10) =10+ 0—-10=10
(AM)s3 = 2(8) + 0(—8) + (—=1)(—8) =16 +0+8 =24
Thus:
24 0 0
A-M=|0 24 0 | =241;.
0 0 24

Verified: A(A* — 24 —51) = 2415 |.

5. Deduce the matrix A~! again.
From A - M = 2415, we have:

1
A-—M = 1I;.
24 ’
Thus: ) .
Al = —M = —(A? — 24 — 5]).
24 24( 51)
-1 5 8
Fromstep 3, M=| 4 4 -8, so:
-2 10 -8
1 -1 5 8
A‘lzﬂ 4 4 -8
-2 10 -8

L [l 5 8
A—lzﬂ 4 4 -8
-2 10 -8
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[Solution — Exercise 2 J

Let (S5) be a system of linear equations in variables x,y and z:

—r+2y—z=3
() : r+y+z2=0
r—4y—2z=1

Deduce the solutions of the system (S’) in variables z;, x5 and x3, such that:

—ZL‘l —I— 2 To — 5 = 3
(5") : x§+¢x—2+%:o
ry —4/xe — 3 =1
1. Matrix form AX = b.
-1 2 -1 x 3
A=(1 1 1], x=[y|], bv=[o0
1 -4 =2 z 1
The system is AX = b.
2. Calculate det(A) using the cofactors method.
-1 2 -1
detA=|1 1 1
1 -4 =2
Expand by row 1:
1 1 1 1 1
det A = ‘ 4 ‘ "1 o[ T (=D) ’1 _4‘
= (1) (D(=2) = ()(=4) =2 ((1)(=2) = ()(D)) = 1+ ((1)(=4) = (1)(1))
=(-1)-(-2+4)—-2-(-2-1)—-1-(-4-1)

(-1)-2-2-(=3) = 1:(-5)
= —2+6+5=09.

Since det A = 9 # 0, the system (5) has a unique solution.

det A =9, so (S) has a unique solution |

3. Using Cramer’s method, show that the solutionisx =1, y=1, 2z = —2.
We have det A = 9.
Compute det A; (replace column 1 with b):

3 2 -1
A=[0 1 1
1 —4 -2
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Expand by row 1:

11 0 1 0 1

4 —QM_Q'L —2‘+(_1y’1 —J

=3 (()(=2) = ()(=4) =2 ((0)(=2) = (1)) = 1- ((0)(=4) = (1)(1))
—3.(=244)=2-(0—1)—1-(0—1)

detA1 =3-

=3.2-2-(=1)—1-(=1)

=6+2+1=09.
detA1 9

Th = =—-=1
BT et A T 9

Compute det Ay (replace column 2 with b):

~1 3 -1
A= 1 0 1
1 1 -2

Expand by row 1:

det Ay = ﬁ-&‘ E jJ+(1yH ﬂ
= (-1~ ((0(=2) = (V) =3~ (D(=2) — WD) = 1- (D) - O)(1))
= (— D(O—U 3-(—2—1)—1-(1-0)
= (-1)(-1) =3 (-3) ~ 1-1
=1+9-1=

Compute det Ajz (replace column 3 with b):

-1 2 3
A3=11 1 0
1 -4 1
Expand by row 1:

detAg—(—l)~‘_1 0‘—2.’1 !

oo

1 —4

(=1) - (@) = (0)(=4)) =2 (Y1) = (0)(1)) +3- ((1)(=4) = ()(D)
=(-1)-1-2-1+3-(-4-1)
=-1-2+3-(-5)=-3—15=—18.

det Ag . —_]_8
detA 9

Hencez =1, y=1, z = —2. .
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4. Deduce the solutions of the system (S5’).
Notice that (S’) is obtained from (S) by the substitution:

X =22 Y =i Z:%.

Indeed, with z = X, y =Y, 2z = Z, the first equation of (S) becomes:
—x+2y—2=-X+2Y -2

which equals 3, matching the first equation of (7).
From (S) we found x =1, y =1, z = —2.

Thus:
x%zl = x1=1lorz =-—1,
Vie =1 = x5 =1 (since /x5 > 0, we take zo = 1),
T3

=-2 = = —4.
2 3

Therefore (S) has two solutions:

(x1,29,23) = (1,1,—4) and (x1,z9,23) = (—1,1,—4).

(1,1,—4) and (—1,1, —4)|

[Solution — Exercise 3 J

()

1. Characteristic polynomial of A.

Let A be the matrix given by:

Py(\) = det(A — \I,) = ‘1 A0 ‘

12—
=([1=02=2-0)1) =1 -)2-2N).

Thus:

PaN) = (1- N2 - )]

2. Find the eigenvalues and eigenvectors.
Set P, A()\) =0:

Eigenvector for \; = 1:

aoramo = (171,0)(0) =
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G-

Second equation:  +y=0=y = —x. Choose x =1, y = —1.

1
V1 = _1)-
Eigenvector for )\, = 2:

1-2 0 x
aramo = (177,0,)(7) =
-1 0\ [z
(o) 6)-
First equation: —x =0 =2 = 0. y is free. Choose y = 1.

()
Vg = 1/
/\1:1,1}1:(_11), )\2:2,1)2:((1)).

Eigenvalues: 1 and 2, FEigenvectors: (_11) , (0) !

Thus:

3. Find D, P, P! such that A = PDP~!.
Since A has two distinct eigenvalues, it is diagonalizable.

Let P be the matrix with eigenvectors as columns:

1 0
P (_1 1) |
Let D be the diagonal matrix with eigenvalues on the diagonal:
10
o (0 2) |
Then A = PDP~!.

Now compute P~
det P = (1)(1) — (0)(—1) = 1.

1/1 0 10
-1 _ * _
R (]
Verification (optional):

por= (LD (39 (1)
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1 0\ /1 0 10
: -1 _ _
First compute DP~" = (0 2) (1 1) = (2 2).
1 0\ /1 0O 1 0 10
T P(DP-1) — _ _ — A
hen P( ) (—1 1) (2 2) (—1 +2 0+ 2) (1 2> ’

Thus:
(1 0 (1 0 1 (10
p=(o5) P=(41) #=(Y)
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Chapter 2

Resit Examinations — Second Session

2.1 Resit Exam (2017/2018)

4 )
University of Ferhat Abbas — Sétif 1

Faculty of Economics, Commerce and Management Sciences | Department of Basic
Education

Resit Exam — Mathematics 2

Level: First Year LMD Module: Mathematics 2

Date: 09/06/2018 Duration: 1h 30min
. J

[Exercise 1 (06 points) J

I. Let A and B be two matrices given by:

1 1 1
~11 1 —3 3 3
A=[o0 1 2], B=[1 0 1
1 0 -1 11 1
2 2 2

1. Calculate det(A) and det(B). What can we remark?

2. Calculate AB and BA. What is the relationship between the two matrices?

II. Let the vectors

1 1 1
Uy = <(I’ 17 _5) ) Uy = (5707 —CL) ) ug = (57 1,CL>

1. Find the value of a for which uy, us, us are linearly independent.

[Exercise 2 (06 points) ]
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Let the linear system
—T1 + T + X3 = 1
) —|— 21‘3 = —]_
Tl — X3 = 2

1. Write the system in matrix form, then prove that it is a Cramer’s system.

2. Solve the system using the inverse method.

[Exercise 2 (08 points)]

=0 )

1. Give the characteristic polynomial of A.

Let A be the matrix:

2. Find the eigenvalues and eigenvectors.
3. Prove that A is diagonalizable and write it in the form A = PDP~.

4. Calculate A3. What do you remark?

Full Solution — Resit Exam

[Solution — Exercise 1 )

I. Let A and B be two matrices given by:

1 1 1
11 1 ~3 3 3
A=[lo0o 1 2], B=[1 0 1
1 0 —1 11 1
2 2 2

Part 1

1. Calculate det(A) and det(B).

-1 1 1
detA=|{0 1 2
1 0 -1
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Expand by row 1:

Now det B:

Q.

@D

-+

oy

I

—_
N= O NI

— N

I
N[

Factor % from row 1 and —% from row 37 Better to compute directly: Expand
by row 2 (contains zeros):

det B=1-(—1)*"

D[ =0 =

Simplify:

e (3 ()3 e ()42 ()

First term:
Second term:

Thus det B = %
Remark: det A =2, det B =3 = 1.

2. Calculate AB and BA.
First compute AB:

S
AB=[0 1 2 1 0 1
Lo 1)\
Entry (1,1): (-1)(-3) +1(1)+1(-3)=3+1-1=1
(1,2): (-1)(3)+10)+1(3)=-2404+3=0
(L,3): (D) +11)+1(-H)=-t+1-1=0
(2,1): 0(—3) +1(1) +2(—3)=0+1-1=0
(2,2): 0(2) +1(0) +2(3) =0+0+1=
(2,3): 0(3) +1(1) +2(—3)=0+1-1=0
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(B,1): 1= +0)+(-1)(-H)=—-2+0+1=0
(3,2): 1(3) +0(0) + (-1)(3) =3+0—-3=0
(3,3): 1(3) +0(1) + (—1)(=3) =14+ 0+35 =1
Thus

Similarly, compute BA (should also be I3 if B = A™1). Since AB = I3, BA = I3
automatically for square matrices.

Relationship: B = A~L.
Part 11

1. Find a such that wu, us, ug are linearly independent.

Form matrix M with uy, us, ug as rows (or columns). Use rows:

1

a 1 -3
M 1
1

5 1 a

Vectors are linearly independent iff det M # 0.
Compute det M:

a 1 —%
det M = % 0 —a
% 1 a
Expand by row 2:
_ 1 941 |1 —% otz la 1
det M=o (=) 2+0-()+(=a) (-1) I

Il
N | —
i
—_
SN—
VRS
—_
)
|
/T\
N | —
~~
—_

Set det M # 0:
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Solve 4a® —4a — 1 = 0:

44+16+16 4++/32 4+4V2 1+V2
a = = = = .
8 8 8 2

Thus uy, us, uz are linearly independent for:

1 2 1—+2
a # V2 and a # V2 :
2 2
[Solution — Exercise 2 )
Let the linear system
—T1 + T2 + I3 = 1
T2 + 2.733 =—1
Ty — T3 = 2
1. Matrix form and Cramer system verification.
The system can be written as AX = B where
-1 1 1 1 1
A=10 1 2], X=|[x]|, B=|-1
1 0 -1 x3 2

A system is Cramer if n equations, n unknowns and det A # 0. Here n = 3.

Compute det A:

-1 1 1
detA=|0 1 2
1 0 —1
Expand by row 1:
1 2 0 2 0 1
anm ) 2 af 2aap

Since det A = 2 # 0, the system is a Cramer system.

2. Solve using the inverse method.
Since A is invertible, X = A~'B.
First find A~! using the adjugate method.

Cofactor matrix of A:
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ou =0y 2 =1 e - @) =1

Cha = (1)1 ) _21'=—1 (0)(~1) = (2)(1)) = ~1- (0~ 2) =2
Cua= 1] gl =10 - W) =1

Cu= (177 =1 () - @) = 1+ (-1 0) =1

cn =2 | =1 o0 - mwy = 1-1-0

Caa= (17| 1) =1 (00 - @) = -1 0 -1 =1
On = (-1} 4 =1 (W@ - W) =2-1-1

O = (=12 [l =1 (D) - @)0) = -1+ (-2 0) =2
Coa= (=17 1 1= 1 (-0 - o) =1

Then:

= N

|
—
|
o,
| =
s
2
=
—~
s
~—
|
|
~
| o
—_
_ o
=
—_
\—/
I
~—
o=
N
N O Nl
|
[
N—

I
~
I
N[ N
= O N

| — N
[N
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First component:
1 1 1 1
Ty = (——) (1)+—(—1)—|——(2):———5—1-1:—1—1—1:0.
Second component:
o =1(1)+0(-1)+1(2)=1+0+2=3.

Third component:

xgz(—%) (1)+%(—1)+(—5)(2):—5—%_1:_1_1:_2

Thus the solution is:

’5(71:(), I2:3, .1}3:—2.
Verification:
—$1+Ig+l‘3:0+3—2:1 v
Tg+203=3+2(-2)=3-4=-1 V
[Solution — Exercise 3 )

Let A be the matrix:

1. Characteristic polynomial of A.

Pa(A) = det(A — AL) = ‘_10_ o A’
= (=1=X)(1 =) —(1)(0)
C(C1= N1 =)

=—(1+N1=-XN)=—-1-X)=I-1.

Thus:

Ps(\) =\ — 1|

2. Find the eigenvalues and eigenvectors.

Solve Pa(\) = 0:
M-1=0 = (A-1DM\+1)=0
AM=1, A=-—1
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Eigenvector for \; = 1:

(A-1-Lw=0 = (‘10_1 1;)(5):0
(¢ 0) ()

First equation: —2x +y =0 =y = 2z. Choose x = 1, y = 2.

(1
v = 9"
Eigenvector for \, = —1:

B —1+1 1 T\
erasr = () ()

b 2) ()0

First equation: 0-x+1-y=0=y = 0. z is free. Choose x =1, y = 0.

1
UQZ(()).
)\1:1,1}1:(;), /\2:—1,1}2:((1)).

3. Prove A is diagonalizable and write A = PDP~!.

Ais 2 x 2 with two distinct eigenvalues (1 and —1), so it is diagonalizable.

Thus:

Let P be the matrix with eigenvectors as columns:
11
p- (2 O) |
Let D be the diagonal matrix with eigenvalues on the diagonal:
1 0
o~ %)

Then A = PDP~.
Compute P~

1 /0 -1 0o 1L
,1__ _ 2
r=g(5 )08

Verification (optional):

(1 1\(1 0\/(0 1}
ror= (5 0) (6 %) (1 2
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1 0\ /0 ! 0 1
1 -1 _ 2 — 2
reor = (o 2) () - ()

-1y — 2| — 2 2 ) = =
Then P(DP) (2 O) (_1 %) (O +0 1+0 0 1 A

Thus:

4. Calculate A3. What do you remark?
Since A = PDP~!, we have A3 = PD3P~ 1.

13 0 1 0

3 _
b= (0 (—1)3) B <0 —1) =b
Thus A% = PDP~ ! = A.

A=Al

Remark: A% = A, so A is an idempotent-like matrix (periodic with period 2:
A%HL = A for all k > 0). Also note A% = I,? Let’s check quickly:

2
o (-1 1\" (1 0\
A_(o 1> _(o 1)‘12'

So indeed A? = I,, which explains A3 = A2 - A=1,- A= A.
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2.2 Resit Exam (2018/2019)

(" )
University of Ferhat Abbas — Sétif 1

Faculty of Economics, Commerce and Management Sciences | Department of Basic
Education

Resit Exam — Mathematics 2

Level: First Year LMD Module:  Mathematics 2
Date: 29/09/2019 Duration: 1h 30min

[Exercise 1 (06 points) ]

Answer by True or False, correcting the false statements:

1. The trace of a square matrix is the product of its main diagonal elements.

2. The determinant of any square matrix can be calculated using the following
methods: Sarrus, Gauss, and Expansion.

3. Homogeneous systems have at least one unique solution.

4. A Cramer system is solved using the "Cramer", "Gauss" and "Rank" methods.

[Exercise 2 (06 points) ]
Let the two matrices A and B be defined as:
-1 1 1 1 -1 1 1
A=10 1 2|, B= 3 2 0 2
1 0 -1 -1 1 -1

1. Calculate |A| and |B|. What do you observe?

2. Calculate A x B and B x A. Determine the relationship between A and B.

[Exercise 3 (08 points) ]

Consider the following system of linear equations:

—$1+£L‘2+£B3:2
(S) $2+2$3:0

Try — T3 = 1
1. Is (S) a Cramer system?

2. Solve the system (.5) using two methods: (a) Cramer’s rule, and (b) the matrix
inverse method.

88



Mathematics 2-Exams Chapter 2. Resit Examinations — Second Session

Full Solution

[Solution — Exercise 1 )

1. False. The trace of a square matrix is the sum of its main diagonal elements.
2. True. These are the standard computational methods for square matrices.

3. False. Homogeneous systems always have at least the trivial solution (0,0, 0).
They have a unique solution only if the determinant is non-zero.

4. False. Both Cramer’s rule and Gauss elimination are applicable for solving
Cramer’s systems and rank methods is used for non-Cramer’s systems .

[Solution — Exercise 2 )

1. Determinants: [A] = —-1(-1-0)—1(0—-2)+10—-1)=1+2—-1=2.

-1 1 1
IBl=(3)%2 0 2|=3[-1(00-2)—1(-2—(-2))+1(2-0)] = z[2+2] = £.
-1 1 -1
Observation: |B| = ‘7}|.
-1 1 1 -1 1 1 2 00
2. Matrix Products: AxB=| 0 1 2 % 2 0 2 = % 0 20
1 0 -1 -1 1 -1 0 0 2
13.
Bx A= ]3.
Relationship: Since A x B = B x A = I3, the matrix B is the inverse of A
(B=A).
[Solution — Exercise 3 )

Consider the following system of linear equations:

—$1+.’B2+$3:2
(S) $2+2£C3:0

Il—l’gzl

1. Is (S) a Cramer system?

A system is Cramer if it has n equations, n unknowns, and det A # 0.
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Write the system in matrix form AX = B:

-1 1 1 1 2
A - O 1 2 5 X = x2 s B = 0
1 0 -1 3 1

-1 1 1
detA=|0 1 2
1 0 —1
Expand by row 2:
det A =0+ (minory;) + 1 - (—1) 1 1 +2-(=1) L 0

=1-1-((=D(=1) = (D)D) +2- (=1) - ((=1)(0) = (1)(1))
—1-1-1)—=2-(0—1)
—1.0-2-(-1)=0+2=2.

Since det A = 2 # 0, the system is a Cramer system.

2. Solve the system using two methods.
(a) Cramer’s rule:
We have det A = 2.
Compute det A; (replace column 1 with B):

Expand by row 1:
detAl_Q-’1 2’ I ‘0 2

1. _|_1.01
0 -1 1 -1

10
=2-(()(=1) = (2)(0)) = 1- ((0O)(=1) = (2)(1)) + 1 ((0)(0) = (1)(1))
—2.(=1-0)—1-(0—2)+1-(0—1)
—2-1.(-2)—1=-2+42-1=-1
Compute det Ay (replace column 2 with B):
-1 2 1
A, =10 0 2
1 1 -1

Expand by row 2:

det Ay = 0 - (minory; ) + 0 - (minoryy) + 2 - (—1)*+?

-1 2
1 1

90



Mathematics 2-Exams Chapter 2. Resit Examinations — Second Session

—2.(=1)- (=1)(1) — (2)(1))

=2 (-1-2)=-2-(-3) =6.

Compute det Az (replace column 3 with B):

-1 1 2
1 01

Expand by row 2:

-1 2

det Az = 0 - (minorg; ) + 1 - (—1)*"2 1 1

‘ + 0 - (minorag)

=11 (1)) - @) =—-1-2=-3

Now by Cramer’s rule:

det A1 —1 1 det A2 6 det A3 -3 3

= etA 2 20 T ea 27 BT qetAa . 2 2

Verification of solution:

3
Eq2: 29+ 223 =3+ 2 —5)23—3:0 v

1 3 1 3
Eq3: $1—$3:(—§)—<—§):—§+§:1 v

Thus the solution is:

Ty = ——=, $2:3, T3 = —— |

(b) Matrix inverse method:
We have X = A~!'B.
First find A~! using the adjugate method.

Cofactor matrix of A:
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Cn = (-1?|; _21’ — 1 (1(=1) = 2(0)) = —1

Clp = (—1)* (1) _21’ =—-1-(0(-1)—-2(1))=-1-(0-2)=2
Ci3 = (—1)* (1) (1]‘21 0-0-1-1)=-1

O = (-1 ¢ _11’ (=) = 1(0) = =1 (1) = 1
Ca= (07 L =1 (0 -1y =110
Ca= (17|71 g =1 (DO - 1) =1 (-p =1
Cs = (—1)* 1 ;‘ =1-(1-2—-1-1)=

G = (1P| =1 (D@ - 10) = -1 (-2 =2
Ca= (-1 3= 1+ (D - 10) = -1

Cofactor matrix:

Adjugate matrix = O7":

Since det A = 2,

2
Now compute X = A~'B with B= [0 |:

1
First component:

T =

((~1)(2) + 1(0) + 1(1)) = %(—2 40+ 1) = %(-1) _ —%

N | —

Second component:

To = -6=3

N | —

(2(2) +0(0) +2(1)) = %(4 +0+2) =

N | —
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Third component:

T3 =

(=D@)+10)+ (~1D)(1) = 5(-2+0-1) = 5(-3) =

N[ —

Thus:

$1:_§, .’L'QZS, X3 = —

3
2

Both methods give the same solution.
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2.3 Resit Exam (2019/2020)

é )
University of Ferhat Abbas — Sétif 1

Faculty of Economics, Commerce and Management Sciences | Department of Basic
Education

Resit Exam — Mathematics 2

Level: First Year LMD Module: Mathematics 2
Date: 25/11/2020 Duration: 1h 00min

[Exercise 1 (8 points)]

Let A ,B and C three matrices:given by

1 0 2 1 2 4 1 -2 2
A=lo -1 1|,B=l0 -1 3 |,c=(2 1 3
1 — 0 0 =2 1 -1 4
Calculate
2A—B+3l3 = ...
A% =
det (A) = oo,
CT =l
tr(B) = oo
[Exercise 2 (12 points)]

Let A be the matrix given in the first exercise:

1 0 2
A=10 -1 1
1 -2 0
1. Calculate
AP — A=

2. Deduce that A is invertible and calculate its inverse A~1.
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Full Solution

[Solution — Exercise 1 )

Let A, B, and C be three matrices given by:

1 0 2 1 2 4 1 -2 2
A=|0 -1 1|, B=|0 -1 3], C=1(2 1 3
1 -2 0 0 0 -2 1 -1 4
1. Compute 24 — B + 31;:
2 0 4 300
2A=10 =2 2], 33=10 3 0
2 —4 0 00 3
First compute 24 — B:
2—-1 0—2 4—4 1 =2 0
2A—-B=10-0 —-2—(-1) 2-3 =10 -1 -1
2-0 —4-0 0-(-2) 2 —4 2

Then add 313:

2A-B+33=(04+0 —-1+3 —-140

[a=)

[\
I

—_

143 =240 o+0) 4 =2 0

240 —4+0 243 2 —4 5
4 -2 0
2A—B+3L=|0 2 -1
2 —4 5

2. Compute A%

Compute each entry:

Row 1:
(A1 =1-140-0+2-1=14+0+2=3
(A%, =1-040-(=1)4+2-(—2)=0+0—4=—4
(A%)13=1-24+0-14+2-0=2+0+0=2

Row 2:

(A =0-1+(=1)-0+1-1=0+0+1=1
(A9 =004+ (=1)- (=) +1-(=2)=0+1—-2=—1
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Row 3:
(A3 =1-14(=2)-040-1=14+0+0=1
(A3 =1-0+(=2)- (1) +0-(=2)=0+2+0=2
(A%)33=1-24(=2)-140-0=2-2+0=0
Thus:
3 —4 2
A2=(1 -1 -1
1 2 0
3. Compute det(A):
1 0 2
detA=10 -1 1
1 -2
Expand by row 1:
1 0 1 0 —1
RN
=1-((-1 (1)(=2)) +2- ((0)(=2) = (=1)(1))
= (0+2)+2 (0+41)
=24+2=4.
det(A) =4|
4. Compute CT (transpose of C):
1 -2 2
c=1(2 1 3
1 -1 4
1 2 1
c'=1-21 -1
2 3 4
1 2 1
CT=(-21 -1
2 3 4
5. Compute tr(B) (trace of B):
1 2 4
B=10 -1 3
0 0 =2
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[Solution — Exercise 2 J

Let A be the matrix given by:

1 0 2
A=|0 -1 1
1 -2 0

1. First, we already computed A? in the previous exercise:

3 —4 2
A2=1[1 -1 -1
1 2 0

Now compute A3 = A% - A:

3 —4 2 1 0 2
AA=11 -1 -1 0 —1 1
1 2 0 1 -2 0

Compute each entry:

Row 1:
(A =31+ (-4)-0+2-1=3+0+2=5
A1y =304 (=4) - (1) +2-(-2) =0+4—4=0
(A3 =3-24+(—-4)-1+2-0=6—-4+0=2
Row 2:
(A =1-14+(=1)-0+(=1)-1=14+0-1=0
(A2 =10+ (=1) - (1) +(=1) - (-2) =0+1+2=3
(A3 =1-24(=1)-1+(=1)-0=2—-1+0=1
Row 3:
(A3 =1-142-040-1=14+04+0=1
(A3 =1-04+2-(=1)+0-(-2)=0—-2+0=—2
(A%)g3=1-242-140-0=2+2+0=4
Thus:
5 0 2
A=10 3 1
1 -2 4

Now compute A3 — A:

5-1  0-0 2-2 400
AP~ A=[0-0 3—(=1) 1—-1])=1[0 4 0] =4L.
1—-1 —2—(=2) 4-0 00 4

A3 — A =41,
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2. From A® — A = 413, we have:
AP — A =4I,

A(A? — L) = 415
1

A : Z<A2 - Ig) == 13.

Thus A is invertible and: .
A_l = Z(A2 - ]3)

Compute A% — I5:

3 —4 2 1 00
AA=11 -1 —-1], I;=(0 1 0
1 2 0 00 1
3—-1 —4-0 2-0 2 —4 2
A2 —I;=|1-0 -1—-1 —-1-0]=(1 -2 -1
1-0 2—-0 0-1 1 2 -1
Therefore:
L4 1
2 —4 2 2 2
e Ly e IR
1 2 -1 11 1
4 2 4

)
|

B

o)

1
A—lzZ 1 -2 —1
1 2 -1
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2.4 Resit Exam (2020/2021)

(" )
University of Ferhat Abbas — Sétif 1

Faculty of Economics, Commerce and Management Sciences | Department of Basic
Education

Resit Exam — Mathematics 2

Level: First Year LMD Module:  Mathematics 2
Date: 13/07/2021 Duration: 1h 30min

[Exercise 1 (08 points) ]

Let A, B, C', and D be the matrices given by:

2 3 ;-3
A:<—1 2)’ B:(I z7>’ ¢=
7 7

1. Give the size of the previous matrices.

—_ O
S = DN
Il
N\
NI
= DN
S W
N—

[\]

. Give the possible product operations (without calculation).

w

. Calculate tr(A) and det(A).

W

. Complete the operations:

CT:(:: - :), Ax( ):A, Bx( )zom

5. Show that B is the inverse of A.

[Exercise 2 (12 points) ]

Let the linear system (.5):

3r+2y+4z=-1
(S)4 2x—y+2z=-2
—r+y+2z=2

1. Write the system in matrix form, then prove that it is a Cramer system.
2. Solve the system using the Gauss method.
3. Deduce the solutions of the system:

33 + 2% + 422 = —1
(S){ 223 —y? +22%2= -2
—2® +y? + 227 =2
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Full Solution

[Solution — Exercise 1 )

Let A, B, C', and D be the matrices given by:
3

(2 3 B -7 B

A‘<_1 2)’ B_( %) ¢=

1. Size of the matrices:
A:2x2, B:2x2, C:3x2, D:2x3.

_ o =
O = N
Il
N\
N —
IS )
o W
N~

= o

A2><27 B2><27 C3><27 D2><3"

2. Possible product operations (without calculation):
For two matrices X (size m x n) and Y (size p X q), the product XY is possible
if n=p.
e A X A: 2 x 2 possible, result 2 x 2
e A X B: 2 x 2 possible, result 2 x 2
e B x A: 2 x 2 possible, result 2 x 2

e Ax(C:2x3? No— Cis3x2 s0A(2x 2) times C(3 x 2): 2 # 3, not
possible

e UxD: Cis3x2 Dis2x3:2=2, possible, result 3 x 3
e Dx(C: Dis2x3,Cis3x2: 3=3, possible, result 2 x 2
e AxD: Ais2x2,Dis2x3:2=2, possible, result 2 x 3
e Dx A: Dis2x3, Ais 2 x 2: 3+# 2, not possible

e UxA: Cis3x2 Ais2x2: 2=2, possible, result 3 x 2
BxD: Bis2x2,Dis2x3:2=2, possible, result 2 x 3
D x B: Dis2x3, Bis2x2: 3% 2, not possible

Possible: AA, AB, BA, CD, DC, AD, CA, BD|.

3. Calculate tr(A) and det(A).
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4. Complete the operations.

First, CT: C'is 3 x 2, s0 CT is 2 x 3:

1 2
c=o01 :>CT:<; ; (1))
10
Second, A x (?) = A: the identity matrix [, satisfies Al, = A:

b 7)

Third, B x (?) = 0ax2: the zero matrix Oqyo satisfies B -0 = 0:

00
0 0/

1 01 10 0 0
e A 1SV C O R PY CR B

5. Show that B is the inverse of A.
We must show AB = I, and BA = I,.

Thus:

2 3
2 3\ (7 %
AB:<—1 2) (1 2)
77
First row: ) . L 3 .
AB :2’— - — = — —:—:]_
(AB)11 7+3 - 7—1—7 -
3 2 6 6
(AB) (7)+3 8.0
Second row: ) | -
AB =(=1) - = 4+2- — = —— =0
(AB)a1 = ( )7+ - =+
3 2 3 4 7
AB)yy = (=1) - | —= 9.2 24— -1
<>22<>(7)+77+77
Thus:

Similarly, compute BA (or note that for square matrices, AB = I implies BA =

I): 3
S
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First row:

Second row:

[Solution — Exercise 2 )

Let the linear system (.5):

3r+2y+4z=—1
(S)s 2z—y+2z=-2
—r+y+2z2=2

1. Matrix form and Cramer system verification.

The system can be written as AX = B where:

3 2 4
A=|2 -1 2], Xx-=
-1 1 2

ISEINSEE
>y
Il
|
N

A system is Cramer if it has n equations, n unknowns, and det A # 0. Here
n=.3.

Compute det A:

3 2 4
detA=|2 -1 2
-1 1 2
Expand by row 1:
-1 2 2 2 2 -1
- 2\_2.\_1 I
=3 ((- (2)(1) =2 ((2)(2) = (2)(=1)) +4- ((2)(1) = (=1)(-1))
=3 (- 2—2) 2-(4+2)+4-(2-1)
=3-(—4)—-2-6+4-1

—-12 - 12 +4 = -20.

Since det A = —20 # 0, the system is a Cramer system.
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2. Solve the system using the Gauss method.
Write the augmented matrix [A|B]:

3 2 4|1
2 =1 2|2
-1 1 2] 2

Step 1: Swap rows 1 and 3 to get a leading 1 (optional but easier):

-1 1 2| 2
R+ Rs: 2 -1 2|-=2
3 2 4|-1
Multiply R; by —1:
1 -1 —-2|-2
R+ —R;: 2 -1 2 |=-2
3 2 4 | -1

Step 2: Eliminate x from rows 2 and 3: Ry + Ry — 2Ry:
(2—-2, =142, 2+4, —2+4)=(0, 1, 6, 2)
R3 < Rg — 3R;:

(3—3, 243, 4+6, —1+6) = (0, 5, 10, 5)

Matrix becomes:

1 -1 —-2|-2
0 1 6|2
0 5 10| 5

Step 3: Eliminate y from row 3: R3 < R3 — 5Rs:

(0, 5—5, 10 — 30, 5— 10) = (0, 0, —20, —5)

Matrix becomes:

Step 4: Back substitution.
-5
From R3: =20z = -5=2=— =

2
From R,: y+6z:2$y+6-%:2

y+i=2=y=2-3=1
Frolezx—y—222—2:>x—%—2-}1:—2:>x—%—%:—2:>x—1:
—2=x=-1.
Thus the solution is:
1 1 1
T =— =—, z=-|
) y 27 4
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Verification:

3. Deduce the solutions of the system (5”).

Let X =23 Y = y?, Z = 2. Then (5’) becomes:

3X +2Y +47 = —1
2X -Y +2Z =-2
—X+Y +27=2

This is exactly the same linear system as (5), but with variables X, Y, Z. From

part 2, the unique solution is:

1 1
X=-1 Y== Z=-
2 4
Thus:
1® = —1=2=—1 (real solution)
1 1 V2
2

=—-=y=4+— =4+—
Y 9 Y 5 9

-

4 T2

Therefore, the system (S') has|1 x 2 x 2 = 4/ real solutions:

©.9.7) = (—1, vz 1), <_1, V2 _1>, <_1, V2
2 2 2 2 2 2
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2.5 Resit Exam (2021/2022)

(" )
University of Ferhat Abbas — Sétif 1

Faculty of Economics, Commerce and Management Sciences | Department of Basic
Education

Resit Exam — Mathematics 2

Level: First Year LMD Module: Mathematics 2
Date: 15/06/2022 Duration: 1h 30min

[Exercise 1 (11 points)j

I. Let A and B be two matrices given by:

1. Calculate tr(A), AT, det(B), B — 2A, and AB.

I1. Let « be a real number and A the matrix:

A:

O O =
— 9 O
o~ 9

1. Calculate det(A) in terms of «, then find the values of « for which A is invertible.

2. For a = 1, calculate A~! using the cofactors method.

[Exercise 2 (09 points) ]

Let the linear system (S;):
—$1—|-2232—|—:B3:4

(Sl) 3.1'1 — 5$2 + 3]]3 =1
2171 + 7.132 — X3 = -8

1. Write the system (.S7) in matrix form, then prove that it is a Cramer system.
2. Solve the system using Cramer’s method and Gauss’s method.

105



Chapter 2. Resit Examinations — Second Session Mathematics 2-Exams

Full Solution

[Solution — Exercise 1 )

I. Let A and B be two matrices given by:

0 -1 6 1 1 2
A=[2 4 -2, B=[1 0 1
3 5 3 1 -1 0

I1. Let o be a real number and A the matrix:

1 0
A=10 «
a 1

o~ 9

I

1. Compute the required quantities.

tr(A) =0+4+3="1.

Compute det(B):

Expand by row 1:

-1 0 10

0 1 11
=18 - s Y

el

=1-(0—(-1)=1-(0—=1)+2-(=1-0)
=1-1—1-(=1)+2-(=1)

=14+1-2=0.
Thus det(B) = 0.
Compute B — 2A:
0 -2 12
2A=14 8 —4
6 10 6
1-0 1—(-2) 2-12 1 3 —10
B—-2A=11-4 0-8 1—-(-4|=(-3 -8 5
1-6 -1—-10 0-—6 -5 —11 -6

106



Mathematics 2-Exams Chapter 2. Resit Examinations — Second Session

Compute AB:
0 -1 6 1 1 2
AB=12 4 2|1 0 1
3 5 3 1 -1 0
Row 1:
(AB);; =0-14+(-1)-14+6-1=0—-1+6=5
(AB)15=0-14(=1)-0+6-(=1)=0+0—-6=—6
(AB)135=0-2+(-1)-146-0=0—1+0=—1

Row 2:
(AB)gy =2-14+4-1+(-2)-1=2+4-2=4
(AB)pa =2-1+4-0+(-2)-(-1)=2+0+2=4
(AB)y3 =2-2+4-1+(=2)-0=4+4+0=38
Row 3:
(AB)s1 =3-14+5-14+3-1=34+5+3=11
(AB)33=3-1+5-0+3-(-1)=3+0-3=0
(AB)33=3-2+5-143-0=6+5+0=11
Thus:
5 —6 —1
AB=|4 4 8
1w o0 11
II.

1. Calculate det(A) in terms of «, then find a such that A is invertible.
1 0 «
det(A) =0 o 1
a 1 0

Expand by row 1:

0 1

0 «
ol s

a 1 ta
a 1

det(A) =1- 10

=1 (-0-1-1)+a-(0-1—a-a)
=1-(0-1)+a-(0-a?

Thus:
det(A) = —a® — 1= —(a® +1).
Factor a® +1 = (a+1)(a® —a +1).

The quadratic a® — « 4+ 1 = 0 has discriminant A =1 —4 = —3 < 0, so no real
roots.

Thus det(A) = 0 for @ = —1 only.
A is invertible iff det(A) # 0, i.e.:

o7 1)
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2. For a = 1, calculate A~! using the cofactors method.

For a = 1, we have:

I

Il
—_ O =
=)
O = =

First compute det(A):
det(A) = —1—-1° = —2.

Now compute the cofactor matrix:

el Yy
Cu= (10| 4/=1-(0-1)=-1
I EY: B (A
Cio=(=1"]] 4|=-1-(00-1)=1
RV [
Ciy= (-] |=1-(0-1)=~1
TR
Cor = (=1°|] |=-1-(0-1)=1
P N
Cop = (=1)*]] (| =1-(0-1) =1
T L U
Cog = (=1)°|| ||=—1-(1=0)=~1
RV (Y
Co = (=[] [|=1-(0-1)=~1
TR I Y
Cop = (=17 |, || =-1-(1-0)=~1
TN S L
Coy = (=1)0], || =1-(1-0)=1
Cofactor matrix:
-1 1 -1
C = 1 -1 -1
-1 -1 1
Adjugate matrix = CT:
-1 1 -1
adj(A)=11 -1 -1
-1 -1 1
Thus:
1 11
1 1 -1 1 -1 2 T2 2
AT = adj(A)=—1[1 -1 -1|=(-% L 1
det(A) -2 1 -1 1 S
2 2 2
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[Solution — Exercise 2

Let the linear system (57):

—$1+2$2+l’3:4
(Sl) 31’1 — 51‘2 + 31‘3 =1
2ZE1 + 7ZL‘2 — I3 = —8
1. Matrix form and Cramer system verification.

The system can be written as AX = B where:

1 2 1 T,
A=(3 -5 3|, X=|z]|, B=
2 7 -1 xs3

A system is Cramer if it has n equations, n unknowns, and det A # 0. Here

n=3.

Compute det A:
-1 2 1
detA=|3 -5 3
2 7 -1

Expand by row 1:
-5 3 3 3 3 =5
wwr=(o [ 32 3Lt

—(=1)-

Since det A = 65 # 0, the system is a Cramer system.

2. Solve the system using Cramer’s method and Gauss’s method.
(a) Cramer’s method:
We have det A = 65.
Compute det A; (replace column 1 with B):
4 2 1

A= 1 -5 3
-8 7 -1
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Expand by row 1:

-5 1 3 1 -5
an-i[; \ 1 2]y 3
=4 ((=5)(=1) = 3)(7)) =2 ()(=1) = (3)(=8)) + 1- ((1)(7) — (=5)(=8))
4. (5—21) 2. (=1424) +1- (7 —40)
—4-(—16)—2-23+1-(—33)

—64 — 46 — 33 = —143.

Compute det A; (replace column 2 with B):

Expand by row 1:

1 3 3 3 1
det Ay = ‘ 8 ' ‘2 1’—1—1 ’2 —8‘
= (-1 (1) (3)(=8)) =4+ ((3)(=1) = (3)(2)) +1- ((3)(=8) — (1)(2))
:( 1) (— 1+24) 4-(=3—-6)+1-(—24-2)

(=1)-23 —4-(=9) + (—26)
—23 436 — 26 = —13.

Compute det A; (replace column 3 with B):

Expand by row 1:

3 1

-5 1
2 7

-

+4-‘3 _5’

(=1) - ((=5)(=8) = (1)(7)) = 2+ ((3)(=8) — (1)(2)) +4- ((B3)(7) — (=5)(2))
(—1)- (40 —=7) =2+ (=24 — 2) + 4 - (21 + 10)

(=1)-33—2-(—26) +4-31

—33 + 52+ 124 = 143.

Now by Cramer’s rule:

detA;, 143 11 det A,  —13 1 det Ay 143 11

detA 65 5 T dqet4 65 5 BT

det A 65 5

r =
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Thus:

11 1 11

Ty =——7—, T2=—7, T3=—_|

(b) Gauss method:
Write the augmented matrix [A|B]:

-1 2 1| 4
3 =5 3|1
2 7 —-1|-8

Multiply R; by —1 to get a leading 1:

1 -2 —-1|-4
Ry < —Ry: 3 =5 3 |1
2 7 —-1|-8

Eliminate z; from rows 2 and 3: Ry < Ry — 3Ry:
(3-3, =5+6, 3+3, 1+12)=(0, 1, 6, 13)
Rs < R3 — 2Ry:

(2-2, T4+4, =142, —=8+8)=(0, 11, 1, 0)

Matrix becomes:

1 -2 —-1|-4
0 1 6 |13
0 11 1] 0

Eliminate x5 from row 3: Rz + R3 — 11Rs:

(0, 11 —11, 1 — 66, 0 — 143) = (0, 0, —65, —143)

Matrix becomes:

1 -2 —-1| —4
0 1 6 13
0 0 —65|-—143
Back substitution:
—143 143 11
From Rs3: —6b513 = —143 = 23 = ——65 = g = E
From R»: I2+6l’3:13:>1’2+6'%:13:>I2+%:%:>$2:%—%:—%.
FromR1:x1—2x2—x3:—4:>x1—2(—%)—%:—4
>n+i-Y=d=sg - 2=Ad=p=-4+2=-242_-_1U
175 5 1735 1 5 5 75 5"

Thus the same solution is obtained:

11 1 11
TG =——, xIg9g=—7, x3:€.

5
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Verification:

11 1 11 33 5 33
PR — —— B = —— — —:1
s(-5)-5(-3)+3(5)=-2+1+B-1 ¢
7
_|._
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2.6 Resit Exam (2022/2023)

(" )
University of Ferhat Abbas — Sétif 1

Faculty of Economics, Commerce and Management Sciences | Department of Basic
Education

Resit Exam — Mathematics 2

Level: First Year LMD Module:  Mathematics 2
Date: 19/06/2023 Duration: 1h 30min

[Exercise 1 (07 points) ]

Let the square matrix A be defined as:

A:

—_ =
DN DN =
W N =

1. Calculate the determinant |A|.
2. Show that A is invertible.

3. Find the inverse matrix A~! using the cofactor method.

4. Verify that A x A~ = I5.

[Exercise 2 (07 points) ]

Consider the following system of linear equations with a parameter a € R:

ari+ro+ax3=1
(S): Sz +ars+x3=0a
1+ Ty + axg = a?
1. Write the system in matrix form AX = B.
2. Calculate the determinant of the system matrix |A|.

3. For which values of a is the system a Cramer system?

4. Solve the system (S) for a = 0.

[Exercise 3 (06 points)]

3 -2
Let M = (4 _1>.
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1. Determine the characteristic polynomial P(\).
2. Find the eigenvalues A\, Ay and the corresponding eigenvectors vy, vs.

3. Determine the matrices P and D such that M = PDP~!.

Full Solution

[Solution — Exercise 1 )

1. Determinant Calculation: |A| =1(6—4)—1(3—2)+1(2—2)=2—-1+0=1.

2. Invertibility: Since |A| = 1 # 0, the matrix A is non-singular and therefore
invertible.

3. Inverse Matrix: First, find the cofactor matrix Com(A):

e cy=2cp=-1c3=0
® ¢y = —1,co0=2,c03=—1
® 31 =0,c3o=—1,¢c33=1

Since |A| =1, A™!

= (Com(A))T. Because Com(A) is symmetric in this case:
2 -1 0

Al=|-1 2 -1
0o -1 1
1 11 2 -1 0 2—14+0 —-1+2—-1 0—-1+1
4. Verification: |1 2 2 -1 2 —-1]1=12-2+0 -14+4—-2 0—-2+2] =
1 2 3 0o -1 1 2—240 —-1+4—-3 0—2+3
1 00
010
0 01
[Solution — Exercise 2 )
a 1 1 T 1
1. Matrix Form: {1 a 1 ol = | a
1 1 a T3 a®

2. Determinant Calculation: |A| = a(a®*—1)—1(a—1)+1(1—a) = a(a—1)(a+
1)—2(a—1)=(a—1)[ala+1)—2]. |[A] = (a—1)(a*+a—2) = (a—1)*(a+ 2).

3. Cramer System Condition: A system is Cramer if its determinant is non-
zero. (a—1)%(a+2)#0 = a#1and a # —2.
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111
4. Solution for a =0: Ifa =0, |[A| = (—-1)*(2)=2. A,, =0 0 1|=-1 =
010
011 011
21=-05 A, =1 0 1|=1 = 2,=05. A, =|1 0 0|=1 = 25 =
1 00 110
0.5.
[Solution — Exercise 3 )
e . 3—A =2
1. Characteristic Polynomial: P(\) = det(M — \I) = 4 1= (3 —

A)(=1=X)+8=A—2)\+5.

2. Eigenvalues and Eigenvectors: Solving A2 — 2\ +5 = 0 using A =4 — 20 =
—16: A = % = A\ =1+ 2i, Ay =1 — 2i. Eigenvectors are found by solving
(M — AI)v =0 in the complex domain.

142 0

3. Diagonalization: D = ( 0 1 — 2

) and P is the matrix formed by the

complex eigenvectors.

115



Chapter 2. Resit Examinations — Second Session Mathematics 2-Exams

2.7 Resit Exam (2023/2024)

( )
University of Ferhat Abbas — Sétif 1

Faculty of Economics, Commerce and Management Sciences | Department of Basic
Education

Resit Exam — Mathematics 2

Level: First Year LMD Module:  Mathematics 2
Date: 09/06/2024 Duration: 1h 30min

[Exercise 1 (07 points) ]

Consider the following 3 x 3 matrix A, such that:

1 0 2
A=|0 -1 1
1 -2

1. Find tr(A), AT, (AT)T det(A), and A~
2. Calculate A% and A3, then show that: A3 — A = 41,

3. Deduce that A is invertible, then determine A~! using the previous relation.

[Exercise 2 (07 points) ]

Let a be a real number and (S) be a system of linear equations of variables z1, s,
and xs3 such that:
ary + o + a3 =1
(S): 4 —z1+ (a—1)ze+23=0
r1+To+2x3=3

1. Rewrite the system (.S) in the matrix form AX = B.

2. Determine the values of the real number a for which the system (S) is a Cramer’s
system.

3. For a = 3, find the solution of (S) using Cramer’s method.

[Exercise 3 (06 points)j

Let A be the matrix given by: A = (g (1))

116



Mathematics 2-Exams Chapter 2. Resit Examinations — Second Session

1. Determine the characteristic polynomial of A.
2. Find the eigenvalues and the eigenvectors for A.

3. Find the matrices D, P, and P~! such that A = PDP~ .

Full Solution

[Solution — Exercise 1 )

Consider the following 3 x 3 matrix A, such that:

1 0 2
A=10 -1 1
1 -2 0

1 0 1
AT=1(0 -1 -2
2 1 0
1 0 2
(AN =A=10 -1 1
1 =2 0
Compute det(A):
1 0
det(A) =10 -1 1
1 =20
Expand by row 1:
-1 1 0 1 0 —1
=1 [ Yo Yen L

Thus det(A) = 4.
Compute A~! using the adjugate method:
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Cofactors of A:

VY o S | R B
Cn=(-1) 9 O’—l (042)=2
IET N (U
Cis = (—1) 10 1-(0-1)=1
Ca= (1) Tyl =1-04 11
1 =2
0 2
Cor = (—1)° 9 O‘:—l (0+4)=—4
1 2
Coy = (—1)* . O‘:l (0—-2)=-2
1 0
Caz = (—1)° 1 _2‘: 1-(-2-0)=
Cay = (—1)* _01 ?‘:1'(0+2):2
032—(—1)5(1) ?‘:—1 (1—0):_1
1 0
Csz = (—1)° 0 _1‘:1 (-1-0)= -1
Cofactor matrix:
2 1 1
C=|-4 -2 2
2 -1 -1
Adjugate = C7:
2 —4 2
adj(A)=(1 -2 -1
1 2 -1
Thus:
. (2 42 ;L3
AT = adj(4A)=-(1 -2 1] =14 -1 -1
det(A) 4 1 92 1 L
12 4

2. Calculate A% and A3, then show A% — A = 415.

First compute A%:

1 0 2 1 0 2
A2=A-A=|0 -1 1 0 —1 1
1 -2 0 1 -2 0

Row 1:
(A);=1-140-0+2-1=1+0+2=3

(A1 =1-0+0-(=1)+2-(-2)=0+0—-4=—4
(A)13=1-24+0-14+2-0=2+0+0=2
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Row 2:
(A9 =0-14(=1)-0+1-1=040+1=1
(A% =0-0+ (=1)- (=) +1-(=2) =0+1—-2=—1
(A%)93=0-2+(=1)-14+1-0=0—-1+4+0=—1
Row 3:
(A2 =1-14(-2)-0+0-1=14+0+0=1
(A%)52=1-04(=2)- (=1)+0-(=2) =04+2+0=2
(A%)33=1-2+4+(-2)-14+0-0=2-24+0=0
Thus:
3 -4 2
A2=1[1 -1 -1
1 2 0

Now compute A3 = A? . A:

3 —4 2 1 0 2
AA=11 -1 -1 0 —1 1
1 2 0 1 -2

Row 1:
(A% =3-14+(—=4)-0+2-1=3+0+2=5
(A%)1, =304 (—4) - (—1)+2-(—2)=0+4—-4=0
(A%)13=3-24(-4)-142-0=6—-4+0=2
Row 2:
(A =1-14+(=1)-0+(=1)-1=14+0-1=0
(A =104 (=1) - (=) +(=1)- (=2) =0+ 1+2=3
(A%g3=1-2+4(=1)-1+(=1)-0=2—-1+0=1
Row 3:
(A3 =1-142-040-1=14+0+0=1
(A3 =1-04+2- (1) +0-(=2) =0—-2+0=—2
(A%)33=1-242-140-0=2+2+0=4
Thus:
5 0 2
A=10 3 1
1 -2 4

Now compute A3 — A:

5-1  0-0 2-2 4
A=~ A=10-0 3—-(-1) 1-1|={0
1-1 —2—(-2) 4-0 0
Thus A% — A = 41, is verified.
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3. Deduce that A is invertible, then determine A~! using the previous relation.
From A% — A = 413, factor A:

A(A? — L) = 415.

Thus: .
A N Z<A2 - Ig) — I3.

Hence A is invertible and:

1
Ail - Z<A2 - [3)

Compute A% — I5:

3—1 —4 2 2 —4 2
A2 [ = 1 —-1—-1 -1 |={1 -2 -1
1 2 0—1 1 2 -1
Therefore:
2 —4 2
At=-(1 —2 -1,
t\1 2

which matches the result from part 1.

[Solution — Exercise 2 )

Let a be a real number and (S) be a system of linear equations of variables z1, s,
and z3 such that:
ary +xy +w3=1
(S): 4 —z1+ (a—1)ze+23=0
r1+To+2x3=3

1. Matrix form AX = B.

a 1 1 1 1
A=|-1 a—1 1], X=1x1, B=10
1 1 1 ZI3 3

2. Determine the values of a for which (5) is a Cramer system.

A system is Cramer if it has n equations, n unknowns, and det A # 0. Here
n = 3.

Compute det A:

a 1 1
detA=1|—-1 a—-1 1
1 1 1

Subtract row 3 from row 1 and row 2 (to simplify): Ry < Ry — R3: (a—1, 0, 0)
Ry +— Ry — R3: (—2, a—2, 0)
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The determinant does not change under these operations:

a—1 0 0
detA=| -2 a—2 0
1 1 1
Expand by column 3:
a—1 0

det A=1-(-1)*"

5L @2 - )

det A= (a—1)(a—2).

Thus (5) is a Cramer system iff det A # 0, i.e.:

‘a;«él and a7é2‘.

3. For a = 3, find the solution using Cramer’s method.

For a = 3, we have:

First compute det A using the formula above:

detA=(3-1)(3-2)=2x1=2.

Compute det A; (replace column 1 with B):

111
Ai=(0 2 1
311
Expand by row 1:
2 1 0 1 0 2
P

=1-(2-1)—1-(0-3)+1-(0-6)
=1-1-(=3)+(-6)=1+3-6=—-2.

det Al —2

Th = =—=-1
T et A 2
Compute det Ay (replace column 2 with B):
3 11
Ay=1-1 0 1
1 31
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Expand by row 2:

11

det Ay = (—1) - (=1)**! 3 1

’ + 0 - (minorgy) + 1+ (—=1)*"

31

>
= (1) (=1) - (1=3) + 1+ (~1) - (9 1)
=1-(-2)—1-8=-2—-8=—10.

det A, —_1():

Thus z9 = ot A = 5

Compute det A; (replace column 3 with B):

—9d.

3 11
Az=1-1 2 0
1 1 3
Expand by row 2:
211 |1 1 212 |3 1 .
det A3 = (—1) - (—1) 1 3|t 2-(-1) 1 3l ™* 0 - (minoryg)

—(-1)-(-1)-3-1)+2-1-(9—1)
=1-24+2-8=2+16=18.
detA3_18

det A _7:9'

Therefore, for a = 3, the solution is:

Thus z3 =

‘ﬁlz—l, 112:—5, 1133:9.

Verification for a = 3:
3(—1)+(-5)+9=-3-5+9=1 V
—(-D+@B-1)(-5)+9=1+2(-5)+9=1-10+9=0 V
(-1)+(=5)+9=3 V

[Solution — Exercise 3 )

1= o)

1. Characteristic polynomial of A.

Let A be the matrix given by:

Py(N\) = det(A — \L) = ‘2 A ‘

3 0=2A
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= 2= -MB)
=2+ -3
=\ —2)\-3.

Thus:

Py(A\) =2 —2)\ - 3|

2. Find the eigenvalues and eigenvectors.

Solve Pa(\) = 0:
M —2X-3=0

(A=3)(A+1) =0
M =3, A=-L

Eigenvector for \; = 3:

(A-3Lw=0 = (2;9’ 0i3><§>=0

(3 ) ()=

From the first row: —x +y =0=y =2. Choose x =1, y = 1.

(1
V1 = 1/
Eigenvector for \, = —1:

B 2+1 1 T\
armemo = (33 1) () <

GG

From the first row: 3z +y =0 =y = —3z. Choose x =1, y = —3.

1
Vo = (_3)
/\1:3, ’01:(1), )\2:—1, 112:(_13)

3. Find D, P, and P! such that A = PDP~!.

Thus:

Let D be the diagonal matrix with eigenvalues on the diagonal:

-2 2).

123



Chapter 2. Resit Examinations — Second Session Mathematics 2-Exams

Let P be the matrix with eigenvectors as columns:

(i)

Now compute P~

T
|
o
©)
| =
o
/|\|
— W
[— |
—_
~
Il
L~
/I_?
— W
— |
—_
~__
|
N
PN N[
I =
N~

=

Verification:
4 (1 1 3 0
PDP = (1 -3 0 —1

First compute DP~! = (

I w
N9
=
|
—
w
—
| N
=
SN—
v
I
N
| =[O
=
N TN (V)
N—

L34l () 1

Then P(DP_I) = <1

IN1%)
_|_
—~
|
wW
S~—
—~ +
-
w
N—
. R
EN
N———

I
7N

Ao I ©
N [SURNNY T

Thus:
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2.8 Resit Exam (2024/2025)

(" )
University of Ferhat Abbas — Sétif 1

Faculty of Economics, Commerce and Management Sciences | Department of Basic
Education

Resit Exam — Mathematics 2

Level: First Year LMD Module:  Mathematics 2
Date: 15/06/2025 Duration: 1h 30min

[Exercise 1 (06 points) ]

Consider the following 3 x 3 matrix:

0o 1 -1
A=1[-1 2 -1
1 -1 2

1. Calculate the determinant of A using the cofactor method.
2. Calculate A~! using the adjoint matrix method.

3. Calculate A% and verify that A? — 3A + 215 = 0, where I3 is the identity matrix
and 0 is the zero matrix.

[Exercise 2 (08 points) ]

Consider the system (S) in the unknowns z,y and z with parameter a:

r+ay+z=1
(S):Sar+y+z=a
T4y +az=a

1. Rewrite the system (S) in matrix form.

2. Determine the values of « for which the system (5) is a Cramer system.

3. Using the Gauss method, find the solutions of the system for « = 1 and o = —2.
Note: —a® +3a —2 = —(a — 1)*(a + 2).

[Exercise 3 (06 points) ]

Let A be the matrix given by:
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1. Determine the characteristic polynomial of A.
2. Find the eigenvalues and eigenvectors for A.

3. Find the matrices D, P and P~! such that A= PDP~'. (D is a diagonal matrix,
P is an invertible matrix and P~! is the inverse of P).

Full Solution

[Solution — Exercise 1 )

Consider the following 3 x 3 matrix:

Expand by row 1:

detA:O~‘_21 _21‘—1 ’_11 _21|+( 1) ‘_11 _21‘
=0—-1-((=1)2) = (=H(D) =1+ ((=D(=1) = 2)(1))
=—1-(-24+1)—1-(1-2)
=-1-(-1)-1-(-1)
=1+1=2

[det A =2]

2. Calculate A~! using the adjoint matrix method.

We need the cofactor matrix C' = (Cj;).
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-1 2
= (12|70 =1 (24 )= 1 (- =1
Co=(-n |2t 2o a2 =11
1 -1
1 -1
(L 1\2+1 - 1.(9-1)= —
o= = 1e-y=a
Cn = (17| T =1-041)=1
0232(—1)2+3(1) _11 =-1-(0-1)=1
Con = (~)"1 ]y T =1-(-1+2) =1
o = (-2 * M= 1. 0-1) =
-1 -1
Oy = (—1)3*3 _01 é‘zl O0+1)=1
Cofactor matrix:
3 1 -1
C=|-11 1
1 1 1
Adjugate matrix = C7:
3 -1 1
adj(A)=11 1 1
-1 1 1
Then:
3 -1 1
1 1
-1 adj(A)=-|1 1 1
-1 1
A‘l_% 1 1 1
-1 1 1

3. Calculate A% and verify A% — 3A + 213 = 0.

0o 1 -1 0o 1 -1
A2=A-A=1|-1 2 -1 -1 2 -1
1 -1 2 1 -1 2

Compute each entry:
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fow (A1 =0-0+1-(-1)+(-1)-1=0—-1—-1=-2
(A =0-1+1-2+(=1)-(-1)=04+2+1=3
(A3 =0- (=D 4+1-(=1)+(=1)-2=0-1-2=—3
Row 2:
(A =(-1)-0+2-(-1)+(-1)-1=0-2—-1= -3
(A%)gy = (=1)-142-24+(=1)- (=)= -1+4+1=4
(A%)p3 = (1) - (=) +2- (1) +(-1)-2=1-2-2= -3
Row 3:
(A3 =1-0+(=1)-(-1)+2-1=0+1+2=3
(A% =1-1+(-1)-242-(-1)=1-2—-2=-3
(A3 =1-(=1) 4+ (=1)- (1) +2-2=—-1+1+4=4
Thus:

Now compute 3A:

3 -3 6
Then
—2-0 3—3 —3—(=3) -2 0 0
A% —3A -3 —(=3) 4—6 —3-(=3)|=10 -2 o0
3-3 -3 —(=3) 4—-6 0 0 =2
Add 2[32
—2+2 0 0 000
A? —3A+ 21, = 0 242 0 =10 0 0] =0
0 0 242 000
-2 3 =3
A= -3 4 =3\, A*—3A+2I;=0 verified|
3 -3 4
[Solution — Exercise 2 )

Consider the system (S) in the unknowns z,y and z with parameter a:

r+ay+z=1
(S):Rar+y+z=a
x+y+az:oz2

Note: —a? +3a —2 = —(a—1)*(a + 2).
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1. Matrix form.

1 o1
A: (8% 1 1 , X:
1 1 «

IS
S8
Il
Q

The system is AX = b.

2. Values of « for which (5) is a Cramer system.
A system is Cramer if det A # 0.
Compute det A:

1 o 1
detA=|ac 1 1
1 1 «

Use row operations: Ry <— Ry — aR;, R3 < R3 — Ry:

1 o 1
detA=10 1—-a® 1—«
0O 1—-a oa-—1

Expand by column 1:

1—a? 1—a

l—a a-—1

detAzl-‘

Factor 1 — a from row 1 and also from row 2: Row 1: 1 —a? = (1 —a)(1 + )
Row 2: a—1=—(1— ).

l-a)(l4+a) 11—«

de“‘:’ 1~a  —(1-a)

Factor 1 — o from row 1 and also from row 2:

det A= (1 —a)(1 —a) ’ﬁo‘ _11‘
det A= (1—a)*((1+a)(-1) = (1)(1))
detA=(1-a)P(-1-a-1)
det A= (1 —a)*(—a —2)

det A= —(a+2)(1—a)
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Thus det A = —(a + 2)(a — 1)2.
Set det A # 0:

—(a+2)(a—12#0 = a#-2anda#l.

Thus (5) is a Cramer system for:

aeR\{-21}]

3. Using Gauss method, find the solutions for « = 1 and o = —2.

Case 1: a=1

System becomes
r+y+z=1
r+y+z=1
r+y+z=1

All equations are identical: z +y + 2z = 1.

Infinite solutions. Parameterize: y=s, 2 =¢t, . =1—35—1.

(x,y,2) =(1—s—1t, s, t), s,teR]

Case 2: a = -2

System becomes:

(2 — 20+2z=1
—2r4+y+z=-2

(z+y—22=4

Augmented matrix:

Ry + Ry + 2R;:
(—24+2(1) =0, 1+2(-2)= -3, 1+2(1) =3, —2+2(1) = 0)

New row 2: [0, —3,3,0].
Rs < R3 — Ry:

(1-1=0,1—(-2)=3, —2—1=-3,4—1=3)

New row 3: [0, 3, —3, 3].

Matrix now:

1 -2 1|1
0 -3 310
0 3 3|3
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Ry + Ry + Ry:
(0+0=0, 34+ (=3)=0, =3+3=0, 3+0=3)

New row 3: [0,0,0, 3].
Last row: 0 = 3, impossible.

Thus for o = —2:

No solution |

[Solution — Exercise 3 )

Let A be the matrix given by:

1. Characteristic polynomial of A.

Pa()) = det(A — L) = ‘4 A A ‘

2 1-X
=(@=-N1=-2)-(=1(2)
=4 -N1-=X)+2
=4 —dXN— A+ A +2
=\ — 5\ +6.

Thus:

Pa(A) =N —5A+6]

2. Find the eigenvalues and eigenvectors.
Solve P4(\) = 0:

AN —5\A+6=0
A=2)(A=3)=0
M =2 =3

Eigenvector for \; = 2:

(A-2Lw=0 = (452 1__12> (5):0

First equation: 2x —y =0 =y = 2z. Choose x = 1, y = 2.

o (1)

131



Chapter 2. Resit Examinations — Second Session Mathematics 2-Exams

Eigenvector for )\, = 3:

(A-3Lw=0 = (4;3 1__13> @’):o

(b 2)()-

First equation: + —y =0 = x =y. Choose x =1, y = 1.

1
02:<1>.
)\1:2,’01:(;), )\2:3,02:(1).

3. Find D, P, P! such that A = PDP~!.

Since A has two distinct eigenvalues, it is diagonalizable.

Thus:

Let P be the matrix with eigenvectors as columns:
11
p- (2 1) .
Let D be the diagonal matrix with eigenvalues on the diagonal:
2 0
b-(29)
Then A = PDPL.

Compute P~
det P =(1)(1) - (1)(2) =1—-2=—1.

1 1 -1 -1 1
-1 _ _
e )G )

Verification (optional):
o ()G )
First compute DP~! = (g g (_21 _11) = <_62 _23)
men poP=) = (1) (5 %) = (508 525) = (0 1) =

Thus:
(2 0 (11 4 (-1 1
p=(55) P=(a1) 7=(5 L))
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Proposed Exams — Additional Practice

Note to Students

These proposed exams focus exclusively on Mathematics 2 content: matrix op-
erations, determinants (Cofactor, Sarrus, Gauss methods), matrix inverse (Adjoint,
Gauss-Jordan methods), linear systems (Cramer: Cramer’s rule, Inverse method,
Gauss elimination; Non-Cramer: Rank method, Gauss elimination), eigenvalues, eigen-
vectors, and diagonalization (Gauss method for solving (A — Al)v = 0). Full solutions
are provided.
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3.1 MCQ Exam —(Version 1)

f a
MCQ Practice Exam #1 —

Level: First Year LMD
Module: Mathematics 2
Duration:
. J

Part 1: Multiple Choice Questions (10 points)

Given the matrices:

-2 4 3 10
A:(}lgi), B=|0o 1 2], c=|2 3
1 2 -1 5 6
[Exercise 1 (10 points)]

Choose the correct answer for each question (1 point each):

1. A+ Bis: (A) a square matrix  (B) a non-square matrix (C) cannot be

computed
14 18 L0
2. Ax C equals: (A) (B) | -6 6 (C) cannot be computed
34 42 30 24

3. Ax BxCisoftype: (A)3x3 (B)2x2 (C) cannot be computed

4. tr(B) equals: (A)2 (B) =2 (C) cannot be computed
10

, ‘ 125 10 2

5. C* equals: (A) <O 3 6 (B) ? 2 (C) 3 5 6

6. [A]is: (A)5 (B) =5 (C) cannot be computed

7. |A x B x C| satisfies: (A) = |A||B||C| (B) # |A||B||C|] (C) cannot be
computed

8. |B| equals: (A)5 (B) -5 (C) 15
9. B! satisfies: (A)B'B=13; (B)B'B=1I, (C)B'B=B
10. C~tis: (A) Cyly  (B) Ciiy  (C) cannot be computed

Part 2: Matrix Inverse (10 points)
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2 -3 5y
Let A= 0 1 2 |andB=|0 5 2
0 4 -1 0 5 —3

[Exercise 2 (10 points)]

1. Compute |A| and |B].

2

W

. Are A and B invertible? Justify.
. Compute the cofactor matrix Com(A).
. Compute (Com(A))T.

. Compute A™! and deduce B~

Solutions — MCQ Exam (Version 1)

[Solution — Exercise 1 J

1.

10.

(C) cannot be computed (different dimensions: A is 2 x 3, B is 3 x 3)

14 18
- (4) (34 42) ar X o = Dve)

(B) 2 X2 (A2><3 X Bsyxg x O34 = D2><2>

. (B) —2 (diagonal sum: —2+ 1+ (—1) = —2)

(A) ((1) ?) 2) (transpose of 3 x 2 is 2 x 3)

. (C) cannot be computed (determinant defined only for square matrices)

(B) # |A||B||C] (JA| and |C| are undefined)

(C) 15 (compute by Sarrus or cofactor expansion)
(A) B™'B = I3 (definition of inverse)

(C) cannot be computed (C' is not square)
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Solutions — Part 2

[Solution — Exercise 2

1.

Al =

R

Determinants:

-2 -3 3 1 9

0 1 2| =-2 =-2(1-(-1)—2-4) = =2(—1-8) = =2(-9) =18
0 4 -1 4

1
|B| = I (since B = A71Y).

Invertibility: [A| = 18 # 0 = A invertible. |B| = 55 # 0 = B invertible.
Cofactor matrix of A:

1 2 0 2 01
_1\1+1 _1\1+2 1\1+43
o e ISV et I C R
-3 3 -2 3 -2 -3
— | (_1\2+1 _1)2+2 _1)2+3
Com(a) = | (v |2 5 a2 B e[
-3 3 -2 3 -2 =3
_1)\3+1 _1)3+2 _1)3+3
UM o GOy o DT
-9 0 O
Com(A)=19 2 8
-9 4 =2
Transpose of cofactor matrix:
-9 9 -9
(Com(A)"'=|0 2 4
0 8 =2
Inverse matrices:
0 8 =2 0 g _%

Thus A~! = B and B~ = A.
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3.2 MCQ Exam —(Version 2)

4 )
MCQ Practice Exam #2 —

Level: First Year LMD
Module: Mathematics 2
Duration:
\§ J

Part 1: Multiple Choice Questions (10 points)

Given the matrices:

-1 00 -2 4 3 3 0
A=|3 66|, B=|o0o 1 8], c=|[5 4
8 2 2 1 2 -1 17
[Exercise 1 (10 points)]

Choose the correct answer for each question (1 point each):

1. Ais: (A) asquare matrix (B) a row matrix (C) a column matrix

[\]

17 37
. Bx Cequals: (A) |13 60 (B) G; 23

) (C) cannot be computed
12 1
3. Ax BxCisof type: (A)3x3 (B)3x2 (C)2x3

4. tr(A) equals: (A)7 (B)8 (C)9

9 0
5. C%is: (A) [25 16 (B) (9 0) (C) cannot be computed
1 49 25 16

6. |A] equals: (A)0 (B)3 (C) -3
7. A7Vis: (A) A3, (B) (C) cannot be computed
8. B™'is: (A) B;.; (B)2 (C) cannot be computed
9. CTisof type: (A)3x3 (B)3x2 (C)2x3

10. The inverse formula is: (A) B™! = ﬁ(Com(B))T (B) B! = & Com(B)
(C) B~ = |B|(Com(B))"

Part 2: Matrix Powers and Inverse (10 points)
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1 0 2
Let A=10 -1 1
1 -2 0

[ Exercise 2

(10 points) J

1. Compute A? and A3.
2. Show that A% — A = 41,.
3. Deduce that A is invertible and find A~

4. Verify that A x A7t = I5.

Solutions - MCQ Exam (Version 2)

[Solution — Exercise 1

1. (A) square matrix (3 x 3)
17 37

2. (A) 13 60 (ng3 X C3><2 = D3><2>
12 1

3. (B) 3 x2 (Asxg X (B x C)sgx2 = D3yxo)
4. (A) 7 (diagonal sum: —14+6+2=7)
5. (C) cannot be computed (C'is 3 X 2, not square)
6. (A) 0 (rows 2 and 3 are linearly dependent: R, = 2Rs)
7. (C) cannot be computed (|A| = 0, A is singular)
8. (A) B;.; (|B| # 0, B is invertible)
9. (C) 2 x 3 (transpose of a 3 x 2 matrix)
10. (A) B! = |—él(Com(B))T (standard inverse formula)
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Solutions — Part 2

[Solution — Exercise 2 )

1. Compute A% and A3:

1 0 2 1404+2 040—4 240+0 3 —4 2
A2=10 -1 1] =[0+0+1 04+41—-2 0—-140]=(1 -1 -1
1 -2 0 14040 04240 2—2+40 1 2 0
3 —4 2 1 0 2 34042 0+4—4 6—4+40
A=A A=|1 -1 -1 0 -1 1]=[140=-1 0+14+2 2—1+4+0
1 2 0 1 -2 0 14040 0—-240 2—2+40
5 0 2
=10 3 1
1 -2 0
2. Verify A3 — A = 415:
5 0 2 1 0 2 4 0 0
AB—A=(0 3 1]—-(0 =1 1| =10 4 0| =4I,
1 -2 0 1 =2 0 00 4

3. Deduce A™': From A? — A = 413, factor: A(A? — I3) = 413.
Thus A - 1(A? — I3) = I, so:

1
-1 1 2 1 2 2 % _1 %1
1 2 -1 L1 _1
4 2 4

4. Verification: A x A™! = I3 (students should verify multiplication).
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3.3 Practice Exam — 1

4 N\
MCQ Practice Exam #3 —
Level: First Year LMD
Module: Mathematics 2
Duration:
\§ J

[ Exercise 1

(6 points) ]

Answer True or False and correct any false statement.

1. The sum of two invertible matrices is always invertible.

2. Every square matrix has a determinant.

3. If AB = 1I,, then A and B are invertible and B = A~

4. The trace of a matrix is equal to the product of its diagonal elements.

5. A homogeneous linear system always has at least one solution.

6. The product of two upper triangular matrices is upper triangular.

[ Exercise 2

(7 points) J

Consider the matrix A = (g _41> )

1. Compute the characteristic polynomial p(\) of A.

2. Find the eigenvalues \; and Ay of A.

3. Find the eigenvectors associated with each eigenvalue.
4. Find matrices P and D such that A = PDP1.

5. Compute A using diagonalization.

[Exercise 3

(7 points) ]

Consider the linear system:

rT+y+z2=06
(S): {20 —y+2=3
r+2y—z=3

1. Write the system in matrix form AX = B.
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2. Compute det(A). Is the system a Cramer system?
3. Solve the system using Cramer’s rule.

4. Solve the system using Gaussian elimination.

Full Solutions — Practice Exam 1

[Solution — Exercise 1 )

1. False: Counterexample: A =1, B = —1, then A+ B = 0 is not invertible.
2. True: Every square matrix has a determinant.

3. True: If AB = I, then B is the inverse of A.

4. False: The trace is the sum of diagonal elements, not the product.

5. True: The trivial solution x = 0 always satisfies a homogeneous system.

6. True: The product of upper triangular matrices remains upper triangular.

[Solution — Exercise 2 )

1. Characteristic polynomial:

p(\) = det(A—\) = ‘2 |

D A‘ = (2-A)(A=N)—(=1)(3) = N2—6A+8+3 = \2—6A+11.

2. Eigenvalues:

+ /36 — 44 + /=
N= 0EVIO _ 0 : 8:3iz’\/§.

2

Thus A\ = 3+ iv2, Ay = 3 — iV/2.
3. Eigenvectors: For \; =3+ iv2:

(A=MDv=0= (_1_3@"/5 1__21\/_> <“> 0.

—(1 + iv2)vy. Thus v, =

— 0=
IV R S G|
. Diagonalization:D:(S—i_(j\/ﬁ ; 0@\/5) P= ( . jw_) —(1—1N§))'

3. 43 _ 3p—1 3 _ (3+1iv2)? 0
5. A°: A° = PD°P .SmceD—( 0 (3—2'\/5)3'

From first equation: (—1 — i\/ﬁ)vl — Uy
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[Solution — Exercise 3 J

1. Matrix form:

2. Determinant:

—_
—_
—_

Al=12 =1 1]|=11-2)—1(-2—-1)+1(4+1)=—14+34+5=T+#0.
1 2 -1

Since |A| # 0, the system is a Cramer system (unique solution).
3. Cramer’s rule:

6 1 1

9
A =13 -1 1 :6(1—2)—1(—3—3)+1(6+3):—6+6+9:9:>a::?
3 2 -1
16 1 15
Al =12 3 1 :1(—3—3)—6(—2—1)+1(6—3):—6+18+3:15:>y:7
13 -1
1 1 6 18
|A3| =12 -1 3 :1(—3—6)—1(6—3)+6(4+1):—9—3+30=18:>z=7
1 2 3

_9 . _ 15 _ _ 18
Thus x =2,y =2, 2= .

4. Gaussian elimination:

1 1 116 1 1 1 6
9 _1 1 3 Ro<+Ro— 2R1 R3<+R3— 0 —3 —11]-9
1 2 —-1|3 0O 1 -2|-3

1 1 116 11 1 6
Ro<>R3 O 1 _2 _3 R3%R3+3R2 O 1 _2 _3
0 -3 —-1/-9 00 —7]-18
%43281(;1;sul%stitution:z:178 y=—-3+2z=-3438 275 $=6—y—z:6—1—75—1—78:

7 e
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3.4 Practice Exam — 2

4 N\
MCQ Practice Exam #4 —
Level: First Year LMD
Module: Mathematics 2
Duration:
\§ J

[ Exercise 1

(8 points) ]

1 2 -1
Let A={0 1 3
2 -1 1

1. Compute det(A) using Sarrus’ rule.

2. Compute the cofactor matrix Com(A).
3. Compute A~! using the adjoint method.
4. Verify that A x A~ = I5.

[Exercise 2

(6 points)j

Consider the linear system:

r4+2y—z=4
(S):R22+y+2=5
r—y+2z=1

1. Write the system in matrix form.

2. Compute det(A). Is the system Cramer?

3. Solve the system using the inverse matrix method.

[Exercise 3

(6 points)]

3 1
Let A = (2 2).

1. Find the characteristic polynomial of A.
2. Find the eigenvalues and eigenvectors of A.
3. Find matrices P and D such that A = PDP1.

4. Compute A* using diagonalization.
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Full Solutions — Practice Exam 2

[Solution — Exercise 1 )

1. Determinant using Sarrus:

2 -1

1 3|=11-1-3-(-1))—2(0-1-3-2)+(—-1)(0-(=1)—1-2)
-1 1

Al =

N O =

=1(143)—200—6)—1(0—2) =4 —2(—6) — 1(—2) =4+ 12+ 2 = 18,

2. Cofactor matrix:

n 1 3 103 n 0 1
-1 1 2 1 2 —1
2 -1 1 -1 1 2
Com(4) = _‘—1 1 ’ o1 Tl 4
N 2 —1 -1 N 1 2
1 3 0 3 01
(1+3) —(0-6) (0—2) 4 6 =2
Com(A)=|-(2+1) (1+2) —(-1-4)]=11-3 3 5
6+1) —(3-0) (1-0) 7 -3 1
3. Inverse matrix:
1 1 4 -3 7
A= —(Com(A))! = — 3 -3
| Al 18 9 5 1

4. Verification: A x A~ = [ (students should verify).

[Solution — Exercise 2 )

1. Matrix form:

1 2 -1 T 4
A=12 1 11, X=1y|, B=15
1 -1 2 z 1
2. Determinant:
1 2 =1
Al=12 1 1|=1(241)—2(4—-1)+(-1)(—2—-1) =3-2(3)—1(—3) = 3—6+3 = 0.
1 -1 2

Since |A| = 0, the system is not Cramer. It may have no solution or infinitely many.
3. Solve using Gaussian elimination:

1 2 -1\|4 1 2 —-1| 4
9 1 1 5 R2<—R2—2R1\ R3<—R3—R1\ 0 —3 3 _3
1 -1 2|1 0o -3 3 |-3
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12 —1]|4
Aol le 1 g -3 3 -3
0 0 00

The system reduces to z + 2y — z =4 and —3y + 32 = —3 = y = z + 1. Substituting:
r+2z+1)—z2=4=2x+2+4+2=4= 2 =2— 2z Thus the solution set is:

x 2—t
y|l=11+¢t], teR.
z t

[Solution — Exercise 3 )

1. Characteristic polynomial:

3—A 1

p()\):det(A—)\I):‘ 5 9

' =(3=N)(2-A)—2=X -5 \+6—-2 =\ -5\+4

=A=1A—-4).
2. Eigenvalues and eigenvectors: \; =1, A\, = 4.

For i =1: (A-Thv=0= (g }) (Zl> =0= 201 +vy =0 = vy = —2v;.
2

Eigenvector: v; = (_12)

For Ao =4: (A—4l)v =0 = (_21 _12) (Ul) =0= —v1+vy=0= vy = vy.

1

1
3. Diagonalization:

(10 (11 o1 -1

D_(O 4), p_(_2 1), P _3(2 1).

1 1 1t 0 I -1
4. A4 — 4p-1 _ .1

4. Compute A*: A* = PD*P —(_2 1) <O 44) 3(2 1)
11 1y /10 I -1\ _1/1 2
“3\-21)\0 256/ \2 1) 3\-2 2

L1 +512 —14256)\ 1 (513 255\ _
S 3\—2+4512 24256 )  3\510 258)

Eigenvector: vy =

VR

171 85
170 86/ °
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Mathematics 2-Exams

3.5 Practice Exam — 3

4 N\
MCQ Practice Exam #5 —
Level: First Year LMD
Module: Mathematics 2
Duration:
\§ J

[ Exercise 1

(7 points) ]

2 1
Let A={0 3 2
1

1. Compute det(A) using three different methods:

a) Sarrus’ rule

)
b) Cofactor expansion along the first row

c) Gauss elimination (row reduction to triangular form)

2. Is A invertible? Justify.

[ Exercise 2

(7 points) J

2 1 -1
Consider the same matrix A= |0 3 2
1 -1 2

1. Compute A~! using two different methods:

a) Adjoint (cofactor) method

b) Gauss-Jordan elimination

2. Verify that A x A~ = I5.

[Exercise 3

(6 points) ]

2r4+y—2=5
Consider the linear system (S) : { 3y +2z =7
T—y+22=2

1. Write the system in matrix form AX = B.

2. Compute det(A). Is (S) a Cramer system?
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3. Solve (S) using Cramer’s rule.
4. Solve (S) using the inverse matrix method.

5. Solve (S) using Gauss elimination.

Full Solutions — Practice Exam 3

[Solution — Exercise 1 )

la. Sarrus’ rule:
2 1 =112 1
det(A)=10 3 2|0 3
1 -1 2|1 -1
= (2032 + (12 1)+ (-1) -0+ (1)) = ((=1) -3 1) = (22 (~1)) = (1:0-2)
=124240—-(-3)—(-4)—-0=12+2+3+4=21.
1b. Cofactor expansion along first row:

3 2 0 2 0 3
det(A)ZQ"q 2‘_1"1 2‘“_1)"1 —1‘

=2(3-2-2-(=1))=1(0-2=2-1) = 1(0- (=1) = 3- 1)
=20642)—1(0—2)—1(0—3) =2(8) — 1(—2) — 1(=3) = 16 + 2 + 3 = 21.

lc. Gauss elimination (row reduction to triangular form):

2 1 -1 2 1 -1 2 1 -1
0 3 2 R3<*2R3 *Rl O 3 2 RS‘*RS“FRZ 0 3 2
1 -1 2 0 -3 5 00 7

The determinant is the product of diagonal elements: det(A) =2 x 3 x 7 = 21.
2. Invertibility: Since det(A) =21 # 0, A is invertible.

[Solution — Exercise 2 )

la. Adjoint (cofactor) method:
First, compute all cofactors:

3 2 0 2
Cn:-l-‘_l 2‘:6—1-2:8 012:—‘1 2‘:_(0_2):2
0 3
013—+’1 _1‘—0—3:—3
1 1 2 -1
021——‘_1 2':—(2—1):—1 022:+’1 2‘:4+1:5
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2 1

023:_’1 ~1

‘:—@2—U=3
1 -1
n =ty S

2 -1
3 2 :2“‘3:5 032:—‘ ‘

0 2

Css

‘2 1 —6-0=6

Cofactor matrix: Com(A) =

Adjoint matrix (transpose): Adj(A 5

A = Adj(A4) = — 2 5 —4
det(A) i

1b. Gauss-Jordan elimination:

R3+R3—2R
_—>

|

[\)
GO R O O

(e}

|

\]

Ro<Ro—2R3
e

SO+ OO
I
—_

_— o N NN

|
—_
—

RQ(—%RQ
—_—

[

—_

NNt O N = O
\IIM' =

~
v

o O =
— O N
| s o
SR ©
L

O =

|wE|oo =
|
,_.|>—‘

Ri<+Ri1+Ro> —2R3\

| v
="
2w

o O =

o = O

_— o O
=R ey,

- | Ren
[\ -

§ —1 5

2 5 —4], same as before.

-3 3 6

2. Verification: A x A™! = I3 (students should verify).

Thus A~ 1—2

1

[Solution — Exercise 3 )
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1. Matrix form:

2. Determinant: From Exercise 1, det(A) = 21 # 0, so (5) is a Cramer system

(unique solution).
3. Cramer’s rule:

5 1 -1
A =7 3 2|=56+2)—1(14—4)+ (=1)(=7 — 6) = 5(8) — 1(10) — 1(—13)
2 -1 2
=40 —10+ 13 =43
2 5 —1
Ao] = [0 7 2| =2(14—4) —5(0—2)+ (=1)(0 — 7) = 2(10) — 5(=2) — 1(=7)
12 2
=20+ 1047 =37
2 1 5
|As| = [0 3 7| =2(6+47)—=1(0—7)+5(0—3) = 2(13)—1(=T7)+5(—3) = 26+7—15 = 18
1 -1 2

Al 43 Ay 3T Ay 18 6

T e YT Tar T e T

4. Inverse matrlx method

5 40 — 7+ 10 43
X =AB =1 7] = L[ 1w0+35-8 | = L[37] Thus
—3 3 2 —15+21+12 18
m—21,y 2173_
5. Gauss ehmlnatlon
2 1 —-115 2 1 21 —-11|5
0 3 2 |7 | B2l 3 7 | Bt g 3 9 |7
1 -1 2 |2 0 —1 00 716
Backsubstltutzlgn z—$10§y13—2%g:7:> 43:7—%:3—77z>y:%, 2x+§'_z_g:
5:>22E—5—ﬁ+ = 57 91 7 T = 57-
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3.6 Practice Exam — 4

4 p
MCQ Practice Exam #6 —

Level: First Year LMD

Module: Mathematics 2

Duration:
\_ J
[Exercise 1 (6 points)]

O = DN
O O W

1
Consider the matrix A = [ 2
3

1. Compute det(A) using Gauss elimination. What do you observe?
2. Determine the rank of A.

3. Is A invertible? Justify.

[Exercise 2 (7 points)]

Consider the non-Cramer linear system:

x4+ 2y + 32 =10
(S) 1 Q 2z + 4y + 62 =20
3z 4+ 6y + 9z = 30

1. Write the system in matrix form AX = B.

2. Compute the rank of A and the rank of [A|B]. Conclude about the nature of

the system.
3. Solve the system using Gauss elimination and express the solution in parametric
form.
[Exercise 3 (7 points) ]

Consider the matrix B = (? ;)

1. Find the characteristic polynomial p(A) of B.

2. Find the eigenvalues \; and Ay of B.
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3. For each eigenvalue, find the eigenvectors using the Gauss method (row reduction
to solve (B — Al)v = 0).

4. Find matrices P and D such that B = PDP~!.

5. Compute B® using diagonalization.

Full Solutions — Practice Exam 4

[Solution — Exercise 1 )

1. Determinant using Gauss elimination:

1 2 1 2 3
A=12 4 Richtici i N oW oW
3 6 3 6 9

O O W

Since a row of zeros appears, det(A) = 0.

2. Rank of A: After row reduction, we have only one non-zero row (the first row,
and R3 becomes 0 after Ry <— R3 — 3R;). Thus rank(A) = 1.

3. Invertibility: Since det(A) = 0, A is not invertible (singular).

[Solution — Exercise 2 )

1. Matrix form:

1 2 3 x 10
A=12 4 6|, X=|y|, B=1|20
3 6 9 z 30
2. Rank analysis: From Exercise 1, rank(A) = 1. Form the augmented matrix
1 2 3|10
[AIB]=1[ 2 4 6|20
3 6 9130
2 3|10
RoeRy—2Ry, ReeRs—3R1 [ g |
00 0|0

Thus rank([A|B]) = 1. Since rank(A) = rank([A|B]) = 1 < 3 (number of unknowns),
the system is consistent with infinitely many solutions.

3. Solve using Gauss elimination: The reduced system gives one equation:
r+2y+32=10. Let y = s, z = t (free parameters). Then x = 10 — 2s — 3t. The
solution set is:

x 10 — 2s — 3t
y | = S , s, teR.
z t
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[Solution — Exercise 3 J

1. Characteristic polynomial:

p(A\) =det(B — M) = '2 -A 1

) 2_)\‘:(2_)\)2_1:)\2—4)\+4—1:)\2—4)\+3

—(A—1)(A—3).

2. Eigenvalues: \; =1, A\, = 3.

3. Eigenvectors using Gauss method:
For \y =1: B—1= G 1) Gauss elimination: ((1) é) Equation: x +y =0 =
1

y = —x. Eigenvector: v; = (_1

1

For A, =3: B—3I = (_1 _11) Gauss elimination: (_01 0

):>—x+y:0:>

y = x. Eigenvector: vy = (D

4. Diagonalization:

(10 (11 NN A
p=(3 ). r=(4 1) =300 1)
1 1\ /1> 0 1 -1
5. R5 _ 5p—1 _ 1
5. Compute B’: B° = PD°P —(_1 1)(0 35) 2<1 1)
11 1y /1 0 1 =1\ _1/1 243\ /1 -1
“o\—=1 1)\0 243/ \1 1) 2\—-1 243/ \1 1

1 /14243 14243\ 1 /244 242\ (122 121
T o\ —14243 14243 ) 2\242 244)  \121 122)°
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3.7 Practice Exam — 5

4 D
MCQ Practice Exam #7 —

Level: First Year LMD

Module: Mathematics 2

Duration:
\§ J
[Exercise 1 (6 points)]

Compute the determinant of the following matrix using the most appropriate
method:

2 -1 0 3
1 2 1 —1
A=149 1 3 2
-1 0 2 1

(Use cofactor expansion along a row or column with the most zeros, or use Gauss
elimination.)

[Exercise 2 (7 points)j

Consider the linear system:

r+y—z=2
(S):R2r—y+2=3
r+2y—22=1

1. Write the system in matrix form AX = B.
2. Compute det(A). Is (S) a Cramer system?
3. Solve (9) using the inverse matrix method (compute A~! via the adjoint method).

4. Verify your solution using Cramer’s rule.

[Exercise 3 (7 points) J

1 2
Let C = (3 2).

1. Find the characteristic polynomial of C.

2. Find the eigenvalues and eigenvectors (use Gauss method for solving (C - Al )v =
0).

3. Find matrices P and D such that C = PDP~1'.
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4. Compute C* using diagonalization.

Full Solutions — Practice Exam 5

[Solution — Exercise 1 )

Method: Cofactor expansion along the first row (or use Gauss elimina-
tion).
Using cofactor expansion along the first row:

2 1 -1 1 1 -1 1 21
det(A)=2-11 3 2|—-(-1)-|0 3 2|+0-(---)—3-]0 1 3
02 1 -1 2 1 -1 0 2
Compute each 3 x 3 determinant:
2 1 -1
First: (1 3 2 |=23-1-2-2)—1(1-1-2-0)+(—-1)(1-2—3-0) =2(3—4) —
0 2 1
1(1-0)—1(2-0)=2(-1)—-1-2=-2-1-2=-5
1 1 -1
Second: |0 3 2|=1(3-1—-2-2)—1(0-1—2-(=1))+(=1)(0-2—3-(—1)) =
-1 2 1
13-4)—10+2)—1(0+3)=—-1—-2—-3=—6
1 21
Third: [0 1 3/ =11-2-3-0)—2(0-2—-3-(-1))+10-0—-1-(-1)) =
-1 0 2
12-0)—2(0+3)+1(0+1)=2—-6+1=-3

Thus det(A) =2(—5) +1(—6) —3(-3) =—-10—6+9 = —T7.

[Solution — Exercise 2 )

1. Matrix form:

1 1 -1 x 2
A=1|2 -1 1|, X=1|y]|, B=1]3
1 2 =2 z 1
2. Determinant
1 1 -1
|Al ? —21 12 = 1(-1)(=2) - (1)(2) = 1(2(-2) - (V@) + (-1)(2-2—(=1)-1)

—12-2)—1(-4-1)—1(44+1)=0—1(=5) = 1(5) =5 — 5 =0.

Since det(A) = 0, the system is not Cramer. It may have no solution or infinitely
many.
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Check consistency via augmented matrix:

1 1 —-1]2 1 1 —=1] 2
ABl=| 2 -1 1 |3 | 2 el Mo g _3 3 |1
1 2 =211 0 1 —-1|-1
1 1 -1 2 11 -1 2
Ro+>R3 O 1 _1 1 R3<+R3+3R2 0 1 —1 _1
0 -3 3 |—-1 00 0|4
The last row gives 0 = —4, which is impossible. Thus the system is inconsistent (no
solution).
[Solution — Exercise 3 )

1. Characteristic polynomial:

p(A) =det(C—AI) =

1-X 2
3 2-=A

' =(1-A)(2-X)—6=N=3\+2—-6=A>—3\—4
=A—4)(A+1).

2. Eigenvalues: \; =4, \y = —1.
Eigenvectors using Gauss method:

For \y = 4: C — 41 = (_3 2) Gauss elimination: ( 3 2

3 _9 0 0):>—3:B—|-2y:

0=2y=3r=y= %x Eigenvector: v; = (g) (taking x = 2).

2 2) Gauss elimination: (2 2) =>2r+2y=0=>y=

For)\2:—1:0+[:(33 00

1

—z. Eigenvector: vy = q

3. Diagonalization:

(4 0 (21 o 1/—1 -1\ _1/1 1
D‘(o —1)’ P‘(?) —1)’ P __S<—3 2)‘5(3 —2)'

2 1 440
4. 4 __ 4p—-1 _ .z
4. Compute C*: C* = PD*P~! = <3 1) <O (_1)4>

_1/2 01 256 0\ (1 1Y) _1/512 1 1 1
T 5\3 —1 0 1/\3 —2) 5\768 —1)\3 =2

1 (51243 512—-2\ _ 1 (515 510\ _ (103 102
T 5\768—3 768+4+2)  5\765 770)  \153 154/

=
VR
L =
| =
N}
N————
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Chapter 4

Key Summary — Formulas & Problem-
Solving Methods

Note to Students

This chapter provides a concise reference for all key formulas and step-by-step methods
for solving problems in Mathematics 2. Use this as a quick review before exams.

4.1 Matrix Operations

Basic Definitions

e Matrix A,,.,: m rows, n columns
e Square matrix: m =n
e Zero matrix O: all entries are zero

e Identity matrix /,: diagonal entries = 1, others = 0

Matrix Addition & Scalar Multiplication
(A + B)” = Qi + bij7 (kA)U =k- Q5

Matrix Multiplication

A X B Zalk bk]

Condition: Number of columns of A = Number of rows of B

Properties

e Ax B# B x A (not commutative)

e AXx (BxC)=(Ax B)xC (associative)
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e AX(B+C)=Ax B+ AxC (distributive)
e AxI, =1, xA=A

Transpose of a Matrix

(AT)ij = a5
Properties:

(AT = A, (A+B)T = AT+ BT, (AB)T = BTA”
Trace of a Square Matrix

tI‘(A) = zn: (077}
=1

Properties:
tr(A+ B) = tr(A) + tr(B), tr(AB) =tr(BA)

4.2 Determinants

Definition

The determinant det(A) or |A| is a scalar associated only with square matrices.

Method 1: Sarrus’ Rule (3x3 matrices only)

a b cla b
det(A)=|d e f|d e
g h ilg h

=aei +bfg+ cdh — ceg — bdi — afh

Method 2: Cofactor Expansion (any square matrix)

Expand along row :
det(A) = Z(J,Z’j : Cij; where Cz'j = (—1>i+jMij
j=1
M;; is the minor (determinant after removing row ¢ and column j).

Method 3: Gauss Elimination (Row Reduction)

Transform A to upper triangular form using row operations:

e Swapping two rows multiplies det by —1
e Multiplying a row by & multiplies det by &

e Adding a multiple of one row to another does not change det

Then det(A) = product of diagonal elements of triangular form.
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Properties of Determinants
o det(AB) = det(A) - det(B)
det(AT) = det(A)

det(A_l) = #(A)

det(kA) = k™ det(A) (for n x n matrix)

det(I,) =1

If A has a row/column of zeros: det(A) =0

If two rows/columns are identical or proportional: det(A) =0

4.3 Matrix Inverse

Definition

A~ 1is the inverse of Aif Ax A™! = A7'x A = I,. A matrix is invertible (non-singular)
if and only if det(A) # 0.

Method 1: Adjoint (Cofactor) Method

1
~ det(A)

where Adj(A) = (Com(A))T (transpose of the cofactor matrix).
Steps:

-1

- Adj(A)

1. Compute det(A). If det(A) = 0, stop (A is not invertible).

2. Compute all cofactors Cy; = (—1)"7 M;;.

3. Form the cofactor matrix Com(A) = (Cj;).

4. Take the transpose to get the adjoint: Adj(A) = (Com(A))T.

5. Multiply by m.

Method 2: Gauss-Jordan Elimination

Form the augmented matrix [A|[,] and perform row operations to transform A into
I,

row operations

[Al L] [1,]A7]
Allowed row operations:
e Swap two rows

e Multiply a row by a non-zero scalar

e Add a multiple of one row to another
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Properties of Inverse

e (AH) =4

4.4 Linear Systems

General Form

1121 + a19%2 + - - - + a1, = by

A91%1 + A99To + - - - + Gop T, = by

Am1T1 + A2l + -+ + Qpp Ty = bm

Matrix form: AX = B, where Aism xn, X isnx 1, Bism x 1.

Classification

e Cramer system: m = n and det(A) # 0 (unique solution)

e Non-Cramer system: det(A) =0 or m # n (no solution or infinitely many)

Rank of a Matrix

The rank rank(A) is the number of linearly independent rows (or columns). It is the
number of non-zero rows after row reduction.

Rouché-Capelli Theorem

Let r = rank(A) and r’ = rank([A|B]):
e If r # 7": No solution (inconsistent)
e If r =" = n: Unique solution

e If r =’ < n: Infinitely many solutions (n — r free parameters)

Method 1: Cramer’s Rule (for Cramer systems)

For AX = B with det(A) # 0:
~ det(A)

where A; is A with the i-th column replaced by B.

X
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Method 2: Inverse Matrix Method (for Cramer systems)

X=A"'B

Method 3: Gauss Elimination (Gaussian Elimination)

Transform [A|B] to row echelon form using row operations, then back-substitute.
Steps:

1. Write the augmented matrix [A|B|
2. Use row operations to create zeros below each pivot
3. Obtain upper triangular form

4. Back-substitute to find solutions

Method 4: Non-Cramer Systems (with parameters)

When det(A) = 0 or m # n, use Gauss elimination to find:
e If inconsistent: last row gives 0 = k (k # 0)

o [f infinitely many solutions: express basic variables in terms of free parameters

4.5 Eigenvalues & Eigenvectors

Definition

For a square matrix A, A is an eigenvalue and v # 0 is the corresponding eigenvector
if:
Av =M\

Characteristic Equation
det(A— M) =0

This is a polynomial of degree n (the characteristic polynomial).

Method: Finding Eigenvalues
1. Compute A — A\I

2. Compute det(A — \I)
3. Solve det(A — AI) =0 to find Aj, Mg, ..., Ay
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Method: Finding Eigenvectors (Gauss Method)

For each eigenvalue \;:
1. Form A — )\, 1
2. Solve (A — A\iI)v = 0 using Gauss elimination
3. Write the solution in parametric form

4. The eigenvectors are the non-zero solutions

Properties

o tr(A) =X\ + A2 + -+ -+ A\, (sum of eigenvalues)
e det(A) = A1 - Ag--- A\, (product of eigenvalues)

e If A is symmetric, eigenvectors corresponding to distinct eigenvalues are orthog-
onal

4.6 Diagonalization

Definition

A matrix A is diagonalizable if there exists an invertible matrix P and a diagonal
matrix D such that:
A=pPDpP

where D = diag(\1, A2, ..., \,) (eigenvalues on the diagonal).

Method: Diagonalization Steps

1. Find all eigenvalues A\i, Ao, ..., A\,

2. For each eigenvalue, find a basis of eigenvectors

3. Form P by placing eigenvectors as columns

4. Form D with eigenvalues on the diagonal in the same order as eigenvectors in P

5. Compute P~! (using Gauss-Jordan or adjoint method)

Condition for Diagonalizability

A is diagonalizable if and only if:
e There are n linearly independent eigenvectors

e For each eigenvalue, geometric multiplicity = algebraic multiplicity
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Computing Powers using Diagonalization

)\lf 0O --- 0

k
A= PD*P where DF = | 0 2 0
0 0 ... )k

n

Special Cases

o If A is diagonalizable and k is large, A* is easier via diagonalization

e If A is not diagonalizable, use Jordan canonical form (advanced)

4.7 Quick Reference Table

( )
Concept Formula / Method
Matrix multiplication (AB);; = > Qikb;
Transpose (A1) = aj;
Trace (Al = D
Determinant (3x3 Sarrus) | aei + bfg + cdh — ceg — bdi — afh
Cofactor Cy; = (1) M;;
Inverse (adjoint) Al = ﬁ(f‘) Adj(A)
Inverse (Gauss-Jordan) [A|I] — [I|A7Y]
Cramer’s rule z; = SeHA)
e det(A)
Gauss elimination [A|B] — triangular form — back substitution
Rouché-Capelli r = rank(A), " = rank([A|B])
Characteristic equation det(A— M) =0
Eigenvector (A-=Xv=0
Diagonalization A=PDP~' D =diag(A,...,\n)
Power via diagonalization | A¥ = PD*P~!
G J

Common Mistakes to Avoid

e Matrix multiplication is NOT commutative: AB # BA in general

Determinant of A+ B is NOT equal to det(A) + det(B)

For Cramer’s rule, det(A) must be non-zero

A matrix with det(A) = 0 is singular (not invertible)

Eigenvectors are defined up to a scalar multiple (any non-zero scalar multiple is
also an eigenvector)

For diagonalization, eigenvectors must be linearly independent
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Memory Aids

e Sarrus: "Downward diagonals plus, upward diagonals minus"

e Cofactor sign: (—1)""/ gives a checkerboard pattern: [ — + —
+ -+

e Cramer’s rule: Replace column ¢ with B, divide by det(A)

e Eigenvalues: Sum = trace, product = determinant

164



Bibliography

[1] Calvo, B., Doyen, J., Calvo, A., Boschet, F. (1975). Exercices d’algébre: 1er cycle
scientifigue. Armand Colin Collection.

[2] Chandra, P. (2013). Linear Algebra Lecture Notes. |Lecture Notes|. Department of
Mathematics, II'T Kanpur. Retrieved from https://home.iitk.ac.in/ peeyush/
102A/Lecture-notes.pdf

[3] Djabi, A. (2025). Mathematics 2: Summaries and Exercises. |Handout].
University of Setif, Algeria. Retrieved from http://dspace.univ-setif.
dz:8888/jspui/handle/123456789/5124 & https://www.researchgate.net/
publication/389876525

[4] Djabi, A. (2025). Mathematics 2- 100 FEzercises with Solutions. |[Hand-
out]. University of Setif, Algeria. Retrieved from http://dspace.univ-setif.
dz:8888/jspui/handle/123456789/6585 & https://www.researchgate.net/
publication/399663765_Mathematics_2-_100_Exercises_with_Solutions

[5] Djabi, A. (2025). Mathematical Tools for Economics Students. [Book|, ALPHA
DOCUMENTATION, Algérie, ISBN: 978-9969-06-075-1 .

[6] Golub, G. H., & Van Loan, C. F. (2013). Matriz Computations (4th ed.). Johns
Hopkins University Press.

[7] Hoffman, K., & Kunze, R. (1971). Linear Algebra (2nd ed.). Prentice Hall.

[8] Horn, R. A., & Johnson, C. R. (2013). Matriz Analysis (2nd ed.). Cambridge
University Press.

[9] Lay, D. C. (2015). Linear Algebra and Its Applications (5th ed.). Pearson.

[10] Strang, G. (2010). Linear Algebra Lecture Notes. MIT OpenCourse-
Ware] Retrieved from https://ocw.mit.edu/courses/mathematics/
18-06-1linear-algebra-spring-2010/

[11] Strang, G. (2016). Introduction to Linear Algebra (5th ed.). Wellesley-Cambridge
Press.

165


https://home.iitk.ac.in/~peeyush/102A/Lecture-notes.pdf
https://home.iitk.ac.in/~peeyush/102A/Lecture-notes.pdf
http://dspace.univ-setif.dz:8888/jspui/handle/123456789/5124
http://dspace.univ-setif.dz:8888/jspui/handle/123456789/5124
https://www.researchgate.net/publication/389876525
https://www.researchgate.net/publication/389876525
http://dspace.univ-setif.dz:8888/jspui/handle/123456789/6585
http://dspace.univ-setif.dz:8888/jspui/handle/123456789/6585
https://www.researchgate.net/publication/399663765_Mathematics_2-_100_Exercises_with_Solutions
https://www.researchgate.net/publication/399663765_Mathematics_2-_100_Exercises_with_Solutions
https://ocw.mit.edu/courses/mathematics/18-06-linear-algebra-spring-2010/
https://ocw.mit.edu/courses/mathematics/18-06-linear-algebra-spring-2010/

	الواجهة1
	Djabi-Mathematics 2
	Preface
	Main Examinations – First Session (2017–2025)
	Main Exam – (2017/2018)–Version A
	Solution – Main Exam (2017/2018–Version A)
	Main Exam (2017/2018)–Version B
	Solution – Main Exam (2017/2018–Version B)
	Main Exam (2018/2019)
	Solution –Main Exam (2018/2019)
	Main Exam (2019/2020) - Version A
	Solution – Main Exam (2019/2020) – Version A
	Main Exam (2019/2020) - Version B
	Solution – Main Exam – Version B
	Main Exam (2020/2021) - Version A
	Solution – Main Exam (2020/2021) Version A
	Main Exam (2020/2021) - Version B
	Solution – Main Exam (2020/2021) Version B
	Main Exam (2021/2022)
	Solution – Main Exam (2021/2022)
	Main Exam (2022/2023)
	Solution – Main Exam (2022/2023)
	Main Exam (2023/2024)
	Solution – Main Exam (2023/2024)
	Main Exam (2024/2025)
	Solution – Main Exam (2024/2025)

	Resit Examinations – Second Session
	Resit Exam (2017/2018)
	Solution – Resit Exam (2017/2018)
	Resit Exam (2018/2019)
	Solution – Resit Exam (2018/2019)
	Resit Exam (2019/2020)
	Solution – Resit Exam (2019/2020)
	Resit Exam (2020/2021)
	Solution – Resit Exam (2020/2021)
	Resit Exam (2021/2022)
	Solution – Resit Exam (2021/2022)
	Resit Exam (2022/2023)
	Solution – Resit Exam (2022/2023)
	Resit Exam (2023/2024)
	Solution – Resit Exam (2023/2024)
	Resit Exam (2024/2025)
	Solution – Resit Exam (2024/2025)

	Proposed Exams – Additional Practice
	Note to Students
	MCQ Exam –(Version 1)
	Solutions – MCQ Exam (Version 1)
	Solutions – Part 2
	MCQ Exam –(Version 2)
	Solutions – MCQ Exam (Version 2)
	Solutions – Part 2
	Practice Exam – 1
	Solutions – Practice Exam 1
	Practice Exam – 2
	Solutions – Practice Exam 2
	Practice Exam – 3
	Solutions – Practice Exam 3
	Practice Exam – 4
	Solutions – Practice Exam 4
	Practice Exam – 5
	Solutions – Practice Exam 5

	Key Summary – Formulas & Problem-Solving Methods
	Note to Students
	Matrix Operations
	Matrix Operations
	Determinants
	Determinants
	Matrix Inverse
	Matrix Inverse
	Linear Systems
	Linear Systems
	Eigenvalues & Eigenvectors
	Eigenvalues & Eigenvectors
	Diagonalization
	Diagonalization
	Quick Reference Table
	Quick Reference Table




<<

  /ASCII85EncodePages false

  /AllowTransparency false

  /AutoPositionEPSFiles true

  /AutoRotatePages /All

  /Binding /Left

  /CalGrayProfile (Gray Gamma 2.2)

  /CalRGBProfile (sRGB IEC61966-2.1)

  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)

  /sRGBProfile (sRGB IEC61966-2.1)

  /CannotEmbedFontPolicy /Warning

  /CompatibilityLevel 1.6

  /CompressObjects /All

  /CompressPages true

  /ConvertImagesToIndexed true

  /PassThroughJPEGImages true

  /CreateJobTicket true

  /DefaultRenderingIntent /Default

  /DetectBlends true

  /DetectCurves 0.1000

  /ColorConversionStrategy /LeaveColorUnchanged

  /DoThumbnails true

  /EmbedAllFonts true

  /EmbedOpenType true

  /ParseICCProfilesInComments true

  /EmbedJobOptions true

  /DSCReportingLevel 0

  /EmitDSCWarnings true

  /EndPage -1

  /ImageMemory 1048576

  /LockDistillerParams false

  /MaxSubsetPct 100

  /Optimize true

  /OPM 1

  /ParseDSCComments true

  /ParseDSCCommentsForDocInfo true

  /PreserveCopyPage true

  /PreserveDICMYKValues true

  /PreserveEPSInfo true

  /PreserveFlatness true

  /PreserveHalftoneInfo false

  /PreserveOPIComments true

  /PreserveOverprintSettings true

  /StartPage 1

  /SubsetFonts true

  /TransferFunctionInfo /Apply

  /UCRandBGInfo /Remove

  /UsePrologue true

  /ColorSettingsFile ()

  /AlwaysEmbed [ true

  ]

  /NeverEmbed [ true

  ]

  /AntiAliasColorImages false

  /CropColorImages true

  /ColorImageMinResolution 150

  /ColorImageMinResolutionPolicy /OK

  /DownsampleColorImages true

  /ColorImageDownsampleType /Bicubic

  /ColorImageResolution 300

  /ColorImageDepth -1

  /ColorImageMinDownsampleDepth 1

  /ColorImageDownsampleThreshold 1.50000

  /EncodeColorImages true

  /ColorImageFilter /DCTEncode

  /AutoFilterColorImages true

  /ColorImageAutoFilterStrategy /JPEG

  /ColorACSImageDict <<

    /QFactor 0.40

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /ColorImageDict <<

    /QFactor 0.76

    /HSamples [2 1 1 2] /VSamples [2 1 1 2]

  >>

  /JPEG2000ColorACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 15

  >>

  /JPEG2000ColorImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 15

  >>

  /AntiAliasGrayImages false

  /CropGrayImages true

  /GrayImageMinResolution 150

  /GrayImageMinResolutionPolicy /OK

  /DownsampleGrayImages true

  /GrayImageDownsampleType /Bicubic

  /GrayImageResolution 300

  /GrayImageDepth -1

  /GrayImageMinDownsampleDepth 2

  /GrayImageDownsampleThreshold 1.50000

  /EncodeGrayImages true

  /GrayImageFilter /DCTEncode

  /AutoFilterGrayImages true

  /GrayImageAutoFilterStrategy /JPEG

  /GrayACSImageDict <<

    /QFactor 0.40

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /GrayImageDict <<

    /QFactor 0.76

    /HSamples [2 1 1 2] /VSamples [2 1 1 2]

  >>

  /JPEG2000GrayACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 15

  >>

  /JPEG2000GrayImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 15

  >>

  /AntiAliasMonoImages false

  /CropMonoImages true

  /MonoImageMinResolution 1200

  /MonoImageMinResolutionPolicy /OK

  /DownsampleMonoImages true

  /MonoImageDownsampleType /Bicubic

  /MonoImageResolution 1200

  /MonoImageDepth -1

  /MonoImageDownsampleThreshold 1.50000

  /EncodeMonoImages true

  /MonoImageFilter /CCITTFaxEncode

  /MonoImageDict <<

    /K -1

  >>

  /AllowPSXObjects true

  /CheckCompliance [

    /None

  ]

  /PDFX1aCheck false

  /PDFX3Check false

  /PDFXCompliantPDFOnly false

  /PDFXNoTrimBoxError true

  /PDFXTrimBoxToMediaBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXSetBleedBoxToMediaBox true

  /PDFXBleedBoxToTrimBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXOutputIntentProfile ()

  /PDFXOutputConditionIdentifier ()

  /PDFXOutputCondition ()

  /PDFXRegistryName ()

  /PDFXTrapped /False



  /CreateJDFFile false

  /Description <<





    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>

    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>

    /CZE <>

    /DAN <>

    /DEU <>

    /ESP <>

    /ETI <>







    /HUN <>

    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)

    /JPN <>

    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>

    /LTH <>

    /LVI <>

    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)

    /NOR <>

    /POL <>

    /PTB <>





    /SKY <>



    /SUO <>

    /SVE <>

    /TUR <>



    /ENU (Use these settings to create high quality Adobe PDF documents suitable for a delightful viewing experience and printing of business documents.  Created PDF documents can be opened with Acrobat and Adobe Reader 7.0 and later.)

    /FRA <>

  >>

>> setdistillerparams

<<

  /HWResolution [600 600]

  /PageSize [612.000 792.000]

>> setpagedevice




[bookmark: _GoBack]bbas -- S\'etif 1Author: Djabi Abdelmoumene

Department of Basic Education

Faculty of Economics, Commerce and Management Sciences

University of Ferhat Abbas -- Sétif 1

Mathematics 2 – موجهة لطلبة السنة الأولى جذع مشترك للعلوم الاقتصادية والتجارية وعلوم التسيير

Official and Proposed Exams with Detailed Solutions



Academic Years 2017-2025

University of Ferhat Abbas -- Sétif 1

Faculty of Economics, Commerce and Management Sciences



Department of Basic Education | First Year LMD







