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Introduction

In applied mathematics and engineering, the optimization is considered as an important
domain, due to its main objective of determining the best possible decision among a set
of available alternatives. It is widely applied across various fields such as science, engi-
neering, economics and industry, offering powerful tools and techniques to minimize
losses, maximize profits and enhance system performance. Optimization contributes
significantly to saving time, money, energy and materials, while also improving quality
and maximizing user satisfaction. These techniques are employed in solving both
simple analytical problems and managing complex systems.

Given its broad range of applications and growing importance, optimization plays a
central role in both theoretical research and practical scientific applications.

Among the many branches of optimization, unconstrained optimization occupies a
particularly important place, especially due to its theoretical simplicity and wide range
of practical relevance. In unconstrained optimization, the goal is to find the minimum
(or maximum) of a real-valued differentiable function without imposing any explicit

constraints on the variables. Mathematically, the general form of such a problem is

win f(z),

where f : R" — R is a continuously differentiable function. Despite the apparent
simplicity of this formulation, such problems can pose significant challenges, particu-
larly with high dimensional problems.

To address these challenges, numerous numerical algorithms have been developed
over the decades. Among the most prominent and efficient is the conjugate gradient
method, it stands out as a powerful tool, particularly for this type of problems, due
to its efficiency, low memory requirements and broad applicability in fields such as

scientific computing, engineering, machine learning, data science, image processing,
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and compressive sensing. It was firstly introduced by Hestenes and Stiefel (HS) in 1952
[30], to minimize convex quadratic functions. Later in 1964, Fletcher and Reeves (FR)
[23] extended the method for solving nonlinear unconstrained optimization problems,
then modified by Polak-Ribiére-Polyak (PRP) [57, 58], since then several variants have
been proposed until our days.

The general structure of conjugate gradient methods involves generating a sequence
of iterates {x} starting from intial point x,, using a search direction d;, and a stepsize

oy, as follows

Tpt1 = Tp + apdy,

where the search direction dj, is given by

— 9k, if k = 17
dy =

=gk + Brdi—1, itk >2,
and g, = V f(zy) is the gradient of f at x;. The performance of conjugate gradient
methods largely depends on the choice of the parameter /3, and numerous formulas
have been proposed in the literature, each with distinct theoretical properties and
practical behavior. Some of the most well-known choices of j;, include those proposed
by Hestenes and Stiefel, Fletcher and Reeves (FR) [23], Polak-Ribiere-Polyak (PRP)
[57, 58], Conjugate Descent (CD) [22], Liu-Storey (LS) [44] and Dai-Yuan (DY) [13, 14].

The formulas of the parameters 3, mentioned above are

HS _ GenYk  arr _ lgr+1ll*  pre _ Tk 1Yk

o dly T el lgx ]I
CD _ _ lgrll® ,rs _ _glzﬂyk DY _ gk )?
k ggdk » Mk ggdk y Mk dzyk )

where y; = gr11 — gr and ||.|| denotes the Euclidean norm.

While classical conjugate gradient methods FR, DY, CD, LS, HS and PRP have laid the
theoretical foundation for solving unconstrained optimization problems, their behavior
significantly differs depending on the nature of the objective function and the type of
the used line search. These methods are identical when applied to strongly convex
quadratic functions with exact line search. However, they exhibit varying performance

when extended to general nonlinear functions under inexact line search.
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Specifically, the FR, DY and CD methods are known for their strong theoretical
convergence properties, yet they often suffer from poor practical performance. In
contrast, LS, HS and PRP methods are widely recognized for their efficiency in practice,

though they may fail to converge in certain situations [18].

To address these limitations, hybrid conjugate gradient methods have emerged as a
promising alternative. These methods combine different conjugate gradient method
formulas to leverage their respective strengths and mitigate weaknesses particularly
to overcome the jamming phenomenon and the potential loss of sufficient descent.
Recently, several search directions for conjugate gradient methods have been proposed
by researchers worldwide. Building on the work of Dai and Liao [15], numerous
formulas for the parameter j; have been introduced to further modify and enhance
the behavior of conjugate gradient algorithms. These developments aim to improve
convergence properties, numerical stability, and overall computational performance.
Meanwhile, additional approaches defining new families of search directions have been
proposed by other authors, expanding both the theoretical framework and practical

applicability of conjugate gradient methods presented in [4, 42, 55, 56, 68].

Hybridization can be either convex or non-convex in nature and aims to enhance both
robustness and overall performance. This line of research remains active and continues

to evolve. Notable hybrid approaches was given in [6, 16, 19, 18, 52, 61, 62, 63, 64, 70].

This thesis is focusing on the development and analysis of some new hybrid conju-
gate gradient methods for unconstrained nonlinear optimization problems. The primary
objective is to construct efficient and globally convergent algorithms by proposing new

formulations of the search direction and new conjugacy parameters.

The thesis contains introduction, five chapters and a general conclusion. The first
chapter provides a comprehensive overview of convex analysis and unconstrained
optimization. It covers key mathematical concepts, optimality conditions and founda-
tional algorithms such as gradient, Newton and classical conjugate gradient methods.
Additionally, it discusses line search techniques, both exact and inexact, which play a
crucial role in the practical implementation of descent methods. The second chapter con-
tains our first contributions, where we introduce three new hybrid conjugate gradient
methods based on convex combinations of existing formulas. The proposed algorithms

are applied to standard theoretical tests problems and to image restoration problems.
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Besides, their convergence properties and numerical performance are analyzed and
disused in detail. The third chapter presents our new method for solving large-scale
nonlinear monotone equations subject to convex constraints applied to sparse signal
problems. The algorithm’s theoretical convergence is established and its effectiveness
is shown through extensive numerical experiments. In the forth chapter we propose
another new contribution based on hybridization of the Liu-Storey (.° parameter
with its modification 37%°. The proposed algorithm incorporates a hybrid three-term
technique applied to image restoration and sparse signal recovery. The chapter five
contains our last contribution which represents a new efficient search direction based on
a new parameter $£°PB. The obtained algorithm globally converges and the numerical
experiments are significant and confirm our purpose. Finally, a general conclusion

concludes this manuscript.



CHAPTER

Overview of convex analysis and unconstrained

optimization

In this chapter, we explore the fundamental principles of convex analysis and uncon-
strained optimization. We start by examining convex sets and convex functions, which

are important in defining and solving optimization problems.

Then, we focus on understanding the conditions of existence and uniqueness of
solutions, along with first and second-order optimalty conditions of an unconstrained
optimization problem. To solve these problems, we introduce key methods such as
gradient descent, Newton’s method, and conjugate gradient methods, discussing their

structure and convergence behavior.

Finally, we pass into line search techniques, both exact and inexact, which help to
determine stepsize qy, in iterative methods. This chapter provides a comprehensive

starting point for applying optimization methods effectively.

1.1 Convex sets and convex functions

Convex sets and convex functions are fundamental concepts in optimization theory. In
this section, we introduce the key definitions and essential properties of convex sets

and convex functions.
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1.1.1 Convex sets

Definition 1.1. A set C' C R" is convex if for any two points =,y € C' and any scalar

A € [0, 1], the convex combination Az + (1 — \)y also lies within C, i.e.,
A+ (1-NyeC, Vx,yeC, VAel0,1].

Definition 1.2. A convex combination of m vectors z1, zs, ..., z,, € R" is defined as a

linear combination of the form
S
i=1

where \; > Oforalli=1,...,mand

Proposition 1.3. [41] Let C' C R". Then
C'is convex <= C' contains all convex combinations of its elements.

Definition 1.4. Given a set C' C R", the convex hull of C, denoted by conv(C), is the set

of all convex combinations of points in C, i.e.,

k k
conv(C) = {Z)\sz/xl €S, N\ >0, Z/\i: 1, kGN},

=1 i=1

and which is the smallest convex set that contains C.

Corollary 1.5. Let C C R™. Then

C'is convex <= C' = conv(C).

1.1.2 Convex functions

Definition 1.6. Let f : C' C R" — R, where C' is a non-empty convex set. We define

convexity of the function f as follows

e fisconvex on C'if forall z,y € C'and X € [0, 1], we have
fz+ (1 =Ny) <Af(z)+ (1 =N f(y)
e fisstrictly convex on C'if for all z # y € C'and X €]0, 1[, we have

Oz 4+ (1= XNy) <Af(z)+ (1 =) f(y).
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* fisstrongly convex on C'if there exists a constant o > 0 such that for all z,y € C,

FO 4 (1= N)y) < AF(@) + (1= X)F ) — 50A1 = Nz — gl

e If —f is convex (strictly convex, strongly convex), then f is concave (strictly
concave, strongly concave).

In general, it is often challenging to verify the convexity of a function using only its
definition. The following propositions provide an easier way to prove the convexity of

function.

Proposition 1.7. [65] Let C be a convex subset of R™ and let f : C' — R be a differentiable
function. The following statements hold:

* The function f is convex on C'if and only if:

fly) = f(z) +(Vf(z),y —x), Va,yeC.

This is known as the first-order condition for convexity.

* The function f is convex on C if and only if its gradient V f is monotone on C, i.e.,

(Vfly) —Vf(x),y—2z)>0, VYr,yeC.

 The function f is strictly convex on C'if and only if:
f) > flx) +(Vf(x),y —x), Va,yeCuwitha #y.

* The function f is strictly convex on C if and only if its gradient V f is strictly monotone
onC,ie.,

(Vf(y)—Vf(x),y—x) >0, Va,ye Cwithx #y.

Proposition 1.8. [41] Let C' be a convex subset of R™ and let f : C' — R be a twice continuously

differentiable (C?) function. The following statements are equivalent

e The function f is convex on C if and only if the Hessian matrix V* f(z) is positive

semi-definite for all z € C, i.e.,
(V2f(z)(y —x),y —x) >0, Va,yecC.
e The function f is strictly convex on C'if and only if the Hessian matrix V/? f (x) is positive
definite for all x € C, i.e.,

<V2f($)(y—$),y—$) >O7 V:U,yEC, wlth‘r#y
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1.2 Unconstrained optimization: existence and optimalty
conditions

Unconstrained optimization is a fundamental concept in mathematical optimization,
where the goal consists of minimizing or maximizing a function which depends on a

number of real variables without any constraint on the values of these variables.

Definition 1.9. Let f : R” — R be a continuously differentiable function. The uncon-
strained optimization problem is the minimization or maximization of f without any

constraints on the variables. Mathematically, this can be represented as

min f(z)
r € R

(1.1)

In general, we have two types of minimizers: local minimizer and global minimizer.

In the following, we give their exact definitions.

Definition 1.10. A point z* € R" is a global minimum of f over R" if and only if
) < f(x) VreR"
Definition 1.11. A point z* € R" is a local minimum of f over R" if and only if:
3dr > O such that f(2*) < f(z) Vo e B(z*,r)={x e R"/ ||z — 2| < r},

where the condition f(z*) < f(z) is satisfied only in the neighborhood of z*. In this

case, f(z*) is referred to as a local minimum value of f.

1.2.1 Results of existence and uniqueness of optimal solution

Before delving into the first and second-order optimality conditions for the problem
(1.1), it is important to firstly verify the existence of a solution. Once this is established,

we will proceed to discuss the results related to the uniqueness of the solution.

Theorem 1.12 (Weierstrass theorem [25]). Let f : D — R be a continuous function, where

D C R"™is compact. Then f has a minimum on D, i.e., 3 x* € D such that

f(z*) < f(x) forallz € D.
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Theorem 1.13 (Existence). [41] Let f : R" — R be a continuous and coercive function

(|| lﬁm f(x) = +o0). Then, f attains its minimum on R", i.e, 3 2* € R" such that
Z||—00

f(z*) < f(x) forallz € R™.

Corollary 1.14. If f : D — R is a continuous and coercive function on a closed set D C R™.

Then, f has a minimum on D, i.e, 3 x* € D such that
f(z*) < f(x) forallz € D.

Theorem 1.15 (Uniqueness). [41] If f : R™ — R is strictly convex, then there exists at most

one x* € R"™ such that

fa*) < f(x) Vo eR"
Theorem 1.16 (Existence and Uniqueness). [41] Let f : R™ — R be a function satisfying:
e Coercivity: ||a:1\i|gloo f(x) =+o0
e Continuity: [ is continuous on R"
e Strict Convexity:
Oz + (1 =Ny) <Af(x)+ (1 =XNf(y)

forallz #y € R"and X € (0,1)

Then f attains a unique global minimum on R".

1.2.2 First-order optimalty conditions

First-order necessary optimalty condition

Theorem 1.17. [65] Let D C R™ be an open set and let f : D — R be a continuously

differentiable function. Suppose that * € D is a local or global minimum of f. Then
Vi) =0.

Remark 1.18. 1. A point z* € R” that satisfies V f(2*) = 0 is referred to as a stationary
point or critical point of f in R™ (a candidate for being a minimum or maximum).

However, V f(2*) = 0 does not necessarily imply that 2* is a minimum of f.

2. If Vf(x*) # 0, then z* cannot be a minimum or maximum of f.
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First-order sufficient and necessary optimalty condition

Theorem 1.19. Let D C R™ be an open set and let f : D — R be a differentiable function.

Assume that f is convex on D. Then
(x* € D isa global minimum of ) < (Vf(z*) =0).

Proof. The first implication is evident (result from the previous theorem).

Now, suppose that V f(2*) = 0. Since f is convex, we have for all x € D

flx) = fa7) + (Vf(a"), 2 — z7).

Thus,
f(z) = f(z7).

This implies that z* is a global minimum of f on R". O

Remark 1.20. If f is convex (not necessarily differentiable), then the necessary and

sufficient condition for 2* to be a global minimum is
x* minimizes f <= 0 € Jf(z"),

where 0f(z*) denotes the subdifferential of f at x*.

Recall that the set of all subgradients of f at x is denoted by

Of(x)={geR"| fly) > f(z)+g (y—z), Yy e R"}.

1.2.3 Second-order optimalty conditions

Second-order necessary conditions

Theorem 1.21. Let f : D — R be a twice continuously differentiable function (i.e., f € C*(D))

on an open set D C R™. If x* € D is a minimum (local or global) of f, then
1. Vf(z*)=0.
2. The Hessian matrix V? f (x*) is positive semidefinite.

Proof. Suppose that f : D — R is twice continuously differentiable and that * € D is a
local minimizer of f. Suppose on the contrary, that the Hessian V?f(2*) is not positive

semidefinite.
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Then, there exists a direction d € R" such that:
d"V2f(x*)d < 0.

Since f € C?, the Hessian is continuous. Thus, there exists r > 0 such that for all x

small enough (with 0 < p < r), we have:
¥+ pd € B(x*,r)c D and d'V?f(z*+ pd)d < 0.

Using the second-order Taylor expansion of f at z* and the fact that V f(z*) = 0, we
obtain

Pl + pd) = f(a) + LV + Opd)d,

for some 6 € (0,1).
Since d"V?2 f(z* + Oud)d < 0, it follows that

f(@" + pd) < f(a7),

which contradicts the assumption that * is a local minimizer of f. Hence, the Hessian

V2 f(2*) must be positive semidefinite. O

Second-order sufficient conditions

Theorem 1.22. [65] Let f : D — R be a twice continuously differentiable function on an open
set D C R™ If Vf(z*) = 0 and the Hessian matrix V? f(z*) is positive definite, then z* is a

local minimizer of f.

1.3 Methods of resolution for unconstrained optimization

In this section, we present some of the most significant unconstrained optimization
methods that rely on gradient computation, emphasizing their definitions, strengths

and weaknesses, as well as their convergence properties.

1.3.1 Principle of the descent methods

Descent methods are a fundamental class of algorithms used in optimization, partic-

ularly for solving unconstrained optimization problems (1.1). The main idea of these
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methods is to find the minimum of a function by iteratively moving towards descent
directions.

In practice, we look for dj, and oy, such that f(zy + axdy) < f(xy) for all k£ > 1. In this
way, we construct a sequence (zj,) starting from z; that converges to z* (where z* is a
stationary point of f,i.e.,, V f(2*) = 0) generated by the general iterative scheme of a

descent method as follows

1 € R* (starting point)

Tpp1 = Ty + apd,  fork > 1,
where d;, € R" \ {0} is called the descent direction and a;, € R, is the stepsize
determined by a line search, which are chosen in a such a way that satisfying f(z) +
agdy) < f(xg).

Let us recall what is meant by a descent direction of f near a point z.

Definition 1.23. Let f : R" — R be a differentiable function. A vector d € R™ \ {0} is

called a descent direction at a point z € R" if there exists a scalar & > 0 such that

flx 4+ ad) < f(z).

Proposition 1.24. Let f : R" — R be a function of class C*. Then, a vector d € R™\ {0} isa
descent direction of f in the neighborhood of a point x if

(Vf(z),d) < 0.

The algorithm for descent direction methods is described as follows.

Algorithm 1: Descent direction method

Step 1: Set k = 1; choose z; € R", € > 0 (desired precision).

Step 2: If |V f(z)|| < ¢, Stop; otherwise, go to Step 3.

Step 3: Compute d;, € R™ and «, > 0 step size such that f(x + agdi) < f(zx).
Step 4: Update xj1 = x) + apdy.

Step 5: Let & = k£ + 1 and go back to Step 2.

The descent method is of significant importance in the field of optimization from a
theoretical perspective. Its convergence theory is valuable not only in its own right but
also as a foundation for understanding and developing other optimization methods.

For further details, see [65].
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Among the most well-known and widely used descent direction methods are the

gradient method, the Newton’s method and the conjugate gradient method.

1.3.2 Gradient method

When it comes to performing optimization tasks, gradient descent stands out as one
of the most common methods to use. The main idea of the gradient method was
introduced for the first time by Cauchy in 1847 [8]. He tried to use the first-order Taylor

expansion of a function f between two successive iterates z; and

f(xr) = flae + oawdi) = fla) + ap(V f(xr), die) + o(agdy),

where oy, is a positive stepsize and dj, is the chosen search direction.

To ensure that the function value decreases, i.e., f(xy11) < f(zx), a natural initial
choice for the search direction is to take it as the negative gradient d,, = —V f(x},). This
direction corresponds to the steepest descent of f at the point x;. Substituting this into

the expansion yields

fay+ondy) — fax) = an(V f(ar), =V f(21)) +o(ardy) = = ||V f(2x)|* + o(ardy) < 0,

showing that the function value decreases along this direction, as long as the stepsize
oy, is chosen appropriately.
Thus, the descent direction selected at each iteration is d, = —V f(z;) and the

sequence of iterate points generated by this method is given by

r; € R” (initial point)
Tpy1 = T + apdy, k>1
The stepsize a;, > 0 may be constant or adaptively chosen to maximize progress
towards the minimum.

The gradient method is also known as the steepest descent method [7].

The general algorithm of the gradient method is given as follows
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Algorithm 2: Gradient method
Step 1: Set k = 1; choose an initial point z; € R" and tolerance ¢ > 0.

Step 2: If ||V f(z)|| < €, Stop; otherwise, proceed to Step 3.

Step 3: Compute the gradient V f(z) and set the descent direction
dp = =V [ ().

Step 4: Choose «a, > 0 such that f(xy + agdi) < f(zg).

Step 5: Compute z1; = x), + agds.

Step 6: Let £ = k£ + 1 and go back to Step 2.

The choice of the stepsize «y, can be chosen in several ways, resulting in different
types of gradient methods. This include a fixed stepsize and optimal stepsize for the

gradient method, which we will discuss below.

Gradient method with fixed stepsize

The general idea behind the fixed stepsize gradient method is to start with an initial
value and use a fixed stepsize, meaning we set a;, = a > 0 for all iterations k. This
stepsize should be carefully chosen, it should not be too large, as that might cause the
divergence of the algorithm, and it should not be too small, as that would unnecessarily
slow down the convergence. In other words, it should be "just right" to ensure the
algorithm steadily approaches the optimal solution without diverging. Selecting this
stepsize properly is crucial, as it significantly impacts both the convergence speed and

overall stability of the algorithm. The resulting algorithm can be described as follows

Algorithm 3: Fixed step gradient method

Step 1: Set k = 1; choose an initial point z; € R", and a fixed stepsize o > 0,
e>0

Step 2: If |V f(x1)|| < ¢, Stop; otherwise, proceed to Step 3.

Step 3: Compute V f(z) and set d, = —V f(zy).

Step 4: compute ;11 = x + ady.

Step 5: Let &k = k£ + 1 and go back to Step 2.
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Gradient method with optimal stepsize

In this approach, the stepsize «ay, is chosen in an optimal manner at each iteration by

solving the following one-dimensional problem
ap = arg rggl h(a) = arg r£1>1£1 f(xr + ady),

where z;, is the current point, dj, is the descent direction and f is the objective function.
The goal is to find the stepsize «;, that minimizes the function along the direction d.
This approach is also referred to as an exact line search method. The algorithm is given

as follows
Algorithm 4: Optimal stepsize gradient method

Step 1: Set k& = 1; choose an initial point x; € R”, € > 0.
Step 2: If |V f(x1)|| < ¢, Stop; otherwise, proceed to Step 3.
Step 3: Compute V f(z) and set d, = —V f(zy).

Step 4: Determine o such that af = argmin,~o f(xy + ady).
Step 5: Compute z11 = x), + ajdg.

Step 6: Let £ = k + 1 and back to Step 2.

Theorem 1.25. [6] Let f : R™ — R be a continuously differentiable function (f € R") that is
coercive and strictly convex. Suppose that there exists a constant L > 0 such that the gradient

of f is Lipschitz continuous, i.e.,
IVf(x) =Vl < Lllz =yl vz,y € R"
Then, if the stepsize oy, is chosen from a fixed interval [py, po], with 0 < p1 < py < 2, the

gradient method converges to the unique minimizer of f.

1.3.3 Newton’s method

The Newton’s method is a powerful technique in optimization, relying on the quadratic
approximation of the objective function f and the exact minimization of this approxi-
mation. In the neighborhood a current point z;, the function f can be approximated

using Taylor development as follows

f(@) = flze) + V flan) (z — ) + %(IE — )"V f () (@ — ), (1.2)
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which represents the local quadratic approximation function of f around z;. To
tind the search direction for the Newton method, we minimize the right-hand of (1.2),

resulting in the calculation of dj, as the solution of the system

Hydy = —gx, (1.3)

where g, = V£ () and Hy, = V2(f(x1)).

Consequently, the Newton’s method can be expressed as

Lkl :l’k—i-dk, k= 1,2,... (14)

Here, the stepsize o, = 1for all £ . It is important to note that d;, serves as a descent
direction if and only if the Hessian matrix H;, = V?*f(x;,) is positive definite, ensuring

that the quadratic model is convex in the vicinity of xy.

Algorithm 5: Newton’s method

Step 1: Set k& = 1; choose an initial point z; in a neighborhood of z*, and set ¢ > 0
(desired precision).

Step 2: Compute g, = V f(z1)

Step 3: If |V f(x1)| < ¢, Stop; otherwise, proceed to Step 3.

Step 4: Compute dj, as the solution of the system H;d, = —V f(xy).

Step 5: Compute z1 1 = x), + d.

Step 5: Let & = k£ + 1 and go back to Step 3.

For the convergence of Newton’s method, we have the following theorem

Theorem 1.26. Let f : R* — R be a C* function and let =* be a local minimum of f.

Additionally, assume that the Hessian matrix H (x*) is positive definite. Then

1. There exists a neighborhood N* of x* such that if 1 € N, the sequence of iterates (xy),

generated from x; by Newton’s algorithm, converges to z*.
2. The convergence is quadratic.

Remark 1.27. The main advantage of Newton’s method is its high speed and simplicity,
making it easy to implement, in condition, that the starting point z; belongs to the

neighborhood of z*.
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1.4 Conjugate gradient method

The conjugate gradient method was originally introduced by Hestenes and Stiefel in
1952 [30] for solving linear systems, which is equivalent to minimizing a quadratic
function through an iterative scheme. Since then, the method has been extended and
generalized to minimize non-quadratic functions.

This method addresses the orthogonality limitations of traditional gradient methods
by using conjugate (non-orthogonal) directions, making it a compromise between the
gradient method and Newton’s method. This contributes to reaching the solution more

efficiently and in fewer iterations.

Definition 1.28. Let A € M, (R) be a symmetric, positive-definite matrix.

1. Two vectors d; and d, in R \ {0} are said to be A-conjugate (or conjugate with
respect to A) if
(Ady,do) = (do)" Ady = 0.

2. A set of vectors {dy,ds,...,d;} C R"\ {0} is said to be A-conjugate if

(dj)" Ad; = (Ad;, dj) =0 Vi#j, 1<i<k, 1<j<k.

This implies that two A-conjugate vectors are orthogonal with respect to the inner

product associated with matrix A, defined as
(x,y)a = y" Az, Vaz,y € R™

Proposition 1.29. Let A € M., (R) be a symmetric, positive-definite matrix and let {d,, ds, . . ., di}
be a set of vectors in R™ \ {0}. Then

1. If the set {dy,ds, . ... dy} is A-conjugate, then it is linearly independent in R".
2. Ifthe set {d;,ds,...,d,} (where k = n) is A-conjugate, then it forms a basis of R™.

We consider the unconstrained optimization problem (1.1).

The iterative scheme of the conjugate gradient method is as follows

1 € R" (initial point)

Tpy1 = Tp + apdy, k>1,
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where

— 9k, itk = ]-7
dy =

=gk + Brdy—1, itk > 2,
and g, = V f(xy).

The stepsize «y, is calculated using either an exact or inexact line search and the
parameter 3, € R is called the conjugacy parameter and can take different values, which
imparts different properties and names to the algorithm.

The conjugate gradient method was initially designed for unconstrained minimiza-
tion of quadratic functions and later extended to the minimization of non-quadratic

convex functions.

Linear case (quadratic)

The conjugate gradient method is a powerful iterative technique for solving linear

systems that arise in quadratic optimization problems of the form

1
min f(z) = EJ:TAx — b,

where A € R"*" is a symmetric positive-definite matrix and b € R" is a given vector.

The algorithm begins with an initial point z; and generates a sequence of approx-
imations z;, that converge to the exact solution z*. The iterative update is defined
as

Tp1 = T + Qpdy,
where oy, is the optimal stepsize calculated by exact line search, given by

_ —dfgk
AT Ady,’

(073

where g, = Az, — b. At each step £, the direction dj, is obtained as a linear combination

of the gradient at z;, and the previous direction dj,_;

dy, =

—gr + Bkdk—l if k > 2.
The coefficients j3; are chosen such that dj,_ is conjugate to all previous directions,

which means

dzAdk_l = 0
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From this, we deduce
dgAdk,1 =0 = (—gk + Bkdkfl)TAdkfl =0

= —gl Ady_1 + Bpd]_Ady_1 =0

91{ Ady_q

= fr=F—
B dl  Ady_,

Theorem 1.30. [54] At an arbitrary iteration k of the algorithm where the optimum of f(x) has
not yet been reached (i.e., g; # 0 fori =1, ..., k), we have

o = Jol?
d;;”Adk’
_ 91{+1(9k+1 — k) _ 91?+19k+1 _ gk 1]?
/Bk‘ - T - T — 5
9k 9k 9k 9k | 9|

Algorithm 6: Conjugate gradient algorithm for the quadratic case

Step 1: Set k = 1; choose an initial point z; € R" and set € > 0 (a given precision).

Calculate g; = Ax; — band set d; = —g;.
Step 2: If ||gx|| < ¢, Stop; otherwise, proceed to Step 3.

Step 3: Calculate o, = %.
T Ady,

Step 4: Set Tp+1 = Tk + Oékdk;.

llgr1l?
llgell? *

Step 5: Calculate g;,1 = Az —band 5y, =

Step 6: Calculate dy, 1 = —grs1 + Brdy.

Step 7: Let k = k + 1 and go back to Step 2.

Theorem 1.31. [65] (Convergence of the conjugate gradient algorithm for a quadratic function)
Let f(z) = 327 Az — b"x, where v € R, A € M,(R) is a symmetric positive definite matrix
and b € R". Then, the conjugate gradient method finds the minimum of the function f in at

most n iterations, where n is the order of the matrix A, for all starting point (global convergence).

Non linear case (non-quadratic)

Consider the unconstrained optimization problem (1.1).
In 1964, Fletcher and Reeves [23] extended the linear conjugate gradient method
to general functions, followed by the method of Polak, Ribiere, and Polyak (PRP) in
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1969 [58, 57]. Since then, various variants have been proposed to the present day. These

methods generate a sequence {xz}} as follows

r; € R? (initial point)
Tpp1 = Tp +apdy,, k2>1

where

d, =

=gk + Brdy—1 ik >2
with g, = V f(z;) and i, € R represents the conjugate gradient parameter that varies
depending on the specific method used. The stepsize o, € R is determined by an exact
or inexact line search, such as those of Armijo, Goldstein or Wolfe, etc.
The different values attributed to 5, define the various nonlinear conjugate gradient
methods. The formulas for g in different conjugate gradient method variants are as

follows, where vy, = gr+1 — Gk, Sk = Tpy1 — x and O, X € [0, 1].
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Table 1.1: Formulas for different conjugate gradient parameters j3;

Method Formula for ;. Dates
Hestenes-Stiefel (HS) 115 — d‘?’?ﬁ 1952
k—1Yk—1
2
Fletcher-Reeves (FR) PR — ”gff |1|H2 1964
. _ 9L V2 f(zr)dy
I)arﬂel k — g%gﬁ?zagag 1967
T
Polak-Ribiere-Polyak (PRP) | gFBF = ﬁ;ky_k;”g 1969
2
Conjugate Descent (CD) OD = —% 1987
iu- LS _ _ 9eyk-1
Liu-Storey (LS) B> = T o 1991
. DYy _ _llgkl®
Dai-Yuan (DY) k = W i 1999
Dai and Liao (DL) DL — ggzi’“ - g;z;’“ 2001
~ gz We—1—2dk_1llye—1l1?/d}_ yr—1)" gk
Hager-Zhang (HZ) L= A 2005
. _ 98 (gr—llgrll/llgr—1llgx—1)
Wei Br =gl 2006
Andrei (PRPDY) BPRPDY — (1 — ;) BPRP 4 g, pDY 2007
MN _ lgell>=llgrllllgr—1ll95 9x—1
Fan et al. (MN) B " = ‘%}k,dkflﬂ""ugk—ﬁ”Q 2011
Rivaie et al. (RMIL) ML = ey 2012
: _ (=)l gk 1> +7%(—gF dr—1)
Sellami et al. Bk = Tl P | 2013
pHSDL _ _ llgkl?=llgkllllgr—1llgi gk -1
Zhang and Zheng (DHSDL) | j; = N det+ 4T yrr—tg o 2017
pLSDL _ _ llgkl*=llgrlllgr—1llgi gr—1
Zhang and Zheng (DLSDL) | = NoTde 11—l or1—tgTon 2017
Djordjevic (LSFR) BESFR = (1 — 0),)BES + 0 BER 2019
Ayid . (DHSAYO pisavo _ 1P S0 b o | o0
yidne et al. ( ) Bk T pldf gelHyE de—a df gr—1
WFR _ llgx®
Amna et al. (WFR) A = T 2024
llggl
gg gk_wW - Hgkfl
SFA _ _ k-1
Nazzal et al. (SFA) o = T 2024
: : KB __ gTyk—l
Khelladi and Benterki (KB) | 5;*” = /\Hgk_1\\24?‘(1]/\)”@_1”2 2024
Ignll? =gy |gF di—
QOuaoua et al. (OKB) OKB — ey 1] 2025

dzflykfl
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Algorithm 7: Conjugate gradient algorithm for the nonlinear case

Step 1: Set k = 1; choose an initial point #; € R" and set ¢ > 0 (a given precision).

Compute g1 = V f(z1).

Step 2: If ||gx|| < ¢, Stop; otherwise, proceed to Step 3.
Step 3: Compute oy, using exact or inexact line search.
Step 4: Set z4+1 = xy, + audy.

Step 5: Compute g;+1 = V f(241) and 5.

Step 6: Compute dy11 = —grt1 + Brdk.

Step 7: Let k = k + 1 and go back to Step 2.

1.5 Convergence results of the conjugate gradient method

1.5.1 Conditions C1 and C2 and Zoutendijk’s theorem

Condition C1: Lipschitz continuity and boundedness

(a) The function f is lower bounded on the set S = {x € R™ : f(z) > f(z1)}, where z;

is the starting point.

(b) The function f is differentiable in a neighborhood N of z; and its gradient is

continuously Lipschitz continuous. That is, there exists a constant L > 0 such that

IVf(z) =Vl < Lllz—yll forall z,yeN.

Condition C2: Bounded Level Set

The level set S = {z € R" : f(z) < f(x1)} is bounded. That is, there exists a constant
B < 1 such that

|z|| < B forall ze€S.

Zoutendijk’s theorem

Zoutendijk’s theorem [73] is the main result used to prove the convergence of conjugate

gradient methods for non-quadratic optimization problems.
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This theorem is particularly effective when using inexact Wolfe and Goldstein line
searches and requires certain assumptions on f (such as f being differentiable and its
gradient V f being Lipschitz continuous).

Let ), denote the angle between the descent direction dj, and the gradient —g, i.e.,

—

Using the inner product (z,y) of two vectors z and y, we have

(x,y) = l[z[lllyll cos (z, y),

which leads to
(=g diy = —gp di. = ||gilll|dx|| cos (),

and consequently

T
— gy di,
cos(by) = —"——.
[ gr Il x|

Theorem 1.32. Let f : R™ — R be a lower-bounded and differentiable function whose gradient
is Lipschitz continuous (i.e., it satisfies Condition C1). Consider an iterative algorithm that

generates a sequence {xy }ren in R", defined by
x| € Rn, Tyl = Tk + C‘ékdk, ag > 0,

where dy, is a descent direction (i.e., V f(zy)Tdy < 0) and oy, satisfies the Wolfe conditions.

Then, the following holds

Z g ||? cos® () < oo.
=1

1.5.2 Zoutendijk’s theorem and global convergence

The condition

i (g;?dk? < 00
— ||dil?

is equivalent to
> " llgell? cos®(6) < oo,
k=1

where 0, is the angle between the direction dj, and the gradient —gj.

It is clear that if

cos(fr) > e >0 forall kandea constant,
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then, we have
lim {|gi || = 0.
k—ro0
In the different conjugate gradient methods it is difficult to prove the previous result,

but only the following
lim inf || gx|| = 0. (1.5)
k—ro0

Condition (1.5) implies that there exists a subsequence of {g,} that tends to zero.

Definition 1.33 (Sufficient descent direction). We say that d;, is a sufficient descent
direction if

gid, < —Cllgr|?, where C > 0.

To prove (1.5), we associate the following two hypotheses with Zoutendijk’s theorem
* Hypothesis 1: Sufficient descent is ensured, i.e., g} di < —C||gx||?, where C > 0.
* Hypothesis 2: There exists a constant w > 0 such that

ldi]|* < wllge]l*.

Thus, we can give the sufficient conditions associated with Zoutendijk’s theorem to

prove global convergence.

Theorem 1.34. [73] If the following conditions are satisfied
(

e e oo (gdg)?
Zoutendijk’s Condition: 5~ o = < 00,

Hypothesis 1:  gl'd, < —C||gx||?,

Hypothesis 2: || di]|* < wllgkl|®

then

lim inf ||g|| = 0.
k—ro0

1.6 Line search methods

Performing a line search consists of finding a step-size oy, along a descent direction d,
such that the objective function decreases, i.e., f(zx + axdy) < f(xg).
Exact line search and inexact or economical line search are the two primary categories

of line search techniques.
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1.6.1 Exact line search

Let p(a) = f(zx + ady).

Thus, the problem involves finding a stepsize in the direction d;, such that

plax) = minp(a),
then this is called an exact line search or optimal line search and « is referred to as

the optimal stepsize.

1.6.2 Inexact line search

In iteration %k, we have the iterate x;, € R" as well as the corresponding search direction
dj, € R™ that is a descent direction for our objective f : R" — R such that V f(z;)"d;, < 0.

The aim is to substantially decrease the value of the objective by a displacement «;,
in the direction of dj. A number of rules have been created for this purpose by like the
rules of Armijo, Goldstein, Wolfe, backtracking, etc. In the following, we will present

the used main rules.

Armijo rule

The Armijo rule ensures that the objective function f decreases sufficiently along the
search direction. It requires that f decreases by at least a fraction p € (0,1) of the

decrease predicted by the linear approximation of f at z;. This condition is written as

flxy 4 ady) < f(z) + paV f(xr) " dy.

Here, p is a parameter chosen in the interval (0, 1) that controls the strictness of the
condition. This rule guarantees that the stepsize o produces a meaningful reduction in
the function value.

In terms of the auxiliary function ¢y (a) = f(x + ady), the Armijo condition can be

expressed as

p(@) < 9(0) + pe'(0)r.
If this last inequality holds, a is accepted as a valid stepsize. Otherwise, « is

considered too large and should be reduced.
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Wolfe rule

The conditions of the Goldstein rule may exclude a minimum, which can be a drawback.

The Wolfe conditions address this issue. The weak Wolfe conditions for o« > 0 are

flzg 4+ adg) < fxg) + pan(xk)Tdk, (1.6)

Vf(xr + ady) dy > oV f(zp) " dy, (1.7)

where p and ¢ are constants chosen such that 0 < p < o < 1.

The stepsize « satisfies the Wolfe conditions if

* o) < pr(0) + p'(0)a and ¢'(a) > 0¢’(0), then « is acceptable.
o If p(a) > ¢(0) + p¢'(0)a, then « is too large.

o If ¢'(a) < 0¢/(0), then « is too small.

The Wolfe rule requires the computation of ¢'(a), making it theoretically more
expensive than the Goldstein rule. However, in many applications, computing the
gradient V f(x) adds little cost compared to evaluating f(z). As a result, the Wolfe rule
is widely used.

For certain algorithms, such as nonlinear conjugate gradient methods, a strong

condition than (1.7) may be necessary. In this case, (1.7) is replaced with

V(zy + ady)Tdy < —oaV f(zy) " dy.

The strong Wolfe conditions are therefore

[l + ady) < f(z) + POéVf(Ik)Tdky (1.8)
Vf(.??k + Oédk)Tdk S —UOéVf(l’k)Tdk, (19)

where ) < p <o < 1.
The strong Wolfe conditions imply the weak Wolfe conditions. Specifically, condi-
tions (1.6) and (1.8) are equivalent, and (1.7) and (1.9) are related as

‘ Vf(CCk—i-Oédk)Tdk ’S —O’Vf(:l?k)Tdk - O'Vf(%k)Tdk < Vf(l‘k—l-adk)Tdk < —UVf(£k>Tdk.

Thus, oV f(z)d), < V f(z1, + ady)? dy, satisfying the weak Wolfe conditions.



40 Overview of convex analysis and unconstrained optimization

Backtracking

In its most basic form, backtracking proceeds as follows

Algorithm 8: Backtracking algorithm

Step 0: Set the objective function f(z); a search direction dj, at point z;; choose

parameters 0 < p < land p € (0,1).
Step 1: Set o = 1.
Step 2: While f(xy, + ady) > f(xx) + paV f(zr)" dx, update a = pa.

Step 3: Set oy, = a.

Note that the notion of strong Wolfe rule plays a crucial role in the proof of the global

convergence of all algorithms proposed in this thesis.



CHAPTER

New hybrid conjugate gradient methods for
nonlinear unconstrained optimization based on

a convex combinations

In this chapter, we propose three new hybrid conjugate gradient methods for solving
unconstrained optimization problems. The first method called RMILHS integrates
two well-known conjugate gradient parameters, SfM" and (1, through a convex
combination, using parameter ¢, which is calculated to align the search direction more
closely with the Newton direction. The second variant named RMILFR combines M
and BfR. The third method extends this idea further by merging three popular conjugate
gradient parameters SfMIL, 515 and 5P through RMILCDLS . This multi-parameter
strategy aims to construct a more robust and effective search direction for optimization.
The sufficient descent direction along with the global convergence of the algorithms are

ensured by employing the strong Wolfe conditions.

Numerical experiments show that all three versions perform better than existing
methods in terms of the number of iterations, computation time, and the number of
function and gradient evaluations. Additionally, we test our method RMILHS on image
restoration problems. The results show that it performs well compared to current
techniques, especially when the noise image is high. The results of the RMILHS method
were published in the Kybernetika Journal [31]. Meanwhile, the results of the RMILFR

have been submitted to Filomat Journal, currently in revision. As for the third method
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RMILCDLS it is published in the journal of Nonlinear Dynamics and Systems Theory
[43].

2.1 Introduction

The conjugate gradient method remains one of the most widely used iterative techniques
for solving linear systems and nonlinear optimization problems due to its efficiency,
numerical stability and versatility across different domains of science and engineering.

Here, we focus on solving unconstrained optimization problems of the form

r € R",

(2.1)

where f : R" — R is a continuously and differentiable function.

Conjugate gradient methods are particularly useful for solving large-scale problems
like (2.1). The standard conjugate gradient method updates the solution iteratively as
follows

Tpy1 = Tp + pdy, (2.2)

where z;, is the current point, a;, > 0 is the stepsize found using a line search and dj, is

the search direction defined by
do = =90, di+1 = —Gr1 + Prdy, for k >0, (2.3)

where g, = V f(x},) is the gradient of f at x4, and f3;, is a scalar parameter that determines
the search direction. In recent years, researchers have continued to explore and refine the
conjugate gradient method, proposing new (3, to address specific problem characteristics
and computational challenges.

Some of the well known parameters ) are those of Hesteness-Steifel (HS) [30],
Fletcher and Reeves (FR) [23], Polak-Ribiere-Polyak (PRP) [57, 58], Conjugate Descent
(CD) [22], Liu-Storey (LS) [44], Dai-Yuan (DY) [13, 14] and Rivaie-Mustafa-Ismail-Leong
(RMIL) [60]. Hager and Zhang [29] gave a good survey of nonlinear conjugate gradient
methods in [29].

The formulas of the 5, mentioned above are

HS _ ngﬂyk FR _ lgre1ll®>  .prp _ ggﬂyk cD g1 ]|
— — — oD — _ D
o diye ! lgell * " lgel?”’ gidy
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LS _ _M DY _ Hgk’+1”2 RMIL _ ngﬂyk
’ ghdy "R T Ay ]
Where v, = gi+1 — gx and ||.|| denotes the Euclidean norm. Many researchers

proposed new families and combinations of the conjugate gradient methods, specifically
the hybrid methods. The idea of the hybrid methods is to combine the standard
conjugate gradient methods and exploit the attractive features of each of one and to
avoid the jamming phenomenon. This combination can be convex or non-convex.
Among these hybrid methods, we can cite those proposed by Dalladji et al. [16] and
Mtagulwa and Kaelo [52], Djordjevic [19, 18], Ben Hanachi et al. [6], Yang et al. [70],
Rivaie et al. [61] and the families of conjugate methods proposed by Sellami and Chaib
[62, 63].

Recently, a great contribution in the area of conjugate gradient methods and its

application has been done by Andrei in [2, 3].

2.2 New hybrid RMILHS conjugate gradient method ap-
plied to image restoration problems

Building on the above ideas, we propose a new hybrid parameter M5 which

combines ML and S using a convex combination
RMILHS _ (1 _ g, )gRMIL | g gHS (2.4)
where 0, is a scalar parameter between 0 and 1. The search direction is then updated as
i1 = —ger + B 5 dy. (2.5)
The stepsize «;, is computed using the strong Wolfe conditions

f(@p + ardy) < f(xr) + pargy d, (2.6)

|Ges1di| < —ogidy, (2.7)

where 0 < p <o < 3.
The parameter 0, is chosen to align the search direction with the Newton direction.

Assuming the Hessian V2 f(z;, ) is invertible, we set 6, such that

—V2f (1) i1 = disr = — g1 + BEEHS g, (2.8)
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After some algebraic manipulations, we define §;, as

4
OVT if 0 < VT < 1,

O =40 if N7 < 0, (2.9)

1 if YT > 1,

\

where

gNT _ —Sp k1 + Yt g1 — BEMEyLdy (2.10)
k —_— .
GE™ = Bl

The algorithm for our hybrid conjugate gradient method is as follows

Algorithm 9: RMILHS
Begin algorithm

Step 0: Given a starting point z, and a parameter € > 0.
Step 1: Set k = 0 and compute dy = —go.
Step 2: If ||gx|| < ¢, Stop; else go to Step 3.
Step 3: Find the stepsize a;, € (0, 1] using strong Wolfe conditions (2.6) and (2.7).
Step 4: Compute z1; = x), + agdy.
Step 5: Compute gi11 = Vf(Zr41), Yb = Grt1 — g, and s = Tp1 — T
Step 6: Compute ), = 61" using (2.10) and (2.9).
Step 7: Compute (3 = SEMILHS = (1 — ;) BRMIL 4 g, BIS using (2.4).
Step 8: If | g1 gk |> 0.2||gy+1|| (restart criterion of Powell [59])
thenset dy 1 = —gri1-
else compute diy; = —gp1 + BFMILHS G,
End if
Set the initial guess a;, = 1.
Step 9: Let k£ = k£ + 1 and go to Step 2.
End algorithm

Remark 2.1. The Powell’s restart criterion in Step 8 of the algorithm 9, serves as a safe-
guard to ensure that the search direction remains a true descent direction. Specifically,
it evaluates the degree of alignment between the current and previous gradients. If the
inner product between g1, and g, isn’t small (i.e., the two gradients are too closely
aligned), this may indicate that the direction d;, has lost its conjugacy properties. In
such cases, continuing along the current conjugate gradient direction may lead to poor

progress or a divergence to the algorithm.
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To address this, the algorithm resets the search direction to the steepest descent
direction by setting dy.1 = —gr+1 and apy1 = 1. This restart helps recover global
convergence properties by restoring descent.

Importantly, the convergence analysis of the algorithm relies on this criterion to
guarantee that the search directions maintain a sufficient descent condition. Without
such a condition, our conjugate gradient method may fail to satisfy necessary conditions

for convergence in general nonlinear cases.

2.2.1 Convergence analysis

Throughout this section, we make the following assumptions

(i) Thelevelset £ = {z € R": f(z) < f(zo)} is bounded, which means that there exists

a constant M < oo, such that

|z|| < M, forallz € L.

(ii) In a neighborhood N of £, the function f is continuously differentiable and its

gradient V f(z) is Lipschitz continuous, it means that exists 0 < L < oo such that

IVf(z) =V iyl < L||lx—y| forall z,y € N. (2.11)

Under these assumptions, there exists a constant ;+ > 0, where
IVf(x)]| < up, forallz € L. (2.12)

To establish the sufficient descent condition, we introduce the following theorem.

Theorem 2.2. Let the sequences {g; } and {dy} be generated by the RM ILH S algorithm. Then,

the search direction satisfies the sufficient descent condition
gl dp < —cl|gxll?, forall k. (2.13)

Proof. From the RMILHS algorithm, we know that if the restart criterion of Powell
holds, then d, = —g;. and (2.13) holds.

So, we assume that Powell criterion doesn’t hold. Then, we have

| 9;{+19k < 0-2||9k+1||2- (2.14)
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The following proof is by induction.
If k = 0, then gl'dy = —||g0||?, s0 (2.13) holds.

Next, for £ > 0 we have
i1 = =g + B0 dy,
which can be written as
diyr = —(Orge + (1= 0k)grrn) + (1= ) B + 6,875 dy,
= Ok(—gre1 + B di) + (1= 0k) (g + B Hdy)

It follows that:

diy1 = Okl + (1= 0T (2.15)
By multiplying (2.15) by g, from the left side, we get

Ihirdirr = Orgrdidy + (1= 61)gp ditt™. (2.16)

Firstly, if 6, = 0, dj coincides with descent direction of Rivaie et al., dj}{’* =

— k1 + BEMIL G, where they proved in [61] that
G difi™ < —c1|| g1 ||?, for all k. (2.17)

Now, if 0, = 1, d; coincides with descent direction of Hesteness-Steifel, dffl =

—grt1 + Bdy, where Djordjevic proved in [18] that

gg+1dkal < —collgrall?, (2.18)
with
1-(2.2)0 5
Co = ﬁ’ and o < ﬁ

Finally, if 0 < ), < 1, then there exist scalars A\, and )\, such that
0< M <L <)<l (2.19)
From the formula (2.16) and using (2.19), we conclude
Ghidirr < Mgiadils + (1= X)gldii'™ (2.20)
Let c = Az + (1 — A2)cq, then from (2.17), (2.18) and (2.20) we finally get

91::+1dk+1 < —CHngHQa c>0.
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Lemma 2.3. Suppose that assumptions (i) and (ii) hold. Consider common iterate (2.2), where
dy is a descent direction (2.5) and «y, is determined by the strong Wolfe line search (2.6) and
(2.7). Then, the Zoutendijk condition

T d 2
3 (ﬁ’zi ﬁz < o0, (2.21)
k>0 7K
holds.
Proof. The proof follows directly from [73]. O

Theorem 2.4. Consider the RMI1LHS conjugate gradient method and suppose that assump-
tions (i), (ii) and (2.13) hold. Then either g, = 0 for some k, or

lim inf ||gx|| = 0. (2.22)
k—o00

Proof. Suppose that g # 0, for all k. Then we have to prove (2.22).
Suppose, on the contrary, that (2.22) doesn’t hold. Then there exists a constant ¢ > 0,
such that
llgk|| > t, for all k. (2.23)

Let D be the diameter of the level set L.

From the formula of 3FMILHS we get

‘BRM[LHS‘ < ‘BRMIL‘ + ‘6HS| _ \gzﬂlyk} I ng+1?/k (2.24)
o S EY R A |
Further, using the second strong Wolfe condition (2.7), we get
Yrde = goadi — ghde > (0 — Vgl dyy = —(1 — o) gl dy > 0, (2.25)
which gives
1 1
< . 2.26
o = (1= 0)ld: (220
The direction d, satisfies (2.13), so it holds
—gx i > cllgill?,
which implies using (2.23) that
-1 1 1
(2.27)

gede ~ cllgell® T et®
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So, from (2.27) the formula (2.26) satisfies

1 1 1
< < . 2.28
R e (R e 229
Now, using (2.11) and (2.12), we get
|19k < Ngrrill 19501 = gell < pLllwps — @]l < pLlsill < pLD. (2.29)
Then, from (2.28) and (2.29), we have
T
HS  9kt+1Yk plLD
— < . 2.30
F yldy — (1—o)ct? (2.30)
On the one hand and using (2.11), we have
v di < llywll 1l < Lkl lldill = Lol dil?,
then
1
di|* > —yld,. 2.31
I = Fslds @31)
So, using (2.25) and (2.13) the formula (2.31) becomes
sl > (1~ o)gfd > (1~ o)ellaull>
- LOék K - LOék
Using (2.23), we get
1 Lak LOék
< < . 2.32
(47 = U= o)clgl? = 1 - o) (232
From (2.29), (2.32) and the formula of 5%, we obtain
T 2
RMIL |9k+13/k‘ < pL=D
_ . 2.33
I A (239
Now, from (2.24), (2.30) and (2.33) we get
LD
| BRMTES < P2 (Lo +1). (2.34)

(1 —0)ct?

Next, we are going to prove as in [19] that there exists a,, > 0, such that

ap > o, >0, for all k.

Suppose, on the contrary, that there isn’t an «., such that o, > o, > 0.

Then there exists an infinite subsequence oy, = v7*, k € K such that

lim a4 = 0.
ke K1
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Then
; Je—1 _
klg}% y =0, (2.35)
ie.,
Jip g = 1= oo
Now, from (2.6) we get
flay + 7% dy) = far) < 0y gp dy, (2.36)
flae +% 7 ) — flan) > 077 ggdi, (2.37)
where § < 1. From (2.37), we have
Jr—1 _
e 7" di) = Jaw) o 5oy, (2.38)
fy]k
Using (2.35) and passing to the limit of (2.38), we conclude that
grdy > 69} dy. (2.39)

But, our method satisfies the sufficient descent, so g,fdk < 0.

Also, 0 < § < 1, so, the relation (2.39), is correct only if g{ d; = 0. Then, from the

second strong Wolfe condition (2.7), we get that g/, ,d;, = 0, which correspond to the

exact line search. So, we have a contradiction.

Now,we can write

ldisall < lgnrall+ 1 B ] )

As s;, = ad,, we write dj, = LN So, from (2.12) and (2.77), we have

(6773

pLD [k
d < ——— (L 1)——.
H k+1H—M+(1_O_)Ct2( ay + ) ay
Since oy, > a, and ||sg|| < D, it follows that
LD*(Lo, +1
il < o PEDEQ D e

(1 —o)ct?

which gives

(2.40)

(2.41)

(2.42)
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On the other hand, from (2.13), (2.23) and from the Zoutendijk condition (2.22), it

results that
I*

27542 Z || gr Z(g,fdﬁ c
HdkP_ dell* — = | |I? ’

k>0

which contradicts (2.42). Therefore, (2.23) doesn’t hold.
Then, klim inf ||gx|| = 0. This completes the proof. O
—00

2.2.2 Numerical experiments

In this section, we will study the effectiveness of our algorithm (RMILH S) on two parts.
In this first part, we consider an unconstrained optimization problem of the form (1.1).
To show the effectiveness and to measure the convergence behavior of our algorithm
(RMILHS), we applied it on a set of test functions taken from [1] in comparing with
some existing methods, namely HSFR method [18], LSCD method [19] and LSDY
method [70]. We take several dimensions, from n = 10 to n = 10000 and we considered
the precision ¢ = 107°.

We used Matlab language on HP laptop with Intel(R) Core(TM) i5-6300U CPU @
2.40 GHz processor and 8GB RAM memory and Windows 8.1.

We applied here the iterations number, CPU time and the gradient evaluations. The
performance profile of Dolan and Moré [20] offers a systematic means to evaluate and
compare the performance of a set of solvers S on a set P of problems. Assuming n,
problems and n, solvers, for each problem p and solver s, they define ¢, ; the computing
time required to solve problem p by solver s. A need of reference point for comparisons.
They evaluate the performance of solver s on problem p against the optimal performance

achieved by any solver on the same problem using the performance ratio

tps
min{t,s:s € S}

Tps =

They suppose that a parameter r,; > r, ; for all chosen p, s, and r,, ; = 7, if and only
if solver s does not solve problem p. Define
ps(T) = nlsz'ze{p € P:logyry,s <7},
P
where p,(7) is the probability for solver s € S that the performance ratio 7, ; is within
a factor 7 € R of the best possible ratio. The function p;, is the (cumulative) distribution

function for the performance ratio. The value of p,(0) is the probability that the solver
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will win over the rest of the solvers. Table 2.1 represents several test functions that are
used in this experiments for different dimensions and different choices of the initial

points.
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Test function

Dimension

Initial point

Raydan 1

Raydan 2
Diagonal 4
Extended Woods
HIMMELBG
Extended Block-Diagonal 1
Prod1

Extended Maratos
Pertubed Quadratic
Extended White and Holst
Diagonal 2

POWER

Hager
DENSCHNA
HIMMELBC
Extended TET
Extended Cliff
Tridia

Diagonal 5
ARWHEAD
QUARTC

10, 100, 500, 1000, 2000
10, 100, 500, 1000, 3000
10, 100, 500, 1000, 10000
10, 100, 500, 1000, 10000
10, 100, 500, 1000, 10000
10, 100, 500, 1000, 10000
10, 100, 500, 1000, 10000
10, 100, 500, 1000, 10000
10, 100, 500, 1000, 10000
10, 100, 500, 1000, 10000
10, 100, 500, 1000, 10000
10, 100, 500, 1000, 10000
10, 100, 500, 1000, 5000
10, 100, 500, 1000, 10000
10, 100, 500, 1000, 10000
10, 100, 500, 1000, 2000
10, 100, 500, 1000, 5000
10, 100, 500, 1000, 10000
10, 100, 500, 1000, 3000
10, 100, 500

10, 100, 500, 1000, 10000

(1,..,n)T
(4,...,4)7T
(1,..,1)T
(2,..,2)T
(1.5,...,1.5)7
(1,..,1)7T
(1,..,1)T
(0.1,...,0.1)T
(0.5,...,0.5)T
(1.5,...,1.5)7
(L3 )"
(1,..,1)7T
(1,..,1)7T
(1,..,1)T
(1,..,1)7
(0.1,...,0.1)7
(1,..,1)T
(o)
(1.1,..,1.1)7
(1,..,1)7T
(2,..,2)T

Table 2.1: The test functions and their dimensions with the initial points.
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Figure 2.3: Performance profile based on gradient evaluations.
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Figure 2.2: Performance profile based on the CPU time.

In the second part, we applied our algorithm to image restoration problems with the

use of the two-phase scheme.

As known, images can get corrupted due to various factors including noise during
acquisition. In this part, we are going to deal with restoration of an image corrupted by
impulse noise problems. Impulse noise is one of the most common noise models, where
only a portion of the pixels is contaminated by the noise and the information on the true
values of these pixels is completely lost. Chan et al. [11] have applied the two-phase
scheme to restore a corrupted image. Several researchers have used these two phases to
make conjugate gradient algorithms capable of restoring images corrupted by impulse

noise, even though the noise ratio is high or even reaches 90% [39, 48, 49].

The two-phase scheme applied can be briefly described as follows. In the first phase,
we use adaptive median filter to detect noisy pixels. In the second phase the noise
from the corrupted pixels is removed by solving the following smooth problem (2.43)
proposed by Cai et al.[9]. We used our proposed RMILHS algorithm to solve the
problem (2.43), in comparison with HSFR, LSCD and LSF R methods.

Let X be an image of size M-by-N and A = {1,2,..., M} x {1,2, ..., N} be the index
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set of the image X. We minimize F, (u) where

Fo(u) = Z 2 Z Pa(uij — Ymn) + Z Soa(ui,j — Umn) | (2.43)

(i,j)eB (m,n)€Vi;\B (m,n)€eVi ;NB

in which B C A, the set of indices of the noise pixels detected from the first phase
and 7 its number of elements. V;; = {(i,j — 1),(¢,5 + 1),(¢ — 1,7), (¢ + 1,7)} is the
set of the four closest neighbors for the pixel at pixel location, for all (4, j) € A, and
y;; be the observed pixel value of the image at pixel location (7, j). Also ¢,(t) is an
edge-preserving functional which is chosen as ¢,(t) = V2 + o, in our tests we set

a = 100. We use the peak signal to noise ratio (PSNR), defined by

2552

ww o (@ —af))
17‘7

where 7} ; and z;} ; denote the pixel values of the restored image and the original one,
respectively. We tested Lena (512 x 512), Man (512 x 512) and Pepper (512 x 512). We

also set the stopping criteria as

‘Fa(uk) - Fa(uk—1)|
Fa(uk)

Itr > 300 or <1074

The noise levels of the salt-and-pepper noise used are as follows: 30%, 50%, 70%,
and 90%.
In the following figures (Fig. 4 and Fig. 5), we present the most significant results of

the noisy images which correspond to 70% and 90%.
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Original Original

Original

Original with 70% salt-and-pepper noise Original with 70% salt-and-pepper noise Original with 70% salt-and-pepper noise

RMILHS RMILHS RMILHS
- s &

HSFR HSFR HSFR
— R

LSCD LSCD

LSFR LSFR LSFR
. - &

Figure 2.4: The original images, the noisy images with 70% salt-and-pepper noise and

the restored images by RMILHS , HSFR, LSCD and LSFR.
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Original

Original

Original
o

Original with 90% salt-and-pepper noise Original with 90% salt-and-pepper noise Original with 90% salt-and-pepper noise

RMILHS RMILHS RMILHS
— b

HSFR HSFR _ HSFR

Figure 2.5: The original images, the noisy images with 90% salt-and-pepper noise and

the restored images by RMILHS , HSFR, LSCD and LSFR.
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Images Methods RMILHS HSFR LSCD LSFR
Ratio ITER CPU PSNR ITER CPU PSNR ITER CPU PSNR ITER CPU PSNR
30% 21 11.34 38.07 21 11.09 38.07 19 10.42 38.06 19 10.41 38.06
Lena 50% 24 18.23 35.53 24 18.18 35.53 22 16.82 35.50 22 16.79 35.50
70% 29 27.02 3222 29 27.10 32.22 26 23.00 32.21 26 22.87 32.21
90% 34 4407 27.21 34 43.88 27.21 44 57.73 27.07 44 57.73  27.07
30% 22 16.25 34.46 22 14.64 34.46 19 1043 34.43 19 1049 34.43
Man 50% 23 18.66 32.02 23 1849 32.02 22 16.88 32.00 22 16.87 32.00
70% 29 29.53 29.04 29 27.53 29.04 27 24.79  29.06 27 22,57 29.06
90% 39 49.07 25.02 39 49.58 25.02 49 58.29 24.96 49 58.49 24.96
30% 23 16.28 34.08 23 16.25 34.08 19 1311 34.15 19 1296 34.15
Peppers 50% 25 19.64 32.37 25 19.92 32.37 23 20.28 32.33 23 18.32 32.33
70% 30 32.79  29.93 30 31.83 29.93 29 33.16 29.91 29 31.12 2991
90% 37 51.58 25.96 37 51.70  25.96 51 7091 25.77 51 T71.58 25.77

Table 2.2: Numerical results for image restoration problem.

The obtained results of the Table 2 are converted into a bar chart so that the subtle

differences can be seen better.

Lena Man Peppers
351
38 I RMILHS I RMILHS b I RMILHS
I HSFR I HSFR I HSFR
I L scD 34 I scD I scD
[ LSFR I LSFR I LSFR
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32

31

33

32

w
pued

) o o
=2 T30 =2
o4 x x 30
g 2 g
29
29
28
30 28
27
27
26
28
25 26
30% 50% 70% 90% 30% 50% 70% 90% 30% 50% 70% 90%
Compression Ratio Compression Ratio Compression Ratio
Figure 2.6: PSNR comparison for different methods and images.
Comments

Concerning the first part, based on the performance profiles depicted in figures 2.1, 2.2

and 2.3 for the number of iterations, CPU time and gradient evaluations, respectively,
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we can say that our new approach employing BfMIEH5 jg more efficient than the other
considered conjugate gradient methods.

For the second part, the numerical results cited in table 2.2, figures 2.4, 2.5 and 2.6
show the superiority of the LSCD and LSFR approaches compared to our RMILHS
approach. We observe either an equality or a slight increase in the number of iterations
or computation time in RMILHS compared to LSCD, LSFR, and HSFR. On the other
hand, our approach RMILHS and also HSFR offer a better PSNR compared to LSCD
and LSFR.

2.3 New hybrid RMILFR conjugate gradient method

In this section, based on the same idea that presented in the previous sections, we

propose a new formula of (3, which is a convex combination of 3/ and 5I'%, defined

by

IJ:ZMILFR — (1 _ ek) RMIL 10 5 ’ (244)
where 6, € [0, 1] is a scalar parameter.
So, we have
div1 = —gry1 + BEVMTEERG for k > 0. (2.45)

In this study, to show the behavior of our algorithm, we use the strong Wolfe line

search, i.e., we find the stepsize «;, using the following conditions

|G 1di| < —ogi di, (2.47)

where 0 <6 <o < .

It is clear that, if 6, = 0, then BEMILIR = BRMIL ‘and if §), = 1, then SMILER = gI'R,
On the other side, if 0 < 6, < 1, then SFMIEFR jg proper convex combination of
RMIL and gFR

Considering the formulas of 3/**/Land %, the relation (2.44) becomes

2
RMILFR _ (1 _ ek)gk:-i-lyk 40, | g+l _ (2.48)
* i || 1w I?
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Hence, the relation (2.45) becomes

G Yk

]2 " " '

lgx[>

dis1 = —Gry1 + (1 — 6)

As known, if the point z;, is sufficiently close to a local minimizer z*, then the best
direction to follow is the Newton direction.

We choose the parameter ;. to ensure that the search direction dj; aligns with the
Newton direction.

So, assuming that the inverse of the hessian V*f(x) exists at each iterative point
for the objective function f, we will choose the parameter ¢, in way that the search

direction dj 1, defined by (2.45), satisfies the Newton condition:

—V2 [ (@ht1) " Grr1 = dis,

which means

V2 (@r1) g = —ghrr + BT (2.50)

where V2f(xy11)"! is the inverse of the hessian matrix of f at the point z;,; and
Gr+1 = V f(xp41) is the gradient of f at xj44.

Let sp = w1 — xk.

Using the formula of SFMLFR and multiplying (2.50) by s} V2 f(xx41) from the left,

we get :

_Szgk—l-l = —5£V2f($k+1)9k+1 + (1 - ek)ﬁfMILsgvzf(ka)dk

+9k55R5£V2f($k+1)dk-
Further, we use the secant condition V2 f(xy11)sy = yi, we get:
—5h gk = =Yk gre1 + (1= 0k) BE Pyl di + 0,8yl di (2.51)

From (2.51) with some simple algebraic manipulations, we get a vlaue for 6, denoted

by:

oNT _ Sggk—s-l - yggk+1 + BEMILygdk -
koo (BRMIL — gFR), T (2.52)
k i)Yk
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The parameter ¢;, might be outside the interval [0, 1], a simple procedure is followed

to ensure a convex combination:

ONT if 0 < ONT < 1,
Or=1< 0 ifoNT <0, (2.53)

1 if o’ > 1.

The algorithm corresponding to our /3, is constructed as follows.

Algorithm 10: RMILFR
Begin algorithm

Step 0: Given a starting point =, and a parameter € > 0.
Step 1: Set £ = 0 and compute dy = —go.
Step 2: If ||gx|| < ¢, Stop; else go to Step 3.
Step 3: Find the stepsize «;, € (0, 1] using strong Wolfe conditions (2.46) and
(2.47).
Step 4: Compute z441 = o5 + oydy.
Step 5: Compute gj+1 = V f(2k41), and yx, = ger1 — Gk-
Step 6: Compute 6;, = 027 using (2.52) and (2.53).
Step 7: Compute (3 = SEMILER = (1 — 0,)BFMIL + 0, BF ! using (2.48).
Step 8: If | g/, 19k |> 0.2|gx+1]| (restart criterion of Powell [59])
thenset dy 1 = —gri1-
else compute dyy1 = —gpy1 + SEMIEERG),
End if
Set the initial guess a;, = 1.
Step 9: Let k = £ + 1 and go to Step 2.
End algorithm

2.3.1 Convergence analysis

Throughout this section, we make the assumption that:

e (i) The level set L = {z € R" : f(z) < f(x0)} is bounded, which means that:

JM < oo a constant, such that

||| < M, forall z € L.



62 New hybrid conjugate gradient methods based on convex combinations

* (ii) In a neighborhood N of £ the function f is continuously differentiable and its

gradient V f(z) is Lipschitz continuous, it means: 30 < L < oo such that

IVf(z) =Vl < Lllz -yl forall z,y € N. (2.54)

Under these assumptions, there exists a constant ;o > 0, where
IVf(z)|] < p, forallz € L. (2.55)

We introduce the following theorem to establish the sufficient descent condition.

Theorem 2.5. Let {gx} and {dy} be the sequences generated by RM ILF R method. Then the

search direction satisfies the sufficient descent condition
g dp < —cl|gill?, forall k. (2.56)
Where c > 0.

Proof. From the RMILF R algorithm, we know that if the restart criterion of Powell
holds, then d, = —g;, and (2.56) holds.

So, we assume that Powell criterion doesn’t hold. Then we have

| 91{+19k < 0.2]|gr+1]|>- (2.57)

For k = 0, we have gl'dy = —||go]|?, so (2.56) holds.

Next it holds that

dk+1 = —Gr41 + 55MILFde-

We can write:
dir1 = —(Orgrsr + (1 — 01)grrr) + (1 — 01) BFME 4+ 08 ) dy..

It follows that:

A1 = Op(—grpr + BERdL) + (1 = 0p) (—grsr + BEMI L),

ie.,

di1 = Opdiy + (1= O)dit ™. (2.58)

Multiplying (2.58) by g/, from the left, we get

9/?+1dk+1 = 91@91?4-161?-51 + (1 - 9k>91€+1dkR%1L- (2-59)
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Firstly, if 6, = 0, d, coincides with descent direction of Rivaie et al., djf}{'" =

—gry1 + BFMILd,, where they proved in [61] that
g diMIE < —c)||gx|?, for all k. (2.60)

Secondly, if 6, = 1, then dj;; = df . Let's emphasize that the sufficient descent
condition is satisfied for the /'R method when the strong Wolfe conditions are present

and this was mentioned in [29]. So there exits a constant ¢, > 0, such that

Ihrrr < —lgea | (2.61)
Now suppose that 0 < 6, < 1, then there exist scalars \; and )., such that

0< M <L <)<l (2.62)
From the relation (2.59) and using (2.62), we conclude

Tiprdirr < Mgipadits + (1= Ao)giadify ™.

Let ¢ = Az + (1 — A2)cq, then from (2.60) and (2.61) we finally get

Ihi1dipr < —cllgeal®.

]

Lemma 2.6. Suppose that assumptions (i) and (ii) hold. Consider common iterate (2.2), where
dy is a descent direction (2.45) and «, is determined by the strong Wolfe line search (2.46) and
(2.47). Then, the Zoutendijk condition

T d 2
3 (ﬁg ﬁz < o0, (2.63)
k>0 K
holds.
Proof. The proof follows directly from [73]. O

Now, we give the global convergence theorem of our algorithm.

Theorem 2.7. Consider the RMILF R conjugate gradient method and suppose that assump-
tions (i), (ii) and (2.56) hold. Then either g, = 0O for some k, or

lim inf ||gx|| = 0. (2.64)
k—o0
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Proof. We suppose that g, # 0, for all k. Then we need to prove (2.64).
Suppose, on the contrary, that (2.64) doesn’t hold. Then there exists a constant ¢ > 0,
such that
llgk|| > t, for all k. (2.65)

Let D be the diameter of the level set £ .

From the formula of gJM/LFE we get

’ 6RM]LFR |<| /BRMIL | + ’ ﬁFR ‘: | glz;rlyk? | + ||gk+1||2 (2 66)
: - ‘ [ || llgr[I>

From (2.55) and (2.65), we have ||gi+1|| < pand ||gx|| > t, then we get

2

lgrall® _ w
BER |= <. (2.67)
L PR e

Also using (2.54) and (2.55), we obtain

| Gk |< N grsall lgrs1 — grll < pLl|wpsr — x| < pLD. (2.68)

On the one hand, we have
e di < Nyl 1]l < L llsell 1]l = Lol dill?,

then

1
ldull* = 7oy (2.69)

In the other hand, from (2.47) we have
Yk = gradr — gy dx = (0 — 1)gpdx = —(1 = 0)g; di,

so (2.69) becomes

1
dill? > ———(1 — 0) g d.
il = 71 = gl
But, all conditions of Theorem 3.1 are satisfied, so it holds that:
g,fdk < —c||gk||2, which implies — ngdk > c||gk||2,
SO
[dull? > ——(1 = o)ellgull®,
— Loy,

then using (2.65), we get

1 < LOék < Lozk
ldell* = (1 =o)ellgel* = (1 = o)ct?”

(2.70)
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and from (2.68), (2.70) and the formula of 3/*M’Z, we obtain
T 2
RMIL| _ |9k+1yk‘ < pL=D 271
PEI= T = T 7
Now, using (2.66), (2.67) and (2.71), we get
2 2
i g Do b @72)

(1-— a)thak T

Next, we prove that there exists a constant a, > 0 such that

ap > o, >0, forall k.

Assume, the contrary. Then, for any «, > 0, there exists an infinite subsequence

{au rex, such that a;, = +7F and

lim oy, = 0.
keK,

Since v € (0, 1), this implies

lim 47+~ =0,
keK,

which is equivalent to

J Uk = 1) = oo

(2.73)

From the condition (2.46), we know that the accepted stepsize o) = 77+ satisfies

Flor + 9" di) = far) < 097 g di.
On the other hand, since 77+~ is rejected, that means
flan + i) — f(x) > 07 gl dy.

Dividing inequality (2.75) by 77+~ gives

fag +7 i) — flag)

T

(2.74)

(2.75)

(2.76)

Taking the limit as k € K; — oo, and using the fact that 47+~! — 0 from (2.73), the

left-hand side of (2.76) tends to the directional derivative of f at x;, in the direction dj,

which is g/ di. Therefore, we obtain
grdx > 8y di.
Since 0 < § < 1, we subtract g} dj. from both sides of (2.77) to get

(1—-68)gid, >0 = gld, >0,

(2.77)
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which contradicts with the condition (2.56) where we have g/ d;, < —c||gx||> < 0, because
in the beginning of the proof we have supposed g, # 0.

Therefore, our initial assumption must be false i.e., that there exists a constant c, > 0
such that o, > o, for all &.

Now, we can write
ksl < llgrsall+ | BETEER] ld ). (2.78)

. . Sk
Since s;, = aydy, we write d, = — and
Qg

[s6ll o D (2.79)

lsell
1|l =
(673 (053

So from (2.55), (2.72) and (2.79) the relation (2.78) becomes

uL*D u*\ D
s |l < 1+ (mak + o)

Qg

Y

and since oy, > ., wherefrom

uL?D? D
< = .
Hdk-‘rlH > U + ((1 — O')CtQ + tZOé* CSt@, (2 80)

which gives
1

On the other hand, from (2.56), (2.101) and from the Zoutendijk condition (2.63), it

results that

Td )2
244 Hgk” (gk k < o0,
2 HdkP _Z [ [[? <2 x|

k>0 k>0 k>0

which contradicts (2.81). Therefore, (2.101) does not hold.
Hence, lim inf ||gx|| = 0. O
k—o0

2.3.2 Numerical results

In this section, we present 100 numerical tests using different functions of unconstrained
nonlinear optimization problems, taken from [1, 2, 26, 50].

The objective of this experiments is to show the performance of our new algorithm
RMILEFR in comparing with RMIL, FR , HMLSFR [27] and HA [38]. We considered
e = 107°% and the stopping criterion is ||gx|| < e or the iteration number> 4000. The

stepsize «y, is calculated using the strong Wolfe line search, where we set the parameters
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o =0.01,9 = 0.1. We have tested the problems for different dimensions, from n = 10 to
n = 800000. This selection was made to ensure a representative mix of problem types
and sizes, ranging from small-scale problems to very large-scale problems. We ensured
that the problems tested cover both quadratic and highly nonlinear functions.

All experiments were conducted using MATLAB R2021a on a machine running
Windows 8.1, without requiring any additional toolboxes.

The computations were executed on a computer equipped with an Intel Core i5-
6300U CPU @ 2.4 GHz, 8 GB of RAM, and no dedicated GPU. This setup represents a
typical personal computing environment.

The evaluation criterion used to determine the best method out of the three methods
is, iterations number, CPU time, gradient evaluation and objective function evaluation.
To describe the performance of our method, we used the performance profile of Dolan

and Moré [20].
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Table 2.3: List of test functions and their dimensions.

Tests functions Dimensions Tests functions Dimensions
Cosine 6000, 100000, 800000 Tridia 300, 2000
Dixmaana 6000, 90000 Woods 150000, 200000
Dixmaanb 24000, 48000 Bdexp 5000, 50000, 500000
Dixmaanc 2700, 27000 Exdenschnf 90000, 280000, 600000
Dixmaand 12000, 90000 Exdenschnb 6000, 24000, 300000
Dixmaane 2400, 48000 Genquartic 9000, 90000, 500000
Dixmaanf 15000, 60000 Biggsbl 300

Dixmaang 12000, 90000 Sine 100000, 250000, 500000
Dixmaanh 6000, 150000 Fletcbv3 100

Dixmaani 360 Nonscomp 5000, 80000
Dixmaanj 3000, 15000 Powerl 150

Dixmaank 12000, 12000 Raydanl 500, 5000
Dixmaanl 2400, 24000 Raydan2 2000, 20000, 500000
Dixon3dq 150 Diagonall 800, 2000

Dqdrtic 9000, 90000 Diagonal2 8000, 50000

Dqrtic 5000, 150000 Diagonal3 500, 2000

Edensch 7000, 40000, 50000 Bv 2000, 20000

Eg2 100 Ie 500, 1500

Fletchcr 1000, 50000, 200000  Singx 1000, 2000
Freuroth 460 Lin 100, 1300

Genrose 10000 Osb2 10

Himmelbg 70000, 240000 Penl 200, 1000

Liarwhd 6000, 30000 Pen?2 160

Penalty1 4000, 10000 Rosex 500, 1000

Quartc 80000, 50000 Trid 500, 8000
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Figure 2.7: Performance profile of RMILFR.

Comments

From the performance profile results shown in figures (2.7a), (2.7b), and(2.7c), we
observe that the RMILFR method delivers comparable results to the other conjugate
gradient methods (RMIL, FR, HMLSFR, and HA) in the initial range 0 < 7 < %, exceptin
figure (b), we notice that our method RMILEFR gives lower performance. However, when
1+ <7 <7, RMILER consistently outperforms the competing methods in all considered

terms, namely iteration number, CPU time and objective function evaluations.
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24 A new hybrid conjugate gradient method based on
RMIL, CD and LS methods

In this section, we propose a new hybrid conjugate gradient method for solving (2.1).
The method is based on a convex combination of the RMIL, CD and LS conjugate

gradient formulas. The proposed parameter 3EMILCPLS ig defined by
BRMIEEPES — X B 4 0,87 4+ (1= M — 00) B, Ae, Ok € [0,1], A+ 0, < 1. (2.82)

Substituting the expressions for the individual conjugate gradient parameters, we

get

T 2 T
RMILCDLS _  YJk+1Yk | g1 Jk+1Yk
B = /\k—HdkH2 + Ok —gTdy + (1= Ax — ) —Td (2.83)

where y, = gri1 — G-

The search direction is generated using the recurrence
do = —go, dpy1 = —ger1 + B P (2.84)

To ensure global convergence and sufficient descent, we employ the strong Wolfe

line search conditions

fx + ardy) < f(ar) + dongy di, (2.85)
ogidy < gioqdy < —ogldy, (2.86)
where 0 < § < 0 < £. The parameters ); and 6, are chosen to satisfy the conjugacy

condition:
yldsr = 0. (2.87)
Substituting (2.84) into (2.87) and using (2.82), we get
Ui dier = =Yg gupr + BT P yld), = 0,

= yl g1 = BRMIECPIS T, (2.88)
Replacing fMILCPLS by jts expression from (2.82), we obtain

Yi Qe = [)\k@fMIL + ekﬁch + (1= —0) /fs} yp di

= Me(BEE = BES Vil die + 0B — BET )y die + By dy.. (2.89)
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From (2.89), we get

_ Yk gen — On(BE7 — BE%)yidi — By di

A
' (BEMTE = GE%) i d

(2.90)

To ensure feasibility of the parameters, we enforce the following bounds:

4

0, if A\, < 0,

Ap = 1, if Ap > 1,

1—6’k, lf)\k+9k>1

Depending on the values of \;, and 0y, the parameter 3fMIECDLS reduces to known

methods:
(@fMIL, A =1, 0 =0,
cD, MNe=0, 0 =1,
LS A =0, 0, =0,
BRMIECPES = & N BRMIL 4 (1 — \,)BES, 6 =0, A € (0,1),
A BEMIL 4 (1 — €\)BEP Op =1 — i, M\ €(0,1),
kB + (1= 0,) 315, A =0, 0, € (0,1),
| ABEMTE + 00807 + (1= N = 0k) B, Ay O, € (0,1), A+ 6 < 1.

(2.91)

Now, we give the corresponding algorithm to our gFMILCDLS:
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Algorithm 11: RMILCDLS
Begin algorithm

Step 0: Given a starting point z, € R" and a parameter ¢ > 0, compute

go = V f(xg), then set dy = —gp.

Step 1: If ||gx|| < ¢, Stop; else go to Step 2.

Step 2: Compute the stepsize oy, using (2.85) and (2.86).

Step 3: Update zj41 = x) + oy dy.

Step 4: Compute gr1 = V f(Trs1), Yo = Grt1 — G-

Step 5: If g/, ,gx = 0, then set A\, = 0

else compute \; as in (2.90) with 0 < 6, < 1.

Step 6: Compute fMILCDLS yging formula (2.83).

Step 7: Set di, 1 = —giy1 + BEMILCDLS g, |

Step 8: If | g/, 19k |> 0.2|gx+1]| (restart criterion of Powell [59])
then set di 1 = —gxi1-
else compute diy1 = —ggy1 + BEMILCDLS g,

End if
Set the initial guess oy, = 1.

Step 9: Let k = k£ + 1 and go to Step 1.

End algorithm

2.4.1 Convergence analysis

Throughout this section, we make the following assumptions
Assumption(i): The level set S = {z € R": f(x) < f(zo)} is bounded, i.e. there

exists a constant B > 0, such that
|z|| < B, forallz € S (2.92)

Assumption(ii): In a neighborhood N of S the function f is continuously differ-
entiable and its gradient V f(x) is Lipschitz continuous, i.e., there exists a constant

0 < L < oo such that

IVf(z) =Vl < Lz -yl forallz,y € N. (2.93)
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Under Assumptions (i) and (ii) on f, there exists a constant 1« > 0, such that
IV f(x)]| <, forall z,y € N. (2.94)

To establish the sufficient descent condition, we introduce the following theorem.

Theorem 2.8. Let {d}};.cn be given by (2.84), a, satisfies (2.85) and (2.86), then

Gediir < —cllgrl®, k=0,1,... (2.95)

where ¢ > 0and o < 3.

Proof. Induction is used to show (2.95).

Since dy = —go, we get go do = — lgo]|* < 0. Consider that (2.95) holds for k > 0.
We have,

|gip 19| = 0.2 [lgrsal”- (2.96)
If (2.96) holds, then g7, ,dys1 = — |lgssa|* < 0.

The search direction that meets the sufficient descent condition is achieved.

If (2.96) does not hold, then

‘ggﬂgk‘ < 0.2 ||g;€+1||2 i (2.97)
Using (2.86), we can get that
ygdk = (gk—H — gk)Tdk Z —(1 — U)ggdk (298)
And,
gz:fﬂdk o
ylbdy | — (1—0)

Multiplying both sides of (2.84) by g/, ;, we get

2
91::+1dk+1 = — gk l|” + )\kﬁlfMILngHdk + ekﬁgDQ;{Hdk

+(1 S Hk)ﬁ,fsggﬂdk

We have seven cases.
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Case 01: If A\, = 1, 6, = 0, we have g, ,dy1 = g}, diM"". For the RMIL direction

dRMIL

RMIL
k] — Qi1 + B dy,

it is proved in [61] that

G difi™ < —ay||gr1 ||, for all k, wherea; > 0

where a; > 0. Case 02: If \;, = 0, 6, = 1, we have gi ,d} & = g, ,di 5. For the conjugate

descent direction d$2 = k1 T BEPd,, it is proved in [17] that
G di B < —as||gria|?, for all k, whereay > 0

where a; > 0. Case 03: If \, = 0, 6, = 0, we have ¢/, Y'Y = gi,,d}3,. For the

Liu-Storey direction df?; = —gi+1 + B¢dy, it is proved in [17] that

gk+1dk+1 < —agl|gr11 ||, for all k, whereaz > 0

where a3 > 0. Case 04: If )\, € ]0,1[, 6, = 0, we have g/, ,dy+1 = gidf 5

We have

e = )‘kdk AR dekﬂ +(1—=M—0 )dk+1

Hence,
gl:cr+1dk+1 = Akgg+1d§%1L + 9k9k+1dk+1 (1= — ek)gk+1dk+1‘ (2.99)
With (2.99), we get
9k+1d1§f-\41[u5 )‘kgk—i-ldlij-\/{[L +(1 - )‘k)gk:—i-ldk—i-l

Jwi,we €R:0 < wy < A\ < wy < 1, then

gi{ﬂdkRﬁlLLS < —(wya; + waas) H9k+1||2 = Q4 H9k+1||2a

where a4 > 0.
Case 05: If 0, = 1 — )\, and A, 6, € )0, 1[, we have g/, dky1 = gi, di TP
With (2.99), we get

RMILCD RM[L (

C
gk+1dk+1 )‘kglc+1dk+1 - )\k)gla-ldkfl'

Clearly, the sufficient descent condition is satisfied, which means that
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G did P < —as g

where a; > 0.
Case 06: If A\, = 0, 0, € ]0,1], we have g/, dy1 = g, dFE°

k+1
With (2.99), we get

CDLS CD LS
ng+1dk+1 = 9k9£+1dk+1 + (1 - 9k>g£+1dk+1-

Case 06 is the same as Case 04 and Case 05.

So, the sufficient descent condition is satisfied, which means

2
I di " < —ag | gea|l”

where ag > 0.

Case 07: If A\, 0, €10,1[and 0 < Ay + 6, < 1, we have

Ikt = Megha di ™ + Ohgi  dS B+ (1= Ny — 04 gt diS

Fk1, ko, kg, ks ER 0 < ky < A\ <ky <1,0< k3 <6 <ky<]1,then

Ghidipr < —(kiay + ksaz + (1 — ks — ka)as) || gera |)?

2
= —ar ||91c+1” .

where a; > 0.

The proof is complete. O

Lemma 2.9. Suppose that assumptions (i) and (ii) hold. Consider common iterate (2.2), where

dy is a descent direction that verifies (2.95) and «, is determined by the strong Wolfe line search
(2.85) and (2.86). Then, the Zoutendijk condition
Td 2

3 (o di)” (2.100)

2
2]

holds.

Proof. The proof follows directly from [73]. H
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Lemma 2.10. Suppose that assumptions (i) and (ii) hold and oy, > 0 is determined by the strong
Wolfe line search (2.85) and (2.86). Then there exists o* > 0, such that

ag > o, >0, forall k.
Proof. The proof follows directly from [17]. O

Theorem 2.11. Consider the RMILCDLS conjugate gradient method and suppose that
assumptions (i), (ii) and (2.86) hold. Then either g, = 0 for some k, or

lim inf ||gx|| = 0. (2.101)
k—o0

Proof. Suppose that g;, # 0 for all k. Then, we are going to prove (2.101).
Suppose by contradiction that (2.101) doesn’t hold. Then there exists ¢ > 0 such that

lgx|| > t for all k. (2.102)

Let D denote the diameter of the level set S, and define the step s, = 241 — 2, = o d.

From equation (2.82), we have:
| BRMILODLS | < | BRMIL| 4| gCP| 4 |BLS|. (2.103)

We begin by analyzing each of the components on the right-hand side.
By definition,

[
From equations (2.102) and (2.95), we have

‘65M]L‘ _ }ngﬂyk’

—o)gidr  (1=o)cllgel® _ (1= o)et”

_(1
lull” = L L 3
(673 Q. (673

Thus, we obtain the bound

1 < LCkk
HdkH2 ~ (1—o)ct?

(2.104)

, we have

Next, for | g}, yx

|9s19k| < lgrsall Nlyel
< 1 llgrs1 — grll
< pL|[wper — @]
< L [|si

|9t 1k| < wLD. (2.105)
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Combining equations (2.104) and (2.105), we get

puL?Day,

RMIL| < 2 78 2.106
‘Bk ‘ (1 —o0)ct? ( )
For | 37|, we have
g1l T >
Byl < < <= (2.107)
157 =gk dil = —cllgel® T o
Finally, for |32%|, we have
T
LS Ik41Yk llgr+1ll [yl < pLD
= ) 2.108
197 —grdi| —  |=gid] T ct? (2109
From (2.106), (2.107) and (2.108), we can write
L?Da u?  pLD
RMILCDLS| ~ M k ' 2109
1B < (1—0)ct? it cot? ( )
Now, we can write
dksall < Nlgrsall + |BEMEEPES [l - (2.110)

We have s, = a;.dy. So, we can write d, = Sk Then, from (2.109) and (2.110), we get
g

puL?Day, w?  uLD sl

d <
[diall < N+((1_0)6t2 at?  ot?’ a
WL2Da, 42 pLD.D
_ D _p 2111
= T ((1 —o)ct?  at?  cot? )04* -
Which implies that
1
. (2.112)

E>1 Hdk+1H2 B
On the other hand, from (2.96), (2.102) and from the Zoutendijk condition (2.100), it

results that

1 C?llgell* (g% di)”
C*ty —— < < k < 00,
2 Ik |]? <2 ldk|]? <2 I |1?

k>0 k>0 k>0
which contradicts (2.112). Therefore, (2.102) doesn’t hold.
Then, klim inf ||gx|| = 0. This completes the proof. O
—00
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2.4.2 Numerical experiments

In this section, we present several numerical tests to evaluate the performance of
RMILCDLS algorithm. We select various test functions given in Table 2.4, taken from
the CUTE library [2, 26] for different dimensions, from n = 10 to n = 800000. At the
same time, we present a numerical comparison with other conjugate gradient algorithm
namely RMIL, LS, CD and HSDYCD [28]. The stopping criterion is ||gx|| < ¢ where
e = 1079, or the iteration number> 4000. The step-size «, is computed by strong Wolfe
line search with o = 0.01 6 = 0.1. In order to evaluate the data of iterations number, CPU
time, gradient evaluation and objective function evaluation, we use the performance

profile of Dolan and Moré [20] presented in figure 2.8.
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Table 2.4: List of test functions and their dimensions.

Tests functions Dimensions Tests functions Dimensions
Cosine 6000, 100000, 800000 Tridia 300, 2000
Dixmaana 6000, 90000 Woods 150000, 200000
Dixmaanb 24000, 48000 Bdexp 5000, 50000, 500000
Dixmaanc 2700, 27000 Exdenschnf 90000, 280000, 600000
Dixmaand 12000, 90000 Exdenschnb 6000, 24000, 300000
Dixmaane 2400, 48000 Genquartic 9000, 90000, 500000
Dixmaanf 15000, 60000 Biggsbl 300

Dixmaang 12000, 90000 Sine 100000, 250000, 500000
Dixmaanh 6000, 150000 Fletcbv3 100

Dixmaani 360 Nonscomp 5000, 80000
Dixmaanj 3000, 15000 Powerl 150

Dixmaank 12000, 12000 Raydan1 500, 5000
Dixmaanl 2400, 24000 Raydan2 2000, 20000, 500000
Dixon3dq 150 Diagonall 800, 2000

Dqdrtic 9000, 90000 Diagonal2 8000, 50000

Dqrtic 5000, 150000 Diagonal3 500, 2000

Edensch 7000, 40000, 50000 Bv 2000, 20000

Eg2 100 Ie 500, 1500

Fletchcr 1000, 50000, 200000  Singx 1000, 2000
Freuroth 460 Lin 100, 1300

Genrose 10000 Osb2 10

Himmelbg 70000, 240000 Penl 200, 1000

Liarwhd 6000, 30000 Pen2 160

Penalty1 4000, 10000 Rosex 500, 1000

Quartc 80000, 50000 Trid 500, 8000
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Figure 2.8: Performance profile of RMILCDLS.

Comments

The performance profile results, as depicted in figures (2.8a), (2.8b) and (2.8c), show that

our proposed conjugate gradient method RMILCDLS, using FM/ECPLS | consistently

MIL’ ﬁkC’D, ﬁ]fS 6[1€'{SDYCD.

outperforms methods based on 3} and

2.5 Conclusion

In this chapter, we proposed several new hybrid conjugate gradient methods derived
through convex combinations of classical conjugate gradient formulas. These hybrid

approaches were developed with the aim of improving both convergence speed and ro-
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bustness when solving nonlinear unconstrained optimization problems. The proposed
algorithms were particularly applied to image restoration problems, where numerical
experiments show their efficiency in terms of PSNR values, iteration number, and CPU
time. The convergence analysis was provided for each method under suitable condi-
tions, ensuring global convergence. Furthermore, through an extensive set of numerical
experiments and comparative studies, it was shown that the proposed hybrid methods
outperform several classical and existing hybrid conjugate gradient algorithms, espe-
cially in large-scale problems. These results confirm the effectiveness of combining the
strengths of multiple conjugate gradient approaches, and they give a solid foundation
for further development and application of hybrid methods in broader optimization

contexts.



CHAPTER

An efficient hybrid conjugate gradient method
for large-scale nonlinear equations with appli-

cations in compressive sensing

This chapter presents a new method for solving large-scale nonlinear monotone equa-
tions subject to convex constraints. To address this challenging problem, we develop an
algorithm that effectively integrates the hybrid RMIL technique, known for its perfor-
mance in unconstrained optimization, with the projection framework established by
Solodov and Svaiter [67]. A key advantage of our proposed method is that it operates
without the need to store large matrices, making it particularly efficient and well-suited
for large-scale problems. We provide a rigorous theoretical foundation for the algorithm,
proving its global convergence under standard conditions. The effectiveness of our
approach is shown through comprehensive numerical experiments. These tests show
favorable performance compared to existing methods across a variety of benchmark
problems. Furthermore, we highlight the practical utility of the algorithm by applying
it to a problem in compressive sensing. The results of this work was accepted for

publication in "Journal of Nonlinear Modeling and Analysis (]NMA)" [32].
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3.1 Introduction

Nonlinear equations have a wide range of applications in several fields. These equations
appear in many practical scenarios, including chemical equilibrium systems [51], power
flow equations [36], and contemporary applications like compressive sensing [47] and
image restoration [37].

In our study, we focus on solving nonlinear constrained monotone equations of the

form

F(z)=0, zeC, (3.1)

where C' C R" is a nonempty closed convex set and F' : R" — R" is a continuous

monotone nonlinear function. F' monotone means that
(F(z) = F(y),r —y) >0, Yo,y € R" (3.2)

Solving such equations is challenging, particularly in large-scale settings. Projection
techniques, like those developed by Solodov and Svaiter [67], are useful for solving
optimization problems with constraints. These methods are especially helpful when
we can’t use derivatives, allowing us to efficiently solve the problem without needing
derivative information.

First order optimization methods are well known for their simplicity and low storage
requirements, making them popular for solving large-scale unconstrained optimization
problems. Examples include conjugate gradient methods, spectral gradient methods,
and spectral conjugate gradient methods. Motivated by the projection schemes of
Solodov and Svaiter, many researchers have extended these techniques to handle large-
scale nonlinear equations.

Recently, Cheng [12] extended the Polak-Ribiere-Polyak (PRP) [57] conjugate gra-
dient method to solve unconstrained monotone equations. Similarly, Xiao et al.[69]
adapted the algorithm of Hager and Zhang [29], and Liu and Li [45] extended the Dai
and Yuan (DY) conjugate gradient method[13]. Liu and Feng [46] proposed a derivative-
free iterative method to solve large-scale nonlinear monotone equations under convex
constraints . Ibrahim et al. [37] proposed a hybrid approach combining a convex
combination of Liu-Storey (LS) [44] and Fletcher-Reeves (FR) [23] conjugate gradient
algorithm that proposed by Djordjevic [19] with projection techniques. Also Yin et al.
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[71] made a hybrid three-term conjugate gradient projection method for constrained
nonlinear monotone equations. Later, Guodong Ma et al. [53] proposed a modified
inertial three-term conjugate gradient using projection method for constrained nonlinear
equations. Additionally, Nermah et al. [55] integrated the projection schemes of Solodov

and Svaiter with the Picard-Mann hybrid processes, achieving notable improvements.

Motivated by these advancements, we propose our hybrid conjugate gradient
method based on the convex combination of the Rivaie-Mustafa—Ismail-Leong (RMIL)
method [60] and the Hestenes—Stiefel (HS) method [30], as given in [31], together with
projection-based techniques. The RMIL method has good theoretical convergence prop-
erties, while the HS method often performs well in practice. By combining them, we
are able to take advantage of both approaches, achieving more stable convergence from
RMIL and improved search directions from HS. This method is specifically designed to
address the challenges posed by large-scale and non-smooth problems, ensuring global

convergence under standard assumptions.

3.2 An efficient hybrid conjugate gradient method based
on RMILHS parameter

In this section we propose a new algorithm to solve the problem (3.1), which generates

the sequence {z}}, starting from an initial point z; € R"
Tpy1 = T + apdy, k>0, (3.3)

First, let denotes Fj, = F'(xy).

In this algorithm, the step size oy, > 0 is calculated using a line search method, and

the search direction is given by

—F,, ifk=0
djy =

FET .
—Fi BPILHS (1 - D) sy, if k> 1,
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where
(
( ek)”;kyk > +0kd kyk 11, lf ek c (0,1)
RMILHS _ Flyp 1 .
(UIMIS = & gRurt  Flvey g g, > 1, (3.4)
HS _ Flw—1
L k — d{ﬁlyk717 1f Hk S 0
So,
Tyea Flyr— F.Fl
dy = —Fy + —0 i +0 )(I—— Sk_1, 3.5
o= B (-t o S ) (1 e 69
h
where _ F F __ ARMIL T d
0, = Sklk‘l‘yklkl /Bk k—1 (36)
(BEMIE — B ) gy dy ’
max{0, —d!_,wj,_
ey =1+ Hkalel { Hdkffﬂzl i 1}, (3.7)
and
Wi-1 = F — Fy-1,
(3.8)

Si—1 = apdi—1 and Y1 = wy—1 + tp—1 || F—1[|dj—1.
To describe the algorithm, we use the projection map P, which returns R" onto the

convex set C' and it is defined as
Po(z) = argmin{|jz —y|| : y € C, Vx € R"}. (3.9)
This projection map has the well-known nonexpansive property
[Po(z) = Po()ll < |z —yl, Ve,y € R™. (3.10)

The new corresponding algorithm named YSD algorithm is given below, where YSD

refers to the researchers names (Youcef, Samia and Djamel).
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Algorithm 12: YSD
Input. Choose any random point z; € C, the positive constants £ € (0,1), p € (0,2),

precision Tol > 0,0 > 0. Set k = 1.

Step 0. Compute Fj. If || Fy|| < Tol, stop. Otherwise, compute §j using (3.4) and dj, using (3.5).

Step 1. Let ay, = &' such that i is the first integer number for which the following inequality

satisfied

—F(zp + Edp)Tdy, > o &8||di]? (3.11)

Step 2. Compute
2z = X + agdy. (3.12)

Step 3. If z;, € C and || F(zx)| < Tol, stop. Otherwise, using (3.9) compute

Tp1 = Po [, — porF(21)] (3.13)

where
F(zk)T(xk — 2k)

%= T Fa) P

Step 4. Set k := k + 1 and go back to Step 0.

3.3 Convergence analysis
To establish the global convergence, we make the assumption that

* (i) The function F' is Lipschitz continuous on R", i.e., there exists a constant L > 0

such that

1F(@) = Fy)ll < Lllz =y, Vo,y € R
* (ii) The solution set C* is nonempty.

We introduce the following Lemma for the sufficient descent condition

Lemma 3.1. Let dy, be the search direction generated by (3.5). Then, dj, satisfies the sufficient

descent condition, that is,

Eldy, = —||F|)?, forall k > 0. (3.14)
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Proof.

F.FT
dk = _Fk: +B£MILHS (I — H;}gﬁé) Sk—1- (315)

Multiply both sides by Fj,

FIF.FT
F,;‘de _ _||Fk||2 +B}?]V[ILHS (FkT I it ) Sk_1

[ra3als
= —[|Fi|]? + BT (Rl sy — Fi siea)

= —[|F% . (3.16)

This proves the sufficient descent condition. O

Lemma 3.2. The line search is well-defined. That is, for all k > 1, there exists a nonnegative

integer i satisfying (3.11).

Proof. We proceed by contradiction. Suppose that there exists ky > 1 such that (3.11) is

not satisfied for any nonnegative integer 7, that is,
— (g + Edyy) Ty < o€ ||dio |2, Vi > 1. (3.17)
Using the continuity of F' and letting : — oo, we obtain
—Fldy, <0, (3.18)
which contradicts (3.16). This completes the proof. [

Lemma 3.3. Suppose that F is monotone and Lipschitz continuous on R", and the sequence
{z} is generated by the projection step in the YSD algorithm. Then, there exists ;1 > 0 such
that

[ Fl| < g (3.19)

Proof. Recall that, from the property (3.10) of the projection operator, it holds that for



88 Hybrid conjugate gradient method for nonlinear equations with applications

any z* € C*,

|1 — 2*|* = | Peloy — pduF (21)] — Po(z¥)|)?
< |lwg — pdiF (21) — ||

= llzx — 21> = 2p00 F (20) " (x — %) + PSRN F (z) ||?
Fz)" (2 — 2)
|7 (z)[|2

)

F(z)" (g — )

= Jlox - 27|12 ~ 2

Fz)" (zx — )

< ||z — x*||2 —2p [F (2|12 F('Zk)T(Q:k — z1,)
o (F(z)T (@ — 2)
T ( [REN )

o~ = oz - p) ((FE )
=l (3.20)

The inequality (3.20) implies that the sequence {||z; — 2*||} is decreasing. Therefore, the

sequence {z;} is bounded, that is,
ekl < M, M > 0. (3.21)
In addition, we obtain
ey — 2| < flow — 27| < logy — 2™ < - <o — 27, (3.22)
Using the Lipschitz continuity of F, we have
[Ek]l = [ Fx = F(a")[| < Lllzg — 27| < Lo — ™. (3.23)
Setting 1 = L||z¢p — x*||, we obtain (3.19), which complete the proof. O

Lemma 3.4. Let {2} and {x} be the sequences generated by YSD algorithm, using (3.12) and
(3.13), respectively. Then, —F (z,) is a descent direction of the function ||z — x*||* at the point

xy, where x* € C* is an optimal solution.

Proof. At xy, the gradient of the function ||z — z*||* is given by z;, — *. By the mono-
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tonicity property (3.2), we have

F(z)" (xp — 2%) =

=o||zr — z|]* > 0. (3.24)
This inequality shows that
F(z) " (vp — %) > 0.

Consequently, —F(z;) is a descent direction for the function ||z — z*||* at the iteration

point . [

Lemma 3.5. Suppose that assumptions (i) and (ii) hold. Let be the sequences {z;,} and {x}
generated by YSD algorithm, using (3.12) and (3.13), respectively. Then

(1) {z} is bounded.
(2) hmk_,oo ka — Zk“ =0.
(3) limy o || — Tp1a]| = 0.

Proof. (1) From (3.21), we know that the sequence {z;} is bounded. From (3.24), we
have

F(z) (zr — 21) > o2k — 2] (3.25)
Using (3.19) and (3.2), we have
F(Zk)T(xk — ) = (F(2) — Fk)T (zp — 21) + FkT(Jik — )
< [[Fellllxr — 2]l
< pllzy = 2]
Combined with (3.25), it is easy to deduce that

|z — 2l < 2.
o
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Thus, we obtain
i
2l < = + ||zl
o

Hence, the sequence {z;} is bounded.
(2) From inequality (3.20), we get
[F ()" (o — 2]
1 ()2

o? ||z — 2

£ C2i) 12

g = 2|* < o — 2*|* = p(2 = p)
<z — 2" = p(2 = p)

which means

15 (z) 112
p(2 = p)llzk — " < 2 (lor = 2 [* = [lwksr — 2*]1%) -

From the continuity of F' and the boundedness of {z;}, we know that the sequence

{||F'(zr)||} is bounded. Hence, there exists a positive constant ¢ > 0 such that || F'(z)|| < t.

Furthermore,
p@ =) lan =zl < =5 37 (e = 21 = s = 2*[7) = Slleo — o[> < +oc.
k=0 k=0
Hence,
lim ||z — 2|l = 0. (3.26)
k—oo

(3) From the nonexpansive property (3.10) of the projection operator, we have

|7k — Thpa || = [z — Polor — porF (2)]]|
< lwg = (2x — porF (z1)) ||
= [lpdwF (21|

< pllzw — 2.
Thus, combining this with (3.26), we conclude that limy_,. ||z — Zx41]| = 0. O

Theorem 3.6. Suppose that assumptions (i) and (ii) hold, and the sequence {x}} is generated

by the YSD algorithm . Then, we have
lim inf || Fy| = 0. (3.27)

Proof. Assume, for the sake of contradiction, that (3.27) does not hold. Then, there exists
¢ > 0 such that

|Full =€, VE=0. (3.28)
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By (3.14), we know that
IFelllldill > —F di. > || Fl?,

which implies
|dil| > [|Fxll > ¢, Vk>0.
Using the expression of t;,_; (3.7), it is clear that

lefldk
| ||

ther > 1— ||
Therefore, from (3.8) we have:

yp die = wi di, + ]| Fel | di |1

T 71Wdek 2
> wpdp + (1= || Fyl TAE | F |||

= || Fulllldx

Z GCYkHdkHQ.

This implies that

ykT,lqu > e ||dr_1||*.

Also, using (3.8), assumption (i), Lemma 3.3 and Lemma 3.5, we have

195l < Mleonl] + el %l Il il

w,{dk

ol + (1 Bl fo, L )

|wi di|
|||

el
< ol + {1+ 1 ) )

< Jloell + (1 B ) TN

< 2|l 4 [ F% ] d

< 2Lz — x|l + plldyll
< 2Lpa|dy|| + plldi
(2Lpa + 1)l

— (Lot} + el

< (2Lp& + )|\ d |-

(3.29)

(3.30)

(3.31)
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From the formula of (3.4) and the above results we get

Flyea| | Flye-
RMILHS| | gRMIL + HS| _ | k k k-1
‘ﬁk | — wk ‘ |ﬁk ‘ ||dk—1H2 d}f,lyk_l
[ Eellllyr—all | [1Fll[lyr—1]]
= s T 7
k1]l d}_ Yk
pw(2LpS + ) | p(2LpE + )
= [ldel| eay—1||dg—1|
o BRLpE+ ) | p(2LpE + 1)
_l’_
- € €2\
< BRLpE+ ) | p(2LpE + 1)
+ )
- € 2D\

where ) is small enough such that A < a;,_; < 1.

So, for all k¥ € N*, we have

F.FT
_F RMILHS [ 1 _ kL g B
k _l_ﬁk: HFkH2 Sk—1

<l = Full + 2 (|68 + | BE°]) -1 lldea|
2Lp& + 2Lp€ +
<2 (u( pEtp)  p(2Lpg u)) aprlld sl

n@nz\

€ €2\

Since (3.26) holds, it follows that for every ¢; > 0, there exists k, such that

ap_1||dk—1]| < 1 for every k > k.

p(2Lp€ + p)(€X + 1))
€2\ “

H%H§u+2(

p(2Lp€ + p) (X + 1)
€2\

SetC:,u+2( )cl,wehave
ldi|| < C. (3.32)
If oy, # &', then ay, = oy does not satisfy (3.11), that is,
—F(xp + € tondy)Tdy < o€ || die|? (3.33)
Combining (3.33) with (3.14), we have
1 )1? = —F dy,
= (F(ag + € ag) — Fay)" di — Flag + € o) dy
< & apLl|dy]® + € o di)®

= o (L + o) || di” (3.34)
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Since F'is Lipschitz continuous, the above inequality holds. Thus, from (3.34),

F 2
s B
L+ o ||dgl|?

£ |
L+ o ||d|?
¢ RP

L+o ||dgl
> —562 .
~ (L+o0)C

o l|di]| >

Il

The last inequality yields a contradiction with (3.26). Consequently, (3.27) holds. The

proof is complete.

3.4 Numerical experiments

In this section, we present the benchmark results of the YSD algorithm using the
performance profile introduced by Dolan and Moré [20]. To evaluate the performance of
the algorithm, we selected several test functions from [37, 46] with different dimensions
and initial points.

The YSD algorithm is compared against four well-known methods, namely CGD,
PCG, PDY and MCHGC as described in [45, 46, 69]. For our method, we set the
parameters { = 0.6, 0 = 0.0001 and p = 1.8. The parameters for the competing
methods were chosen according to their respective recommendations. The tolerance
for convergence was set to Tol = 10 and the stopping criteria were defined as either
| Fr|| < Tol or the iteration number exceeding 2000.

In the table of results, we designate by:

Dim: Problem dimension.

InitPoint: Initial point (z; to zy).

YSD, CGD, PCG, PDY, MCHGC: Algorithm names.

IT: Number of iterations.

FE: Number of function evaluations.
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¢ CPU: Computing time (seconds).
¢ Norm: Norm of the gradient.
¢ F: Failed execution.

Let F(z) = (fi(x), f2(x), ..., fu(z))", where the initial points for these problems are

defined as follows

r = (1 DY, wy= (0.1 0.1)", a5= 1 1Y)
1 — PRI ) 2 — cdy ey U ) 3 — 27"'72n 9

1 r 1 ~1\*
;mzof—rwn—g, %:<Qﬁ“w” ),
n n n

To evaluate the performance of the methods, we considered the following benchmark
test problems
Function 1. Exponential Function

Constraint set: C' = R7.

fi(z) =" —1,
filzx)=€""+2;,—1, fori=23,... n.

Function 2. Modified Logarithmic Function
Constraintset: C ={x e R": " &, <n,x; > —-1,i=1,2,...,n}.
T

fz(z)zln(llﬁ'l—‘—l)—g, 2.21,2,...,71,.

Function 3. Nonsmooth Function

Constraint set: ' = R7}.

filz) =2x; —sin|xy|, i=1,2,...,n.

Function 4. Strictly Convex Function

Constraint set: ' = R7.
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Function 5. Tridiagonal Exponential Function

Constraint set: €' = R’.

fl (ZL’) =x — ecos(h(ﬂcl—l—zg))7

filz) = x; — ecshleimteitein)) = for9 <y <p—1,

1
n+1

fulz) = @, — ech@natm)) — where h =

Function 6. Nonsmooth Function

Constraintset: C = {z e R": > " z; <n, x; > —1,1<i<n}

filz) =z; —sin|z; — 1|, 1=1,2,...,n.

Function 7. Discrete Boundary Value Problem

Constraint set: ' = R7}.

fl(m) = 2[L‘1 + 05h2(l’1 + h)3 — X9,

fl(.fﬂ) = 2371 + 05}7,2(331 + Zh)3 — X1+ Tit1, fori = 27 3, e, — 1,

1
n+1

fulx) = 22, + 0.5h*(x,, + nh)* — x,,_;, where h =

Function 8. Penalty 1 Function

Constraint set: C' = R7.

t; = fo, c=107",
=1

Function 9. Linear Function

Constraint set: ' = R7.

1

Function 10. Exponential-Trigonometric Function

Constraint set: ' = R7.

filz) = e’ 4+ 3sinz;cosa; — 1, fori = 1,2,...,n.
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Figure 3.1: Performance profile based on Figure 3.2: Performance profile based on

the iterations number. CPU time.

— T

Figure 3.3: Performance profile based on

the function evaluations.
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Table 3.1: Numerical results of Function 1.

Dim InitPoint YSD CGD PCG PDY MCHGC
IT FE CPU Norm IT FT CPU Norm IT FE CPU Norm IT FE CPU Norm IT FE CPU Norm
1000 x1 1 12 0.01187 0 50 204 0.02269 8.95585e-07 16 85 0.01655 3.81897e-07 15 109 0.01489 8.66166e-07 2 35 0.01652 0
x2 1 12 0.00043 0 42 172 0.00977 9.37080e-07 14 75 0.00344 4.99165e-07 14 102 0.00366 6.18523e-07 2 33 0.00152 0
x3 2 22 0.01323 0 57 232 0.01024 8.54099¢-07 14 74 0.00219 5.15863e-07 23 164 0.00387 6.19382e-07 8 126 0.00219 2.55953e-08
x4 1 19 0.00167 0 1 13 0.00181 0 1 13 0.00179 0 1 14 0.00174 0 1 19 0.00177 0
x5 3 32 0.00261 0 34 140 0.00515 829111e-07 15 80 0.00224 8.14696e-07 19 132 0.00380 5.00132e-07 2 35 0.00056 0
x6 2 22 0.00048 0 59 240 0.00868 8.70004e-07 16 85 0.00240 4.67157e-07 23 164 0.00358 7.54291e-07 3 49 0.00068 0
X7 3 32 0.00066 0 52 212 0.00923 8.05625e-07 15 80 0.00337 8.41412e-07 19 132 0.00431 5.00817e-07 2 35 0.00079 0
x8 3 32 0.00093 0 34 140 0.00794 8.30447e-07 15 80 0.00328 8.15774e-07 19 132 0.00282 5.02033e-07 2 35 0.00059 0
x9 3 32 0.00066 0 44 180 0.00688 8.31286e-07 15 80 0.00238 8.10690e-07 19 132 0.00297 5.05890e-07 2 35 0.00058 0
5000 x1 1 12 0.00148 0 48 196 0.03560 9.16268e-07 16 85 0.01203 8.48826e-07 16 116 0.01388 6.44651e-07 2 35 0.00347 0
x2 1 12 0.00105 0 40 164 0.03139 9.85809e-07 15 80 0.01330 3.67486e-07 15 109 0.01357 4.55468¢-07 2 33 0.00237 0
x3 2 22 0.00216 0 57 232 0.04352 8.53926e-07 14 74 0.01082 5.16007e-07 23 164 0.01833 6.20540e-07 5 78 0.00558 0
x4 1 19 0.01801 0 1 13 0.01786 0 1 13 0.01671 0 1 14 0.01683 0 1 19 0.02410 0
x5 3 32 0.00343 0 36 148 0.02794 6.67758¢-07 16 85 0.01343 6.03649¢-07 19 137 0.01484 3.89708e-07 2 35 0.00273 0
X6 2 22 0.00204 0 59 240 0.04638 8.69854e-07 16 85 0.01258 4.67114e-07 23 164 0.01818 7.53851e-07 3 49 0.00353 0
X7 3 32 0.00345 0 50 204 0.03995 8.19716e-07 16 85 0.01372 6.07647e-07 19 137 0.01535 3.89820e-07 2 35 0.00275 0
x8 3 32 0.00318 0 36 148 0.02872 6.67922e-07 16 85 0.01258 6.03809e-07 19 137 0.01547 3.90004e-07 2 35 0.00271 0
x9 3 32 0.00289 0 48 196 0.03669 9.23067e-07 16 85 0.01284 6.07628e-07 19 137 0.01671 3.90483e-07 2 35 0.00305 0
10000  x1 1 12 0.00310 0 47 192 0.07012 9.59688e-07 17 90 0.02816 4.01797e-07 16 116 0.02397 9.11038e-07 2 35 0.00583 0
x2 1 12 0.00188 0 40 164 0.05910 8.36948e-07 15 80 0.02020 5.18236e-07 15 109 0.02500 6.42650e-07 2 33  0.00450 0
x3 2 22 0.00415 0 57 232 0.07760 8.53905e-07 14 74 0.02180 5.16025e-07 23 164 0.03528 6.20685e-07 5 78 0.01079 0
x4 1 19 0.02132 0 1 13 0.02230 0 1 13 0.02033 0 1 14 0.01915 0 1 19 0.02854 0
x5 3 32 0.00575 0 36 148 0.05327 9.44414e-07 16 85 0.02235 8.53745e-07 19 137 0.02593 5.51170e-07 2 35 0.00553 0
x6 2 22 0.00370 0 59 240 0.07930 8.69835e-07 16 85 0.02503 4.67108e-07 23 164 0.03584 7.53796e-07 3 49 0.00643 0
X7 3 32 0.00581 0 49 200 0.06835 8.53808e-07 16 85 0.02441 8.56574e-07 19 137 0.02748 5.51249e-07 2 35 0.00520 0
x8 3 32 0.00567 0 36 148 0.05661 9.44527e-07 16 85 0.02390 8.5385%-07 19 137 0.02848 5.51380e-07 2 35 0.00473 0
x9 3 32 0.00603 0 49 200 0.07165 8.34848e-07 16 85 0.02489 8.53622e-07 19 137 0.03216 5.49154e-07 2 35 0.00572 0
50000  x1 1 12 0.01147 0 46 188 0.30281 8.09774e-07 17 90 0.12242 8.97905e-07 17 123 0.12030 6.81115e-07 2 35 0.02905 0
x2 1 12 0.00760 0 39 160 0.24903 7.74756e-07 16 85 0.11010 3.82442e-07 16 116 0.12218 4.79914e-07 2 33 0.01919 0
x3 2 22 0.01914 0 57 232 0.33898 8.53887e-07 14 74 0.08960 5.16040e-07 23 164 0.15225 6.20800e-07 5 78 0.04818 0
x4 1 19 0.09976 0 1 13 0.09935 0 1 13 0.08828 0 1 14 0.09501 0 1 19 0.13829 0
x5 3 32 0.02337 0 38 156 0.25947 7.60279¢-07 17 90 0.11376 6.39440e-07 21 146 0.12877 5.85726e-07 2 35 0.02120 0
x6 2 22 0.01515 0 59 240 0.35446 8.69820e-07 16 85 0.10132 4.67104e-07 23 164 0.14753 7.53753e-07 3 49 0.02868 0
X7 3 32 0.02410 0 47 192 0.30959 8.84249e-07 17 90 0.10643 6.39862e-07 21 146 0.13107 5.85741e-07 2 35 0.02521 0
x8 3 32 0.02448 0 38 156 0.25469 7.60297e-07 17 90 0.11392 6.39457e-07 21 146 0.13283 5.85771e-07 2 35 0.02122 0
x9 3 32 0.02558 0 46 188 0.35079 8.19795e-07 17 90 0.13767 6.39901e-07 21 146 0.16075 5.83594e-07 2 35 0.02418 0
100000 x1 1 12 0.02692 0 45 184 0.62989 8.78571e-07 18 95 0.25642 4.21685e-07 17 123 0.26597 9.63123e-07 2 35 0.05658 0
x2 1 12 0.02093 0 38 156 0.54890 9.34911e-07 16 85 0.24257 5.40700e-07 16 116 0.25429 6.78461e-07 2 33 0.04177 0
x3 2 22 0.04093 0 57 232 0.79217 8.53885e-07 14 74 0.19791 5.16041e-07 23 164 0.33761 6.20815e-07 5 78 0.11322 0
x4 1 19 0.20829 0 1 13 0.20034 0 1 13 0.18869 0 1 14 0.19130 0 1 19 0.27662 0
x5 3 32 0.05304 0 39 160 0.55441 6.45123e-07 17 90 0.25741 9.04311e-07 21 146 0.30846 8.27860e-07 2 35 0.04777 0
X6 2 22 0.03843 0 59 240 0.80435 8.69818e-07 16 85 0.23337 4.67103e-07 23 164 0.34395 7.53747¢-07 3 49 0.06771 0
X7 3 32 0.05834 0 46 188 0.67999 9.37718e-07 17 90 0.26483 9.04609e-07 21 146 0.31599 8.27871e-07 2 35 0.04990 0
x8 3 32 0.05382 0 39 160 0.58319 6.45131e-07 17 90 0.25348 9.04323e-07 21 146 0.30843 8.27891e-07 2 35 0.05762 0
x9 3 32 0.06200 0 39 160 0.58605 7.17911e-07 17 90 0.26692 9.04812e-07 21 146 0.35776 8.2675%-07 2 35 0.05331 0
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Table 3.2: Numerical results of Function 2.

Dim InitPoint YSD CGD PCG PDY MCHGC
IT FE CPU Norm IT FT CPU Norm IT FE CPU Norm IT FE CPU Norm IT FE CPU Norm
1000 x1 16 135 0.02247 9.79959e-07 65 262 0.02999 8.21116e-07 14 58 0.01741 8.29181e-07 17 103 0.01679 4.75098e-07 7 112 0.01439 8.78079e-07
x2 17 142 0.00801 9.25575e-07 29 118 0.00852 9.97892e-07 11 47 0.00314 6.60058e-07 8 49 0.00219 7.76974e-07 6 101 0.00281 2.47237e-07
x3 14 136 0.00737 9.72721e-07 53 214 0.01604 8.64409e-07 12 50 0.00329 6.71268e-07 15 90 0.00463 6.77180e-07 7 116 0.00363 5.82025e-07
x4 1 10 0.00099 0 1 4 0.00054 0 1 4 0.00051 0 1 5 0.00051 0 1 10 0.00067 0
x5 12 109 0.00534 3.05909e-07 63 254 0.01858 9.25776e-07 14 58 0.00391 5.24989%e-07 17 102 0.00499 7.84273e-07 10 154 0.00429 3.25457e-07
X6 8 75 0.00331 5.66141e-07 56 226 0.01777 8.01939e-07 13 54 0.00375 3.50856e-07 16 96 0.00541 4.25882e-07 8 131 0.00572 2.43338e-07
x7 14 128 0.00699 4.04823e-07 63 254 0.02187 9.24406e-07 14 58 0.00452 5.24096e-07 17 102 0.00494 7.82371e-07 11 161 0.00482 6.40296e-07
x8 14 129 0.00585 7.33720e-07 63 254 0.01924 9.27151e-07 14 58 0.00388 5.25884e-07 17 102 0.00484 7.86180e-07 10 156 0.00479 4.01289e-07
x9 16 143 0.00687 9.60806e-07 63 254 0.01975 8.99326e-07 14 58 0.00392 5.09520e-07 17 102 0.00558 7.65807e-07 10 159 0.00451 3.40145e-07
5000 x1 8 72 0.01755 2.86964e-07 68 274 0.10653 9.18953e-07 15 62 0.02096 5.98489%e-07 18 109 0.02691 4.0743%e-07 8 128 0.01780 3.30136e-07
X2 6 55 0.01558 5.61624e-07 32 130 0.04865 8.41291e-07 12 51 0.01913 4.66568e-07 9 55 0.01269 5.04006e-07 6 101 0.01716 6.52963e-07
x3 9 82 0.01958 6.27408e-07 53 214 0.08241 8.99015e-07 12 50 0.01792 7.37581e-07 15 91 0.02303 4.62802e-07 7 116 0.01643 6.11957e-07
x4 1 10 0.00175 0 1 4 0.00145 0 1 4 0.00135 0 1 5 0.00135 0 1 10 0.00138 0
x5 15 138 0.03216 4.81950e-07 67 270 0.10172 8.49363e-07 15 62 0.02191 3.84461e-07 18 108 0.02695 6.81252e-07 11 173 0.02539 3.19234e-07
x6 10 93 0.01942 8.82981e-08 56 226 0.08560 8.24803e-07 13 54 0.01938 3.69477e-07 16 96 0.02187 4.50255e-07 8 131 0.01752 8.74739e-07
x7 15 138 0.03270 4.63507e-07 67 270 0.09931 8.49121e-07 15 62 0.02084 3.84333e-07 18 108 0.02691 6.80925e-07 11 174 0.02455 2.18305e-07
x8 15 139 0.03291 6.94108e-07 67 270 0.09986 8.49606e-07 15 62 0.02150 3.84589e-07 18 108 0.02546 6.81579e-07 11 175 0.02435 1.52211e-07
x9 15 138 0.03246 3.25434e-07 67 270 0.10036 8.42939e-07 15 62 0.02117 3.80996e-07 18 108 0.02696 6.72943e-07 11 169 0.02479 6.57496e-07
10000  x1 8 72 0.03513 2.13805e-07 70 282 0.20204 8.29342e-07 15 62 0.04107 8.43625e-07 18 109 0.04947 5.73857e-07 8 128 0.03435 4.61443e-07
x2 6 55 0.02568 4.32483e-07 33 134 0.08281 9.10110e-07 12 51 0.03234 6.57403e-07 9 55 0.02277 6.81142e-07 6 101 0.02588 9.42093e-07
x3 9 82 0.03064 5.99709e-07 53 214 0.13259 9.0339%e-07 12 50 0.02973 7.46811e-07 15 91 0.03725 4.64995e-07 7 116 0.02752 6.15948e-07
x4 1 10 0.00303 0 1 4 0.00279 0 1 4 0.00260 0 1 5 0.00256 0 1 10 0.00258 0
x5 16 148 0.06670 7.95996e-07 68 274 0.20126 9.61486e-07 15 62 0.03971 5.43076e-07 18 108 0.04996 9.61193e-07 11 170 0.04765 9.98876e-07
x6 10 93 0.03598 6.41147e-08 56 226 0.14398 8.27704e-07 13 54 0.03154 3.71951e-07 16 96 0.04014 4.53412e-07 8 131 0.03285 3.74833e-07
X7 16 145 0.06467 9.28846e-07 68 274 0.19311 9.61350e-07 15 62 0.04033 5.42986e-07 18 108 0.04999 9.60963e-07 11 175 0.04667 2.33588e-07
x8 16 148 0.06532 4.98664e-07 68 274 0.19500 9.61623e-07 15 62 0.03957 5.43166e-07 18 108 0.04945 9.61423e-07 11 175 0.04707 2.06502e-07
x9 16 147 0.06395 2.06127e-07 68 274 0.19528 9.59221e-07 15 62 0.04120 5.41636e-07 18 108 0.04979 9.58278e-07 11 175 0.04890 2.22396e-07
50000  x1 10 90 0.19879 2.36982e-08 73 294 0.99386 9.47232e-07 16 66 020212 6.30647e-07 19 115 024291 5.05323e-07 9 144 0.17695 1.18250e-07
x2 8 73 0.16030 1.34041e-08 37 150 0.42226 8.03134e-07 13 55 0.16180 4.97582¢-07 10 61 0.11188 5.79493e-07 7 117 0.13947 2.47659e-07
x3 9 82 0.14039 6.03804e-07 53 214 0.59859 9.06916e-07 12 50 0.12714 7.54366e-07 15 91 0.16092 4.6674%e-07 7 116 0.11897 6.19180e-07
x4 1 10 0.01377 0 1 4 0.01237 0 1 4 0.01101 0 1 5 0.01110 0 1 10 0.01109 0
x5 16 157 0.33545 4.83790e-07 72 290 0.97119 8.80798e-07 16 66 0.19959 4.07281e-07 19 114 0.24777 8.47480e-07 12 191 0.24174 1.83421e-07
x6 10 93 0.16131 5.20558e-08 56 226 0.65094 8.30031e-07 13 54 0.13986 3.73956e-07 16 96 0.17613 4.55955e-07 8 131 0.14254 6.73391e-07
X7 16 157 0.33321 4.82306e-07 72 290 0.96546 8.80773e-07 16 66 0.20082 4.07268e-07 19 114 0.24792 8.47439e-07 12 189 0.23836 7.09274e-07
x8 16 157 0.33288 4.85277e-07 72 290 0.96317 8.80823e-07 16 66 020010 4.07295e-07 19 114 024593 8.47521e-07 11 175 0.22668 9.57224e-07
x9 17 166 0.34664 1.70649e-07 72 290 0.96981 8.80717e-07 16 66 0.20247 4.07399e-07 19 114 0.24609 8.49646e-07 12 189 0.24286 1.17335e-07
100000 x1 10 90 0.42200 1.67537e-08 75 302 2.13872 8.57078e-07 16 66 043696 8.91566e-07 19 115 0.52118 7.14257e-07 9 144 0.37997 1.67071e-07
x2 8 73 0.33178 9.47848e-09 38 154 0.93346 9.04340e-07 13 55 0.34062 7.03419e-07 10 61 0.23816 8.15530e-07 7 117 0.30264 3.51028e-07
x3 9 82 0.29532 6.06147e-07 53 214 1.26428 9.07356e-07 12 50 0.26845 7.55322e-07 15 91 0.34866 4.66968e-07 7 116 0.25779 6.19586e-07
x4 1 10 0.02765 0 1 4 0.02770 0 1 4 0.02444 0 1 5 0.02296 0 1 10 0.02465 0
x5 18 178 0.76693 6.57685e-08 73 294 2.05809 9.96321e-07 16 66 0.45171 5.75909e-07 20 120 0.53986 4.73399e-07 12 191 0.51570 1.88871e-07
x6 10 93 0.33684 5.09636e-08 56 226 1.33964 8.30322e-07 13 54 029406 3.74208e-07 16 96 0.37419 4.56274e-07 8 131 0.30800 6.25419e-07
X7 18 178 0.77366 6.80305e-08 73 294 2.14070 9.96306e-07 16 66 0.47795 5.75899e-07 20 120 0.59915 4.73388e-07 11 175 0.54069 8.85197e-07
x8 18 178 0.86267 6.37834e-08 73 294 226698 9.96335e-07 16 66 0.46351 5.75918e-07 20 120 0.59950 4.73410e-07 12 191 0.56579 2.19893e-07
x9 17 170 0.79645 8.23572e-07 73 294 2.25246 9.96515e-07 16 66 0.46748 5.76145e-07 20 120 0.59654 4.74084e-07 12 191 0.57869 2.49558e-07
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Table 3.3: Numerical results of Function 3.

Dim InitPoint YSD CGD PCG PDY MCHGC
IT FE CPU Norm IT FT CPU Norm IT FE CPU Norm IT FE CPU Norm IT FE CPU Norm
1000 x1 1 11 0.00321 0 78 316 0.01610 8.00867e-07 15 64 0.00576 7.56336e-07 18 111 0.00623 6.91921e-07 2 28 0.00384 0
x2 1 11 0.00032 0 68 276 0.00930 8.22317e-07 13 56 0.00121 7.50537e-07 16 99 0.00149 5.68001e-07 2 27 0.00030 0
x3 1 11 0.00017 0 60 244 0.00549 9.77259%-07 12 52 0.00130 4.45364e-07 14 87 0.00235 7.09954e-07 2 27 0.00042 0
x4 8 76 0.00494 0 90 364 0.01477 9.65619e-07 23 103 0.00416 5.31215e-07 25 160 0.00297 8.45327¢-07 2 33 0.00065 0
x5 1 11 0.00017 0 75 304 0.00692 9.37292e-07 15 64 0.00133 4.63089%-07 18 111 0.00165 4.43694e-07 5 70 0.00082 0
x6 1 11 0.00016 0 63 256 0.00776 9.53289e-07 12 52 0.00107 8.77305e-07 15 93 0.00138 5.04521e-07 3 44 0.00042 0
X7 1 11 0.00017 0 75 304 0.00757 9.37292e-07 15 64 0.00221 4.6308%-07 18 111 0.00276 4.43694e-07 5 70 0.00100 0
x8 1 11 0.00024 0 75 304 0.01140 9.38594e-07 15 64 0.00241 4.63748e-07 18 111 0.00372 4.44242¢-07 5 70 0.00124 0
x9 1 11 0.00025 0 75 304 0.01169 9.22827e-07 15 64 0.00189 4.56068e-07 18 111 0.00235 4.37850e-07 8 110 0.00145 0
5000 x1 1 11 0.00074 0 81 328 0.04230 9.16886e-07 16 68 0.00803 5.59715e-07 19 117 0.00940 6.11160e-07 2 28 0.00140 0
x2 1 11 0.00074 0 71 2838 0.03753 9.41444e-07 14 60 0.00650 5.51643e-07 17 105 0.00818 5.01712e-07 2 27 0.00130 0
x3 1 11 0.00085 0 60 244 0.02976 9.77505e-07 12 52 0.00534 4.45475e-07 14 87 0.00694 7.10141e-07 2 27 0.00117 0
x4 8 76 0.00481 0 97 392 0.06007 9.12944e-07 24 108 0.01552 9.72503e-07 28 179 0.01763 5.43987e-07 2 33 0.00334 0
x5 1 11 0.00070 0 79 320 0.04699 8.58949e-07 16 68 0.00923 3.42841e-07 18 111 0.01349 9.92367e-07 5 70 0.00427 0
X6 1 11 0.00076 0 63 256 0.04047 9.53551e-07 12 52 0.00636 8.77564e-07 15 93 0.00916 5.04686e-07 3 44 0.00219 0
X7 1 11 0.00075 0 79 320 0.04214 8.58949e-07 16 68 0.00735 3.42841e-07 18 111 0.00803 9.92367¢-07 5 70 0.00321 0
x8 1 11 0.00062 0 79 320 0.04208 8.59188e-07 16 68 0.00722 3.42939%¢-07 18 111 0.00876 9.92612¢-07 5 70 0.00318 0
x9 1 11 0.00064 0 79 320 0.04070 8.61201e-07 16 68 0.00886 3.4363%-07 18 111 0.00868 9.95344e-07 5 70 0.00363 0
10000 x1 1 11 0.00128 0 83 336 0.07406 8.29870e-07 16 68 0.01264 7.91557e-07 19 117 0.01907 8.64238e-07 2 28 0.00560 0
X2 1 11 0.00177 0 73 296 0.07502 8.52097e-07 14 60 0.01260 7.80141e-07 17 105 0.01543 7.09440e-07 2 27 0.00300 0
x3 1 11 0.00133 0 60 244 0.06957 9.77536e-07 12 52 0.01281 4.45488e-07 14 87 0.01725 7.10164e-07 2 27 0.00270 0
x4 8 76 0.01201 0 100 404 0.15846 8.97729¢-07 26 117 0.04353 6.74311e-07 29 186 0.04995 4.17812¢-07 2 33 0.00872 0
x5 1 11 0.00223 0 80 324 0.09638 9.71861e-07 16 68 0.01823 4.84885e-07 19 117 0.02345 5.54463e-07 5 70 0.00709 0
x6 1 11 0.00132 0 63 256 0.07174 9.53583e-07 12 52 0.01395 8.77597e-07 15 93 0.01667 5.04706e-07 3 44 0.00428 0
X7 1 11 0.00148 0 80 324 0.10216 9.71861e-07 16 68 0.01795 4.84885e-07 19 117 0.02259 5.54463e-07 5 70 0.00770 0
x8 1 11 0.00144 0 80 324 0.09659 9.71995e-07 16 68 0.02021 4.84954e-07 19 117 0.02430 5.54531e-07 5 70 0.00755 0
x9 1 11 0.00151 0 80 324 0.09925 9.65182e-07 16 68 0.01864 4.81542e-07 19 117 0.02231 5.51436e-07 5 70 0.00856 0
50000  x1 1 11 0.00487 0 86 348 0.29692 9.50091e-07 17 72 0.06086 5.93139e-07 20 123 0.07337 7.63353e-07 2 28 0.01107 0
x2 1 11 0.00346 0 76 308 0.29467 9.75538e-07 15 64 0.04789 5.87502¢-07 18 111 0.06399 6.26633e-07 2 27 0.00821 0
x3 1 11 0.00341 0 60 244 019313 9.77560e-07 12 52 0.03369 4.45500e-07 14 87 0.04060 7.10183e-07 2 27 0.00707 0
x4 8 76 0.03379 0 107 432 0.53646 8.51703e-07 27 122 0.15545 8.11009e-07 32 205 0.19154 4.44254e-07 2 33 0.03521 0
x5 1 11 0.00393 0 84 340 0.30020 8.90173e-07 17 72 0.05327 3.63405e-07 20 123 0.06995 4.89780e-07 5 70 0.01950 0
X6 1 11 0.00422 0 63 256 0.21179 9.53609e-07 12 52 0.03659 8.77623e-07 15 93 0.04666 5.04723e-07 3 44 0.01139 0
X7 1 11 0.00371 0 84 340 0.31809 8.90173e-07 17 72 0.06426 3.63405e-07 20 123 0.07263 4.89780e-07 5 70 0.02069 0
x8 1 11 0.00379 0 84 340 0.30300 8.90198e-07 17 72 0.05450 3.63415e-07 20 123 0.06879 4.89792¢-07 5 70 0.02281 0
x9 1 11 0.00403 0 84 340 0.33654 8.93171e-07 17 72 0.05616 3.64587e-07 20 123 0.06710 4.91260e-07 5 70 0.02756 0
100000 x1 1 11 0.01315 0 88 356 1.02596 8.59924e-07 17 72 0.20890 8.38825e-07 21 129 0.23586 4.26522¢-07 2 28 0.03253 0
x2 1 11 0.01212 0 78 316 0.77772 8.82956e-07 15 64 0.14615 8.30853e-07 18 111 0.18466 8.86121e-07 2 27 0.02685 0
x3 1 11 0.00930 0 60 244 0.53641 9.77563e-07 12 52 0.09869 4.45501e-07 14 87 0.12974 7.10186e-07 2 27 0.01917 0
x4 8 76 0.08954 0 110 444 146877 8.31928e-07 29 131 0.43092 5.81217e-07 32 206 0.49973 6.31320e-07 2 33 0.08002 0
x5 1 11 0.01187 0 86 348 0.86997 8.05699e-07 17 72 0.16359 5.13935e-07 20 123 0.20528 6.92567e-07 5 70 0.06253 0
x6 1 11 0.01194 0 63 256 0.56493 9.53613e-07 12 52 0.09897 8.77626e-07 15 93 0.13783 5.04725e-07 3 44 0.03269 0
x7 1 11 0.01291 0 86 348 0.85048 8.05699e-07 17 72 0.16336 5.13935e-07 20 123 0.20671 6.92567e-07 5 70 0.05943 0
x8 1 11 0.01045 0 86 348 0.87794 8.05710e-07 17 72 0.15766 5.13943e-07 20 123 0.21136 6.92576e-07 5 70 0.05974 0
x9 1 11 0.01035 0 86 348 0.88958 8.04551e-07 17 72 0.16727 5.13209e-07 20 123 0.21420 6.91641e-07 5 70 0.08487 0
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Table 3.4: Numerical results of Function 4.

Dim InitPoint YSD CGD PCG PDY MCHGC
IT FE CPU Norm IT FT CPU Norm IT FE CPU Norm IT FE CPU Norm IT FE CPU Norm

1000 x1 1 12 0.00116 0 75 304 0.01473 9.78107e-07 14 60 0.00288 7.33959¢-07 16 99 0.00323 6.51108e-07 2 32 0.00072 0

x2 1 11 0.00057 0 67 272 0.01735 9.67891e-07 13 56 0.00297 7.24009¢-07 16 99 0.00363 5.07263e-07 2 27 0.00059 0

x3 1 11 0.00028 0 58 236 0.00844 8.84763e-07 11 48 0.00191 8.39422e-07 13 81 0.00233 9.73918e-07 9 134 0.00240 0

x4 2 36 0.00746 0 2 25 0.00564 0 2 25 0.00459 0 2 27 0.00385 0 1 19 0.00159 0

x5 11 104 0.00214 8.98673e-07 74 300 0.00955 8.10792e-07 15 64 0.00181 4.04994e-07 18 111 0.00228 6.53390e-07 8 115 0.00149 0

X6 2 20 0.00037 0 61 248 0.00779 8.27201e-07 12 52 0.00168 5.38324e-07 14 87 0.00180 6.40146e-07 6 85 0.00104 9.26970e-10

X7 14 131 0.00217 8.05179e-07 74 300 0.00950 8.09900e-07 15 64 0.00173 4.04190e-07 18 111 0.00226 6.47098e-07 9 130 0.00162 3.32335e-07

x8 14 128 0.00220 9.33325e-07 74 300 0.00997 8.11683e-07 15 64 0.00181 4.05799¢-07 18 111 0.00218 6.59798e-07 4 58 0.00082 0

x9 15 143 0.00336 6.82213e-07 74 300 0.00953 8.24469e-07 15 64 0.00198 4.06917e-07 18 111 0.00242 6.80363e-07 6 89 0.00164 0
5000 x1 1 12 0.00109 0 79 320 0.05761 8.96200e-07 15 64 0.01011 5.52243e-07 17 105 0.01157 5.75344e-07 2 32 0.00272 0

x2 1 11 0.00083 0 71 288 0.04947 8.86840e-07 14 60 0.00946 5.32636e-07 17 105 0.01125 4.48249e-07 2 27 0.00180 0

x3 1 11 0.00083 0 58 236 0.04119 8.85416e-07 11 48 0.00742 8.40102e-07 13 81 0.00896 9.74734e-07 4 54 0.00374 0

x4 2 36 0.04147 0 2 25 0.03915 0 2 25 0.03328 0 2 27 0.03470 0 1 19 0.02256 0

x5 15 140 0.01222 3.43571e-07 77 312 0.05426 9.28746e-07 15 64 0.00870 9.06314e-07 19 117 0.01176 5.79390e-07 7 105 0.00688 7.71923e-07

X6 2 20 0.00159 0 61 248 0.04018 8.27908e-07 12 52 0.00739 5.38919e-07 14 87 0.00900 6.40819e-07 6 85 0.00497 2.54199e-09

x7 15 142 0.01267 1.08124e-07 77 312 0.05713 9.28542e-07 15 64 0.00903 9.05954e-07 19 117 0.01149 5.78262e-07 9 138 0.00863 0

x8 16 150 0.01255 1.74722¢-07 77 312 0.05309 9.28950e-07 15 64 0.00984 9.06674e-07 19 117 0.01062 5.80522e-07 4 58 0.00419 0

x9 21 201 0.02000 6.08620e-08 77 312 0.05682 9.30151e-07 15 64 0.01003 9.08734e-07 19 117 0.01399 5.78603e-07 4 58 0.00439 0
10000 x1 1 12 0.00254 0 81 328 0.14385 8.11188e-07 15 64 0.02383 7.81029¢-07 17 105 0.02760 8.13622e-07 2 32 0.00569 0

x2 1 11 0.00191 0 73 296 0.12228 8.02716e-07 14 60 0.02064 7.53298e-07 17 105 0.02659 6.33852e-07 2 27 0.00412 0

x3 1 11 0.00184 0 58 236 0.09234 8.85497e-07 11 48 0.01517 8.40187e-07 13 81 0.01950 9.74836e-07 4 54 0.00805 0

x4 2 36 0.05080 0 2 25 0.05154 0 2 25 0.04198 0 2 27 0.04276 0 1 19 0.03009 0

x5 4 43 0.00868 0 79 320 0.13541 8.40669e-07 16 68 0.02354 4.25376e-07 19 117 0.02684 8.19704e-07 4 58 0.00942 0

X6 2 20 0.00349 0 61 248 0.09821 8.27996e-07 12 52 0.01688 5.38994e-07 14 87 0.02160 6.40903e-07 6 85 0.01303 2.7968%-09

x7 4 43 0.01034 0 79 320 0.12983 8.40577e-07 16 68 0.02005 4.25291e-07 19 117 0.01981 8.18905e-07 11 161 0.01845 2.22045e-16

x8 4 43 0.00701 0 79 320 0.09994 8.40762e-07 16 68 0.01670 4.25460e-07 19 117 0.02265 8.20505e-07 4 58 0.00737 0

x9 4 43 0.00659 0 79 320 0.10673 8.42462e-07 16 68 0.02145 4.25790e-07 19 117 0.02706 8.18842e-07 4 58 0.00857 0
50000 x1 1 12 0.00809 0 84 340 0.47484 9.28740e-07 16 68 0.08962 5.78190e-07 18 111 0.09532 7.18677e-07 2 32 0.01993 0

X2 1 11 0.00572 0 76 308 0.42688 9.19039e-07 15 64 0.08423 5.67096e-07 18 111 0.09166 5.59895e-07 2 27 0.01279 0

x3 1 11 0.00557 0 58 236 0.30607 8.85563e-07 11 48 0.04795 8.40256e-07 13 81 0.06835 9.74918e-07 4 54 0.02462 0

x4 2 36 0.21556 0 2 25 0.20694 0 2 25 0.18078 0 2 27 0.18654 0 1 19 0.13204 0

x5 16 156 0.09841 7.69338e-07 82 332 0.47437 9.62524e-07 16 68 0.08016 9.51245e-07 20 123 0.08673 7.24304e-07 4 58 0.03688 0

X6 2 20 0.01076 0 61 248 0.33534 8.28067e-07 12 52 0.05449 5.39053e-07 14 87 0.06537 6.40970e-07 6 85 0.04115 3.00968e-09

x7 9 94 0.06328 0 82 332 046661 9.62502e-07 16 68 0.07293 9.51207e-07 20 123 0.09081 7.24162e-07 4 58 0.03686 0

x8 15 146 0.09196 6.21452e-07 82 332 0.44894 9.62545e-07 16 68 0.07107 9.51283e-07 20 123 0.08785 7.24445e-07 4 58 0.03115 0

x9 21 201 0.15256 7.96018e-07 82 332 047125 9.62221e-07 16 68 0.09564 9.51895¢-07 20 123 0.12036 7.21489%¢-07 9 138 0.08917 0
100000 x1 1 12 0.02524 0 86 348 1.40147 8.40603e-07 16 68 0.24258 8.17688e-07 19 117 0.30145 4.01573e-07 2 32 0.05136 0

X2 1 11 0.01597 0 78 316 1.24289 8.31824e-07 15 64 0.22171 8.01999e-07 18 111 0.27857 7.91735e-07 2 27 0.04078 0

x3 1 11 0.01586 0 58 236 0.83947 8.85571e-07 11 48 0.14639 8.40264e-07 13 81 0.18435 9.74928e-07 4 54 0.07666 0

x4 2 36 0.50583 0 2 25 047791 0 2 25 041944 0 2 27 0.44505 0 1 19 0.31010 0

x5 19 183 0.33246 6.79731e-07 84 340 132382 8.71187e-07 17 72 0.22017 4.49923e-07 21 129 0.28634 4.04733e-07 4 58 0.09431 0

X6 2 20 0.03122 0 61 248 0.88667 8.28076e-07 12 52 0.15758 5.39061e-07 14 87 0.19925 6.40978e-07 6 85 0.11785 3.03684e-09

x7 16 158 0.28694 0 84 340 1.33200 8.71178e-07 17 72 0.22341 4.49914e-07 21 129 0.28197 4.04694e-07 4 58 0.09678 0

x8 14 140 0.25322 3.25079e-09 84 340 1.38592 8.71197e-07 17 72 0.27758 4.49932e-07 21 129 0.39109 4.04773e-07 4 58 0.13102 0

x9 16 160 0.46295 6.57102e-08 84 340 1.78446 8.70480e-07 17 72 0.27075 4.48822e-07 21 129 0.33660 4.02721e-07 7 103 0.17644 0




3.4 Numerical experiments 101
Table 3.5: Numerical results of Function 5.
Dim InitPoint YSD CGD PCG PDY MCHGC
IT FE CPU Norm IT FT CPU Norm IT FE CPU Norm IT FE CPU Norm IT FE CPU Norm
1000 x1 3 26 0.00175 0 4 13 0.00156 0 3 10 0.00109 0 4 17 0.00116 0 3 24 0.00107 0
x2 14 114 0.00312 0 14 43 0.00267 0 12 37 0.00196 0 14 57 0.00213 0 19 136 0.00316 0
x3 4 34 0.00097 0 5 16 0.00151 0 4 13 0.00075 0 5 21 0.00135 0 4 31 0.00122 0
x4 1 19 0.00173 0 1 13 0.00182 0 1 13 0.00174 0 1 14 0.00168 0 1 19 0.00187 0
x5 3 26 0.00083 0 3 10 0.00104 0 3 10 0.00111 0 3 13 0.00118 0 3 24 0.00122 0
X6 3 26 0.00070 0 4 13 0.00161 0 3 10 0.00059 0 3 13 0.00073 0 3 24 0.00111 0
x7 3 26 0.00078 0 3 10 0.00099 0 3 10 0.00087 0 3 13 0.00109 0 3 24 0.00121 0
x8 3 26 0.00100 0 3 10 0.00096 0 3 10 0.00104 0 3 13 0.00110 0 3 24 0.00113 0
x9 3 26 0.00077 0 3 10 0.00120 0 3 10 0.00124 0 3 13 0.00114 0 3 24 0.00113 0
5000 x1 3 26 0.00578 0 4 13 0.00742 0 3 10 0.00471 0 4 17 0.00551 0 3 24 0.00481 0
x2 14 114 0.01686 0 14 43 0.01453 0 12 37 0.01041 0 14 57 0.01034 0 19 136 0.01223 0
x3 4 34 0.00346 0 5 16 0.00533 0 4 13 0.00227 0 5 21 0.00505 0 4 31 0.00461 0
x4 1 19 0.01771 0 1 13 0.01780 0 1 13 0.01680 0 1 14 0.01700 0 1 19 0.02409 0
x5 3 26 0.00252 0 3 10 0.00397 0 3 10 0.00421 0 3 13 0.00450 0 3 24 0.00493 0
X6 3 26 0.00217 0 4 13 0.00641 0 3 10 0.00216 0 3 13 0.00187 0 3 24 0.00420 0
x7 3 26 0.00273 0 3 10 0.00521 0 3 10 0.00446 0 3 13 0.00450 0 3 24 0.00478 0
x8 3 26 0.00248 0 3 10 0.00427 0 3 10 0.00429 0 3 13 0.00453 0 3 24 0.00463 0
x9 3 26 0.00339 0 3 10 0.00535 0 3 10 0.00467 0 3 13 0.00481 0 3 24 0.00489 0
10000 x1 3 26 0.00838 0 4 13 0.01040 0 3 10 0.00714 0 4 17 0.00803 0 3 24 0.00677 0
x2 14 114 0.02411 0 14 43 0.02200 0 12 37 0.01600 0 14 57 0.01731 0 19 136 0.02077 0
x3 4 34 0.00560 0 5 16 0.00849 0 4 13 0.00373 0 5 21 0.00740 0 4 31 0.00624 0
x4 1 19 0.01898 0 1 13 0.02033 0 1 13 0.01895 0 1 14 0.01839 0 1 19 0.02829 0
x5 3 26 0.00459 0 3 10 0.00598 0 3 10 0.00630 0 3 13 0.00590 0 3 24 0.00626 0
X6 3 26 0.00335 0 4 13 0.00862 0 3 10 0.00313 0 3 13 0.00281 0 3 24 0.00540 0
x7 3 26 0.00550 0 3 10 0.00722 0 3 10 0.00624 0 3 13 0.00598 0 3 24 0.00616 0
x8 3 26 0.00450 0 3 10 0.00566 0 3 10 0.00629 0 3 13 0.00626 0 3 24 0.00639 0
x9 3 26 0.00580 0 3 10 0.00718 0 3 10 0.00683 0 3 13 0.00636 0 3 24 0.00695 0
50000 x1 3 26 0.03777 0 4 13 0.05015 0 3 10 0.03365 0 4 17 0.03512 0 3 24 0.02928 0
x2 14 114 0.11761 0 14 43 0.09497 0 12 37 0.07062 0 14 57 0.08327 0 19 136 0.10123 0
x3 4 34 0.02416 0 5 16 0.03660 0 4 13 0.01866 0 5 21 0.02928 0 4 31 0.02650 0
x4 1 19 0.09549 0 1 13 0.09755 0 1 13 0.09067 0 1 14 0.09139 0 1 19 0.13559 0
x5 3 26 0.02483 0 3 10 0.02620 0 3 10 0.02743 0 3 13 0.02613 0 3 24 0.02742 0
x6 3 26 0.01530 0 4 13 0.03494 0 3 10 0.01181 0 3 13 0.01076 0 3 24 0.02416 0
x7 3 26 0.02216 0 3 10 0.03002 0 3 10 0.03117 0 3 13 0.0279%4 0 3 24 0.02638 0
x8 3 26 0.01882 0 3 10 0.02340 0 3 10 0.02603 0 3 13 0.02835 0 3 24 0.02703 0
x9 3 26 0.02332 0 3 10 0.03183 0 3 10 0.03129 0 3 13 0.02827 0 3 33 0.12616 0
100000 x1 3 26 0.09386 0 4 13 0.11110 0 3 10 0.05898 0 4 17 0.07560 0 3 24 0.06724 0
x2 14 114 0.23749 0 14 43 0.20037 0 12 37 0.14689 0 14 57 0.16532 0 19 136 0.21332 0
x3 4 34 0.05122 0 5 16 0.07021 0 4 13 0.04344 0 5 21 0.07774 0 4 31 0.06749 0
x4 1 19 0.20616 0 1 13 0.21042 0 1 13 0.20010 0 1 14 0.19784 0 1 19 0.29643 0
x5 3 26 0.05592 0 3 10 0.06109 0 3 10 0.06568 0 3 13 0.06623 0 3 24 0.05681 0
x6 3 26 0.03691 0 4 13 0.07170 0 3 10 0.02337 0 3 13 0.02829 0 3 24 0.04929 0
x7 3 26 0.04705 0 3 10 0.06803 0 3 10 0.06242 0 3 13 0.05854 0 3 24 0.06241 0
x8 3 26 0.04666 0 3 10 0.05435 0 3 10 0.05598 0 3 13 0.06283 0 3 24 0.05299 0
x9 3 26 0.05613 0 3 10 0.07296 0 3 10 0.05836 0 3 13 0.06348 0 3 33 0.23962 0




102 Hybrid conjugate gradient method for nonlinear equations with applications

Table 3.6: Numerical results of Function 6.

Dim InitPoint YSD CGD PCG PDY MCHGC
IT FE CPU Norm IT FT  CPU Norm IT FE CPU Norm IT FE CPU Norm IT FE CPU Norm
1000 x1 11 115 0.00443 6.94e-08 37 152 0.00817 8.54e-07 12 63 0.00281 5.33e-07 17 123 0.00418 8.39e-07 F F F F
X2 11 112 0.00359 4.68e-07 37 152 0.00878 7.67e-07 13 68 0.00273 9.30e-07 15 108 0.00322 3.99e-07 F F F F
x3 13 132 0.00263 8.34e-07 37 152 0.00527 9.83e-07 14 73 0.00255 5.11e-07 15 108 0.00227 9.20e-07 F F F F
x4 19 194 0.00459 3.95e-07 38 156 0.00540 7.66e-07 17 88 0.00254 3.67e-07 16 114 0.00276 6.92¢e-07 F F F F
x5 14 142 0.00278 9.83e-07 36 148 0.00500 8.39e-07 16 83 0.00228 4.85e-07 17 123 0.00249 5.38e-07 F F F F
x6 13 132 0.00419 8.49e-07 37 152 0.00879 9.77e-07 14 73 0.00330 5.10e-07 16 115 0.00406 3.87e-07 F F F F
x7 13 136 0.00267 8.48e-07 36 148 0.00504 8.39e-07 16 83 0.00281 4.84e-07 17 123 0.00264 5.38e-07 F F F F
x8 13 136 0.00263 8.69e-07 36 148 0.00635 8.39e-07 16 83 0.00228 4.86e-07 17 123 0.00262 5.38e-07 F F F F
x9 13 136 0.00264 7.86e-07 36 148 0.00505 8.67e-07 16 83 0.00235 5.06e-07 17 123 0.00269 5.57e-07 F F F F
5000 x1 12 122 0.01336 5.18e-07 39 160 0.02936 7.47e-07 13 68 0.01021 4.26e-07 18 130 0.01252 7.07e-07 F F F F
X2 11 115 0.01221 6.91e-08 39 160 0.02936 6.72¢e-07 14 73 0.01141 7.61e-07 15 108 0.01193 891e-07 F F F F
x3 13 136 0.01526 5.13e-07 39 160 0.03270 8.65e-07 15 78 0.01052 4.12e-07 16 115 0.01321 6.94e-07 F F F F
x4 21 217 0.02708 4.45e-07 40 164 0.02980 6.70e-07 17 88 0.01416 8.22e-07 17 121 0.01410 583e-07 F F F F
x5 14 146 0.01977 4.88e-07 38 156 0.03618 7.35e-07 17 88 0.02814 3.92e-07 18 130 0.02188 4.54e-07 F F F F
x6 14 142 0.02022 8.13e-07 39 160 0.03646 8.64e-07 15 78 0.01281 4.11e-07 16 115 0.01439 7.16e-07 F F F F
x7 14 146 0.01724 4.6le-07 38 156 0.03637 7.35e-07 17 88 0.01528 3.92e-07 18 130 0.01838 4.54e-07 F F F F
x8 14 145 0.01983 242e-07 38 156 0.03544 7.35e-07 17 88 0.01662 3.92e-07 18 130 0.01818 4.54e-07 F F F F
x9 14 142 0.01693 9.52e-07 38 156 0.03466 7.30e-07 17 88 0.01451 3.90e-07 18 130 0.01618 4.51e-07 F F F F
10000 x1 12 122 0.02668 8.42e-07 40 164 0.05472 6.61e-07 13 68 0.01858 6.02¢e-07 19 137 0.02735 3.77e-07 F F F F
X2 11 116 0.02296 7.58e-07 39 160 0.05530 9.50e-07 15 78 0.02202 3.87e-07 16 115 0.02336 4.75e-07 F F F F
x3 13 136 0.02775 8.17e-07 40 164 0.05781 7.66e-07 15 78 0.01986 5.83e-07 16 115 0.02108 9.65e-07 F F F F
x4 23 240 0.05347 5.68e-07 40 164 0.05921 9.48e-07 18 93 0.02555 4.22e-07 17 121 0.02400 825e-07 F F F F
x5 15 152 0.02808 9.57e-07 39 160 0.04992 6.50e-07 17 88 0.02323 5.55e-07 18 130 0.02733 6.42¢e-07 F F F F
x6 13 136 0.02416 8.53e-07 40 164 0.05552 7.66e-07 15 78 0.02042 5.82¢-07 16 115 0.02234 9.82¢-07 F F F F
x7 15 156 0.03827 3.93e-07 39 160 0.06791 6.50e-07 17 88 0.02898 5.55e-07 18 130 0.03151 6.42¢-07 F F F F
x8 15 152 0.03612 8.06e-07 39 160 0.06814 6.50e-07 17 88 0.02852 5.55e-07 18 130 0.03154 6.42e-07 F F F F
x9 15 152 0.03509 7.99e-07 39 160 0.06886 6.51e-07 17 88 0.03001 5.58e-07 18 130 0.03029 6.43e-07 F F F F
50000 x1 12 126 0.10776 7.97e-07 41 168 0.24952 9.25e-07 14 73 0.08649 4.93e-07 19 137 0.11899 8.43e-07 F F F F
x2 12 122 0.10787 8.43e-07 41 168 0.25074 8.31e-07 15 78 0.09067 8.66e-07 17 122 0.11220 4.01e-07 F F F F
x3 14 145 0.12661 228e-07 42 172 0.26604 6.71e-07 16 83 0.09661 4.75e-07 17 122 0.10647 8.02¢e-07 F F F F
x4 21 220 0.21532 9.92e-07 42 172 0.26520 8.30e-07 18 93 0.11737 9.44e-07 18 128 0.12089 6.96e-07 F F F F
x5 15 156 0.13802 4.11e-07 40 164 0.24562 9.10e-07 18 93 0.10925 4.51e-07 19 137 0.12816 5.42e-07 F F F F
x6 14 146 0.12107 6.55e-07 42 172 0.26472 6.71e-07 16 83 0.09674 4.75e-07 17 122 0.11087 8.05e-07 F F F F
X7 15 156 0.12849 4.13e-07 40 164 0.24942 9.10e-07 18 93 0.10838 4.51e-07 19 137 0.12222 542e-07 F F F F
x8 15 156 0.13676 4.10e-07 40 164 0.25026 9.10e-07 18 93 0.11867 4.51e-07 19 137 0.12808 5.42e-07 F F F F
x9 15 156 0.16418 4.40e-07 40 164 0.30073 9.10e-07 18 93 0.13672 4.52e-07 19 137 0.14595 5.42e-07 F F F F
100000 x1 13 132 025819 4.8le-07 42 172 0.57148 8.18e-07 14 73 0.20498 6.97e-07 20 144 0.30227 4.50e-07 F F F F
x2 12 125 023946 8.10e-08 42 172 0.59747 7.35e-07 16 83 0.22730 4.46e-07 17 122 0.25667 5.67e-07 F F F F
x3 14 146 028594 6.21e-07 42 172 0.61450 9.49e-07 16 83 0.22829 6.72¢-07 18 129 0.27247 4.27e-07 F F F F
x4 21 217 0.59621 8.88e-07 43 176 0.76607 7.34e-07 19 98 0.33897 4.83e-07 18 128 033776 9.84e-07 F F F F
x5 16 162 0.31465 9.35e-07 41 168 0.57225 8.05e-07 18 93 0.25088 6.38e-07 19 137 0.28419 7.66e-07 F F F F
X6 14 146 0.28764 9.29e-07 42 172 0.60567 9.49e-07 16 83 0.23020 6.72e-07 18 129 0.26057 4.28¢e-07 F F F F
X7 16 162 031743 9.36e-07 41 168 0.56260 8.05e-07 18 93 0.25909 6.38e-07 19 137 0.28092 7.66e-07 F F F F
x8 16 162 0.38489 9.33e-07 41 168 0.70652 8.05e-07 18 93 0.31471 6.38e-07 19 137 0.35392 7.66e-07 F F F F
x9 16 162 0.32223 8.93e-07 41 168 0.56573 8.06e-07 18 93 0.25571 6.40e-07 19 137 0.29473 7.67e-07 F F F F
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Table 3.7: Numerical results of Function 7.
Dim InitPoint YSD CGD PCG PDY MCHGC
IT FE CPU Norm IT FT CPU Norm IT FE CPU Norm IT FE CPU Norm IT FE CPU Norm
1000 x1 57 572 0.04601 4.88e-07 40 164 0.06445 7.61e-07 29 160 0.04920 4.34e-07 35 244 0.05041 8.16e-07 F F F F
x2 45 456 0.02634 9.35e-07 33 136 0.04189 9.17e-07 23 127 0.02874 7.29e-07 29 202 0.03354 7.75e-07 F F F F
x3 32 322 0.05436 7.70e-07 45 184 0.05636 9.51e-07 28 148 0.03350 8.94e-07 33 229 0.03801 7.58¢-07 F F F F
x4 68 683 0.03548 8.71e-07 48 196 0.05984 8.75e-07 37 196 0.04386 7.16e-07 49 342 0.05738 8.75e-07 F F F F
x5 35 356 0.01636 9.15e-07 35 144 0.04514 6.70e-07 23 116 0.02739 9.78e-07 33 230 0.03822 7.48e-07 F F F F
X6 34 342 0.05722 8.05e-07 48 196 0.06018 7.81e-07 30 163 0.03583 4.03e-07 35 243 0.04064 6.78¢-07 F F F F
x7 62 622 0.03402 8.53e-07 41 168 0.05062 8.03e-07 29 161 0.03621 5.14e-07 35 244 0.04083 6.85e-07 F F F F
x8 37 376 0.02231 6.96e-07 35 144 0.04594 6.71e-07 24 121 0.02799 8.29e-07 33 230 0.04135 7.49e-07 F F F F
x9 63 633 0.09724 8.11e-07 38 156 0.04648 9.08¢-07 33 180 0.04125 4.12e-07 41 286 0.04798 7.53e-07 F F F F
5000 x1 57 572 0.13313 4.78e-07 39 160 0.27722 8.11e-07 27 148 0.18877 5.68e-07 34 237 0.22242 7.63e-07 F F F F
x2 45 456 0.11057 9.30e-07 34 140 0.22927 6.51e-07 21 115 0.14455 9.92e-07 28 195 0.17886 8.28¢-07 F F F F
x3 32 322 0.30309 7.43e-07 45 184 0.30993 9.50e-07 28 148 0.19877 8.91e-07 33 229 0.21652 7.56e-07 F F F F
x4 69 693 0.14101 2.99e-07 53 216 0.34027 7.59e-07 41 211 0.24535 9.13e-07 53 370 0.31498 7.26e-07 F F F F
x5 29 296 0.05826 9.33e-07 36 148 0.23168 8.98e-07 23 116 0.13934 6.90e-07 33 230 0.19789 6.45e-07 F F F F
X6 34 342 0.29829 7.85e-07 48 196 0.30772 7.81e-07 30 163 0.18602 4.02e-07 35 243 0.20843 6.76e-07 F F F F
X7 61 612 0.11833 7.49e-07 39 160 0.24982 9.37e¢-07 27 149 0.17494 7.50e-07 33 230 0.19774 7.48e-07 F F F F
x8 31 316 0.06435 6.99¢-07 36 148 0.23783 8.99e-07 23 116 0.14197 6.90e-07 33 230 0.23310 6.45e-07 F F F F
x9 65 656 0.53728 7.25e-07 39 160 0.24924 8.45e-07 34 184 0.21620 4.57e-07 42 293 0.25250 9.43e-07 F F F F
10000 x1 57 572 0.25504 4.76e-07 39 160 0.54773 8.29e-07 27 147 0.36514 5.54e-07 34 237 042990 6.81e-07 F F F F
x2 45 456 0.20434 9.30e-07 34 140 0.46886 7.71e-07 21 114 0.29196 9.86e-07 28 195 0.35330 7.68¢-07 F F F F
x3 32 322 0.56252 7.40e-07 45 184 0.57225 9.50e-07 27 147 0.33545 4.84e-07 33 229 0.38982 7.56e-07 F F F F
x4 65 653 0.26067 9.13e-07 55 224 0.70147 7.70e-07 46 232 0.54003 7.04e-07 54 377 0.63778 9.01e-07 F F F F
x5 27 276 0.10023 7.46e-07 37 152 0.46975 7.62e-07 22 111 0.26025 9.83e-07 32 223 0.37894 9.58¢-07 F F F F
x6 34 342 059265 7.82e-07 48 196 0.61029 7.81e-07 30 163 0.36983 4.02e-07 35 243 041312 6.76e-07 F F F F
X7 60 602 0.21149 8.87¢-07 39 160 0.50298 8.35e-07 26 143 0.33339 9.49e-07 32 223 0.37879 9.72¢-07 F F F F
x8 28 286 0.10411 8.16e-07 37 152 0.48092 7.62¢-07 22 111 0.29156 9.83e-07 32 223 041866 9.58¢-07 F F F F
x9 64 648 1.12496 9.87e-07 38 156 0.51246 6.45e-07 34 184 0.46489 5.63e-07 43 300 0.55670 8.39¢-07 F F F F
50000 x1 57 572 1.09825 4.75e-07 40 164 2.63538 7.63e-07 25 135 1.61541 8.62e-07 33 230 2.10680 8.54e-07 F F F F
x2 45 456 0.76170 9.29e-07 35 144 215526 8.75e-07 21 113 1.25475 5.96e-07 28 195 1.61511 6.78¢-07 F F F F
x3 32 322 296455 7.38e-07 45 184 3.23648 9.50e-07 27 147 1.64852 4.84e-07 33 229 194355 7.55e-07 F F F F
x4 14 216 0.40047 2.00e-10 59 240 3.66365 9.99¢-07 43 216 249866 6.89e-07 59 412 3.39911 6.77e-07 F F F F
x5 21 216 0.36518 7.27¢-07 39 160 242027 6.14e-07 22 111 1.27706 8.68e-07 32 223 1.85551 8.84e-07 F F F F
x6 34 342 291759 7.80e-07 48 196 298728 7.81e-07 30 158 1.85420 9.99e-07 35 243 2.01771 6.76e-07 F F F F
X7 59 592 098372 7.31e-07 39 160 242784 895e-07 26 142 1.61655 4.87e-07 32 223 1.85056 791e-07 F F F F
x8 22 226 0.40987 7.94e-07 39 160 2.42343 6.14e-07 22 111 1.27153 8.68e-07 32 223 190307 8.84e-07 F F F F
x9 51 528 4.68921 8.40e-07 39 160 241072 9.20e-07 35 178 2.08251 7.57e-07 45 314 2.63168 6.75e-07 F F F F
100000 x1 57 572 2.07528 4.75e-07 40 164 5.08344 9.92¢-07 26 140 3.24379 4.54e-07 33 230 3.90210 8.17¢e-07 F F F F
x2 45 456 1.67506 9.29e-07 36 148 4.58647 7.25e-07 22 118 2.72213 3.23e-07 27 188 3.22139 9.99¢-07 F F F F
x3 32 322 5.63048 7.38e-07 45 184 5.72417 9.50e-07 27 147 3.35727 4.84e-07 33 229 3.99944 7.55e-07 F F F F
x4 5 74 0.43942 2.00e-10 61 248 7.72708 7.79¢-07 60 302 4.55522 8.30e-07 61 427 7.29801 8.27e-07 F F F F
x5 18 186 0.70396 8.37e-07 39 160 4.98921 8.68e-07 22 111 2.60650 8.28e-07 32 223 3.79439 8.64e-07 F F F F
X6 34 342 6.43670 7.80e-07 48 196 6.53590 7.81e-07 30 158 4.16545 1.00e-06 35 243 4.15677 6.76e-07 F F F F
X7 58 582 2.00826 7.30e-07 40 164 5.09308 6.73e-07 25 136 3.15722 7.01e-07 32 223 3.79744 751e-07 F F F F
x8 19 196 0.73968 9.07e-07 39 160 4.96883 8.68e-07 22 111 2.61349 8.28e-07 32 223 3.81384 8.64e-07 F F F F
x9 64 661 10.82011 7.12¢-07 40 164 5.03482 7.05e-07 34 180 4.18787 7.30e-07 45 314 532321 9.49e-07 F F F F
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Table 3.8: Numerical results of Function 8.

Dim InitPoint YSD CGD PCG PDY MCHGC
IT FE CPU Norm IT FT CPU Norm IT FE CPU Norm IT FE CPU Norm IT FE CPU Norm
1000 x1 24 263 0.002466 6.38e-07 22 98 0.001115 298e-07 16 98 0.000896 4.67e-07 15 112 0.001443 7.84e-07 F F F F
X2 24 263 0.002139 6.38e-07 20 80 0.001453 2.98e-07 17 102 0.001234 4.67e-07 15 111 0.001046 557e-07 F F F F
X3 24 254 0.002075 6.38e-07 18 71 0.001304 298e-07 16 89 0.001066 4.67e-07 15 103 0.001013 7.84e-07 F F F F
x4 24 263 0.001327 6.38¢-07 F F F F 16 98 0.000695 4.67e-07 15 112 0.000647 7.84e-07 F F F F
x5 24 263 0.001244 592e-07 F F F F 16 98 0.000692 4.71e-07 15 112 0.000638 7.96e-07 F F F F
X6 F F F F F F F F F F F F F F F F F F F F
X7 24 263 0.002034 5.92e-07 F F F F 16 98 0.000667 4.71e-07 15 112 0.000673 7.96e-07 F F F F
x8 24 263 0.001903 6.38e-07 F F F F 16 98 0.000636 4.67e-07 15 112 0.000646 7.84e-07 F F F F
x9 24 263 0.001273 6.38¢-07 F F F F 16 98 0.000619 4.67e-07 15 112 0.000562 7.84e-07 F F F F
5000 x1 21 232 0.007159 9.64e-07 23 120 0.006176 5.52e-07 13 81 0.003573 7.94e-07 13 98 0.003579 8.20e-07 F F F F
x2 21 232 0.007243 9.64e-07 28 130 0.007121 5.52e-07 14 88 0.003773 7.94e-07 13 98 0.003588 820e-07 F F F F
X3 F F F F F F F F F F F F F F F F F F F F
x4 21 232 0.007561 9.64e-07 15 68 0.003745 5.52e-07 13 81 0.003531 7.94e-07 13 98 0.003530 8.20e-07 F F F F
x5 21 232 0.007675 9.08e-07 F F F F 13 81 0.003508 7.95e-07 13 98 0.003534 828e-07 F F F F
X6 F F F F F F F F F F F F F F F F F F F F
X7 21 232 0.007491 9.08e-07 F F F F 13 81 0.003611 7.95e-07 13 98 0.003626 8.28e-07 F F F F
x8 21 232 0.007469 9.64e-07 F F F F 13 81 0.003568 7.94e-07 13 98 0.003525 820e-07 F F F F
x9 21 232 0.006457 9.64e-07 F F F F 13 81 0.003616 7.94e-07 13 98 0.003609 820e-07 F F F F
10000  x1 22 243 0.019742 9.66e-07 31 152 0.018208 2.92e-07 16 100 0.012192 9.44e-07 14 107 0.008524 6.62e-07 F F F F
X2 22 243 0.016952 9.66e-07 17 72 0.009028 2.92e-07 17 108 0.010410 9.44e-07 14 107 0.008910 6.62e-07 F F F F
x3 F F F F F F F F F F F F F F F F F F F F
x4 22 243 0.016744 9.66e-07 14 64 0.007466 292e-07 16 100 0.010226 9.44e-07 14 107 0.008770 6.62e-07 F F F F
x5 22 243 0.017233 9.15e-07 F F F F 16 100 0.008891 9.44e-07 14 107 0.008088 6.72e-07 F F F F
X6 F F F F F F F F F F F F F F F F F F F F
X7 22 243 0.015984 9.15e-07 F F F F 16 100 0.008746 9.44e-07 14 107 0.007903 6.72e-07 F F F F
x8 22 243 0.016004 9.66e-07 F F F F 16 100 0.009018 9.44e-07 14 107 0.007886 6.62¢e-07 F F F F
x9 22 243 0.015672 9.66e-07 F F F F 16 100 0.008821 9.44e-07 14 107 0.007993 6.62e-07 F F F F
50000  x1 23 256 0.081138 6.50e-07 26 133 0.070585 2.19e-07 16 101 0.041742 6.09e-07 12 93 0.037627 7.87e-07 F F F F
X2 23 256 0.089763 6.50e-07 23 111 0.059796 2.19e-07 16 101 0.042731 6.09e-07 12 93 0.038409 7.87e-07 F F F F
X3 F F F F F F F F F F F F F F F F F F F F
x4 23 256 0.084228 6.50e-07 16 73 0.042900 2.19e-07 16 101 0.041773 6.09e-07 12 93 0.037660 7.87e-07 F F F F
x5 23 256 0.086990 6.05e-07 F F F F 16 101 0.048567 6.10e-07 12 93 0.037951 7.93e-07 F F F F
X6 F F F F F F F F F F F F F F F F F F F F
X7 23 256 0.079468 6.05e-07 F F F F 16 101 0.039340 6.10e-07 12 93 0.025893 7.93e-07 F F F F
x8 23 256 0.075101 6.50e-07 55 240 0.112374 2.19e-07 16 101 0.037840 6.09e-07 12 93 0.032658 7.87e-07 F F F F
x9 23 256 0.086070 6.50e-07 F F F F 16 101 0.038221 6.09e-07 12 93 0.028537 7.87e-07 F F F F
100000 x1 20 224 0.184630 9.62e-07 16 99 0.115764 7.00e-07 14 89 0.092163 7.88e-07 14 110 0.108153 4.32e-07 F F F F
X2 20 224 0.218640 9.62e-07 18 83 0.136443 8.43e-07 14 89 0.105534 7.88e-07 14 110 0.118214 4.32e-07 F F F F
x3 F F F F F F F F F F F F F F F F F F F F
x4 20 224 0.180234 9.62e-07 14 65 0.091114 8.43e-07 14 89 0.092867 7.88e-07 14 110 0.147266 4.32e-07 F F F F
x5 20 224 0.187211 9.27e-07 27 140 0.183606 8.43e-07 14 89 0.095987 7.89e-07 14 110 0.101754 4.45e-07 F F F F
X6 F F F F F F F F F F F F F F F F F F F F
x7 20 224 0.189469 9.27e-07 27 140 0.176783 8.43e-07 14 89 0.092387 7.89e-07 14 110 0.106095 4.45e-07 F F F F
x8 20 224 0.218604 9.62e-07 27 140 0.217050 8.43e-07 14 89 0.115369 7.88e-07 14 110 0.122092 43207 F F F F
x9 20 224 0.293651 9.62e-07 26 135 0.267497 8.43e-07 14 89 0.132654 7.88e-07 14 110 0.143270 4.32e-07 F F F F
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Table 3.9: Numerical results of Function 9.
Dim InitPoint YSD CGD PCG PDY MCHGC
IT FE CPU Norm IT FT CPU Norm IT FE CPU Norm IT FE CPU Norm IT FE CPU Norm
1000 x1 8 90 0.011018 5.19e-07 22 92 0.006835 7.37e-07 9 50 0.007027 8.44e-07 6 46 0.006914 8.50e-07 F F F F
x2 7 83 0.000770 5.07e-08 21 88 0.000900 6.65e-07 9 50 0.000265 3.31e-07 6 46 0.000218 3.34e-07 F F F F
x3 7 83 0.000287 1.57e-08 21 88 0.000531 9.19¢-07 9 50 0.000433 4.57¢-07 6 46 0.000370 4.61e-07 F F F F
x4 8 94 0.000304 1.48e-08 30 124 0.000731 8.32e-07 13 70 0.000334 5.88e-07 10 74 0.000301 7.32¢e-08 F F F F
x5 7 83 0.000266 2.47e-08 21 88 0.000574 8.49e-07 9 50 0.000249 4.22¢-07 6 46 0.000200 4.26e-07 F F F F
x6 7 83 0.000264 1.63e-08 21 88 0.000498 9.14e-07 9 50 0.000244 4.55e-07 6 46 0.000199 4.58¢-07 F F F F
X7 7 83 0.000306 2.47e-08 21 88 0.000493 8.49e-07 9 50 0.000242 4.22¢e-07 6 46 0.000200 4.26e-07 F F F F
x8 7 83 0.000479 2.45e-08 21 88 0.000505 8.50e-07 9 50 0.000269 4.23e-07 6 46 0.000206 4.26e-07 F F F F
x9 7 83 0.000276 2.76e-08 21 88 0.000513 8.27e¢-07 9 50 0.000251 4.11e-07 6 46 0.000205 4.14e-07 F F F F
5000 x1 8 94 0.002235 9.56e-08 23 96 0.004075 7.15e-07 10 55 0.001989 2.63e-07 7 53 0.001580 1.12¢-07 F F F F
x2 8 90 0.002045 4.44e-07 22 92 0.003860 6.46e-07 9 50 0.001694 7.40e-07 6 46 0.001411 7.46e-07 F F F F
x3 8 90 0.002029 6.51e-07 22 92 0.003869 8.99¢-07 10 55 0.001950 1.43e-07 7 53 0.001542 6.13e-08 F F F F
x4 9 101 0.002231 6.52e-07 33 136 0.005844 7.63e-07 15 80 0.002718 1.89e-07 10 74 0.002208 8.26e-07 F F F F
x5 8 90 0.002025 591e-07 22 92 0.003916 8.25e-07 9 50 0.001819 9.44e-07 6 46 0.001406 9.52¢-07 F F F F
X6 8 90 0.001987 6.50e-07 22 92 0.003178 8.97e-07 10 55 0.001886 1.43e-07 7 53 0.001527 6.12¢-08 F F F F
X7 8 90 0.002002 591e-07 22 92 0.003918 8.25e-07 9 50 0.001701 9.44e-07 6 46 0.001329 9.52¢e-07 F F F F
x8 8 90 0.002027 591e-07 22 92 0.003847 8.25e-07 9 50 0.001669 9.45e-07 6 46 0.001346 9.52¢e-07 F F F F
x9 8 90 0.002095 5.93e-07 22 92 0.003856 8.27e-07 9 50 0.001670 9.47e-07 6 46 0.001339 9.55e-07 F F F F
10000 x1 8 94 0.003623 7.13e-08 24 100 0.007216 4.39¢-07 10 55 0.003460 3.71e-07 7 53 0.002645 1.58e-07 F F F F
x2 8 90 0.003504 6.63e-07 22 92 0.006734 9.14e-07 10 55 0.003365 1.46e-07 7 53 0.002625 6.23e-08 F F F F
x3 8 90 0.003439 9.48e-07 23 96 0.007195 5.53e-07 10 55 0.003271 2.03e-07 7 53 0.002631 8.66e-08 F F F F
x4 9 101 0.003865 9.49e-07 34 140 0.013849 9.37e-07 15 80 0.006345 5.34e-07 12 88 0.005918 1.03e-07 F F F F
x5 8 90 0.003476 8.64e-07 23 96 0.006946 5.06e-07 10 55 0.003271 1.86e-07 7 53 0.002633 7.94e-08 F F F F
X6 8 90 0.003406 9.47e-07 23 96 0.006815 5.52e-07 10 55 0.003326 2.03e-07 7 53 0.002640 8.65e-08 F F F F
X7 8 90 0.003444 8.64e-07 23 96 0.007301 5.06e-07 10 55 0.003344 1.86e-07 7 53 0.002646 7.94e-08 F F F F
x8 8 90 0.003483 8.64e-07 23 96 0.006828 5.07e-07 10 55 0.003383 1.86e-07 7 53 0.002608 7.94e-08 F F F F
x9 8 90 0.003467 8.61e-07 23 96 0.006622 5.05e-07 10 55 0.003419 1.85e-07 7 53 0.002638 7.91e-08 F F F F
50000 x1 9 101 0.015806 3.35e-07 24 100 0.031995 9.82¢-07 10 55 0.013292 8.31e-07 7 53 0.010302 3.54e-07 F F F F
x2 8 94 0.013881 8.20e-08 23 96 0.028034 8.87e-07 10 55 0.011449 3.26e-07 7 53 0.010379 1.39¢e-07 F F F F
x3 8 94 0.013524 5.24e-08 24 100 0.032417 5.37e-07 10 55 0.013250 4.54e-07 7 53 0.011335 1.94e-07 F F F F
x4 9 105 0.015095 5.24e-08 37 152 0.044790 8.58e-07 16 85 0.022685 9.51e-07 22 158 0.031520 7.73e-07 F F F F
x5 8 94 0.014072 6.10e-08 24 100 0.029497 4.92¢-07 10 55 0.012059 4.16e-07 7 53 0.013681 1.77e-07 F F F F
X6 8 94 0.013779 5.24e-08 24 100 0.032055 5.37e-07 10 55 0.014364 4.54e-07 7 53 0.018644 1.93e-07 F F F F
X7 8 94 0.015422 6.10e-08 24 100 0.026929 4.92¢-07 10 55 0.011586 4.16e-07 7 53 0.010214 1.77e-07 F F F F
x8 8 94 0.014711 6.10e-08 24 100 0.029293 4.92e-07 10 55 0.012782 4.16e-07 7 53 0.013954 1.77e-07 F F F F
x9 8 94 0.017933 6.11e-08 24 100 0.025929 4.92e-07 10 55 0.016246 4.16e-07 7 53 0.015371 1.77e-07 F F F F
100000 x1 9 101 0.054705 5.17e-07 25 104 0.102340 6.03e-07 11 60 0.048262 2.33e-07 7 53 0.035316 5.00e-07 F F F F
x2 8 94 0.049037 5.10e-08 24 100 0.102626 5.45e-07 10 55 0.039321 4.61e-07 7 53 0.033598 1.96e-07 F F F F
x3 8 94 0.049253 1.50e-08 24 100 0.102121 7.60e-07 10 55 0.042580 6.42e-07 7 53 0.035400 2.74e-07 F F F F
x4 9 105 0.073958 1.50e-08 39 160 0.166158 4.58¢-07 17 90 0.069408 4.89¢-07 26 186 0.130089 9.03e-07 F F F F
x5 8 94 0.039519 2.49e-08 24 100 0.092098 6.96e-07 10 55 0.035102 5.88e-07 7 53 0.028182 2.51e-07 F F F F
X6 8 94 0.043162 1.50e-08 24 100 0.105626 7.60e-07 10 55 0.038025 6.42e-07 7 53 0.027044 2.74e-07 F F F F
X7 8 94 0.041473 2.49e-08 24 100 0.084998 6.96e-07 10 55 0.036813 5.88e-07 7 53 0.027927 2.51e-07 F F F F
x8 8 94 0.042030 2.49e-08 24 100 0.125724 6.96e-07 10 55 0.044029 5.88e-07 7 53 0.028898 2.51e-07 F F F F
x9 8 94 0.043425 2.50e-08 24 100 0.079260 6.95e-07 10 55 0.032999 5.88e-07 7 53 0.033508 2.50e-07 F F F F
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Table 3.10: Numerical results of Function 10.

Dim InitPoint YSD CGD PCG PDY MCHGC
IT FE CPU Norm IT FT CPU Norm IT FE CPU Norm IT FE CPU Norm IT FE CPU  Norm
1000 x1 1 10 0.006177 0 1 4 0.00439 0 1 4 0.004427 0 1 5 0.004595 0 1 10 0.004299 0
x2 1 13 0.001036 0 18 76 0.009493 7.54e-07 8 45 0.005468 1.03e-07 3 25 0.004568 1.58e-07 1 19 0.000811 0
x3 1 13 0.000325 0 19 78 0.003698 7.01e-07 14 85 0.002859 7.36e-07 21 164 0.004901 7.43e-07 2 35 0.004150 0
x4 1 19 0.005577 0 1 13 0.005269 0 1 13 0.004862 0 1 14 0.004792 0 1 19 0.006223 0
x5 2 21 0.005318 0 21 86 0.003369 5.42e-07 19 113 0.003081 6.34e-07 32 243 0.005840 8.25e-07 3 33 0.000835 0
X6 2 21 0.000501 0 21 87 0.003349 5.23e-07 18 104 0.002871 6.89e-07 27 207 0.005540 1.99e-09 6 81 0.001311 0
X7 2 21 0.000551 0 21 86 0.003399 5.42e-07 19 113 0.003362 6.34e-07 32 243 0.005129 8.25e-07 3 33 0.000698 0
x8 2 21 0.000553 0 21 86 0.003374 5.41e-07 19 113 0.003534 6.39e-07 34 257 0.005228 8.87e-07 3 33 0.000738 0
x9 2 21 0.000613 0 21 86 0.004368 5.43e-07 19 113 0.003702 6.95e-07 32 243 0.005715 8.92e-07 3 33 0.000779 0
5000 x1 1 10 0.001562 0 1 4 0.001463 0 1 4 0.001379 0 1 5 0.001406 0 1 10 0.001423 0
x2 1 13 0.001265 0 19 80 0.021444 6.74e-07 8 45 0.009603 2.30e-07 3 25 0.003449 3.54e-07 1 19 0.001576 0
x3 1 13 0.001427 0 19 78 0.017751 6.90e-07 14 85 0.012630 7.38e-07 21 164 0.015154 7.45e-07 2 35 0.003042 0
x4 1 19 0.022757 0 1 13 0.022829 0 1 13 0.021208 0 1 14 0.021611 0 1 19 0.029850 0
x5 2 21 0.002782 0 22 90 0.023003 4.96e-07 20 119 0.018531 6.47e-07 35 265 0.038116 8.80e-07 3 33 0.004821 0
x6 2 21 0.003295 0 21 87 0.024386 5.19e-07 20 112 0.018343 9.73e-07 27 207 0.024601 1.97e-09 6 81 0.007249 0
x7 2 21 0.002946 0 22 90 0.021826 4.96e-07 20 119 0.018374 6.47e-07 35 265 0.030168 8.80e-07 3 33 0.003705 0
x8 2 21 0.002748 0 22 90 0.020782 4.96e-07 20 119 0.020804 6.47e-07 41 306 0.037015 9.71e-07 3 33 0.003774 0
x9 2 21 0.002989 0 22 90 0.024403 4.93e-07 20 119 0.021040 6.37e-07 32 244 0.033070 8.64e-07 3 33 0.004014 0
10000  x1 1 10 0.003066 0 1 4 0.00289% 0 1 4 0.002736 0 1 5 0.002742 0 1 10 0.002801 0
x2 1 13 0.002373 0 19 80 0.035651 9.54e-07 8 45 0.015204 3.26e-07 3 25 0.006359 5.00e-07 1 19 0.002916 0
x3 1 13 0.002434 0 19 78 0.035968 6.89e-07 14 85 0.024201 7.38e-07 21 164 0.029844 7.45e-07 2 35 0.005867 0
x4 1 19 0.025463 0 1 13 0.025595 0 1 13 0.024873 0 1 14 0.025742 0 1 19 0.032985 0
x5 2 21 0.005250 0 22 90 0.041852 7.07e-07 20 119 0.040137 9.15e-07 39 293 0.075043 4.22e-09 3 33 0.007621 0
x6 2 21 0.004489 0 21 87 0.037424 5.18e-07 19 109 0.031207 5.44e-07 27 207 0.042809 1.97e-09 6 81 0.013483 0
x7 2 21 0.005090 0 22 90 0.043129 7.07e-07 20 119 0.035024 9.15e-07 39 293 0.071239 4.22e-09 3 33 0.008197 0
x8 2 21 0.005413 0 22 90 0.042535 7.07e-07 20 119 0.039289 9.15e-07 31 231 0.053189 2.53e-07 3 33 0.007104 0
x9 2 21 0.006347 0 22 90 0.042429 7.17e-07 20 119 0.041867 9.16e-07 95 680 0.150198 9.98e-07 3 33 0.007591 0
50000 x1 1 10 0.012797 0 1 4 0.012802 0 1 4 0.011906 0 1 5 0.011330 0 1 10 0.016570 0
x2 1 13 0.009915 0 20 84 0177890 8.53e-07 8 45 0.070166 7.28e-07 4 32 0.043436 2.15e-09 1 19 0.012450 0
x3 1 13 0.012121 0 19 78 0.143690 6.88e-07 14 85 0.103382 7.38e-07 21 164 0.128770 7.45e-07 2 35 0.029728 0
x4 1 19 0.130031 0 1 13 0.128064 0 1 13 0.122594 0 1 14 0.119715 0 1 19 0.166274 0
x5 2 21 0.029236 0 23 94 0.192296 6.40e-07 21 125 0.181857 9.30e-07 39 291 0.328785 243e-08 3 33 0.035883 0
x6 2 21 0.017691 0 21 87 0171733 5.17e-07 19 109 0.139116 5.17e-07 27 207 0.188409 1.98e-09 6 81 0.064829 0
x7 2 21 0.025982 0 23 94 0.195568 6.40e-07 21 125 0.176307 9.30e-07 39 291 0.316929 2.43e-08 3 33 0.031570 0
x8 2 21 0.028365 0 23 94 0203319 6.40e-07 21 125 0.180336 9.30e-07 98 702 0.661070 9.99e-07 3 33 0.031860 0
x9 2 21 0.030731 0 23 94 0221829 6.38e-07 21 125 0.196961 9.30e-07 103 737 0.715879 9.99e-07 3 33 0.033156 0
100000 x1 1 10 0.029186 0 1 4 0.023440 0 1 4 0.025589 0 1 5 0.022210 0 1 10 0.028096 0
x2 1 13 0.019394 0 21 88 0.365018 4.83e-07 9 50 0.169114 1.85e-07 4 32 0.072330 291e-09 1 19 0.027017 0
x3 1 13 0.017607 0 19 78 0279202 6.88e-07 14 85 0.199383 7.38e-07 21 164 0276120 7.45e-07 2 35 0.061235 0
x4 1 19 0.288084 0 1 13 0.261124 0 1 13 0.24829% 0 1 14 0.245955 0 1 19 0.330298 0
x5 2 21 0.050210 0 23 94 0401655 9.07e-07 22 131 0.372767 5.98e-07 39 295 0.679531 7.52e-07 3 33 0.065710 0
x6 2 21 0.040422 0 21 87 0.315651 5.17e-07 19 109 0.259315 5.11e-07 27 207 0431498 1.98e-09 6 81 0.126862 0
X7 2 21 0.053434 0 23 94 0389122 9.07e-07 22 131 0.352039 5.98e-07 39 295 0.647403 7.52e-07 3 33 0.065320 0
x8 2 21 0.050193 0 23 94 0389484 9.07e-07 22 131 0.392706 5.98e-07 42 316 0.703851 8.15e-07 3 33 0.071855 0
x9 2 21 0.057414 0 23 94 0429859 9.06e-07 22 131 0.401173 5.97e-07 37 281 0.695595 8.68e-07 3 33 0.074987 0

3.4.1 Comments

Based on the results shown in tables 3.1 until 3.10 and figures 3.1, 3.2, and 3.3, it is clear
that our YSD algorithm consistently outperforms the methods based on CGD, PDY,
PCG and MCHGC. The YSD algorithm shows superior efficiency and robustness for

solving nonlinear equations, with better performance on key indicators, particularly the
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most significant ones including CPU time and iterations number required for optimality.
Furthermore, it is observed that in some examples, the MCHGC and CGD fail whereas
our YSD method provides optimal solutions in almost all examples in minimal time with
a reasonable number of iterations. However, a slight superiority of methods PDY and
PCG is recorded in a few examples regarding the evaluations number of the objective

function.

3.5 Application in compressive sensing problem

In this section, we compare the performance of the three algorithms and analyze the
effectiveness of our proposed YSD algorithm for the compressive sensing problem.
Compressive sensing is a fundamental problem in signal processing, where the goal is
to recover a sparse signal from noisy or incomplete measurements. The optimization

problem can be formulated as

. 1
min f(z) = §HAx —b||? + 7|21, (3.35)

zeR?
where: A € R™" (with m < n) is the measurement matrix, b € R™ represents
the observed data, 7 > 0 is a regularization parameter that balances data fidelity and
sparsity [10, 40].
To simplify the problem, we split the variables into their positive and negative parts

using the following definitions

u=max{z,0}, v = max{—=x,0}, (3.36)

where r = v — v and ||z]|; = elu + elv, withe, = (1,1,...,1)T € R".
The quality of signal recovery is typically evaluated using the mean squared error

(MSE), defined as

1
MSE = EHx* — x|, (3.37)

where z* is the recovered signal and z is the original sparse signal. A lower MSE
indicates that the estimated signal is closer to the true signal, reflecting better perfor-

mance.
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In our experiments, the sparsity level IV is set to 128, the problem size is n = 2048 and
m = 1024 and the regularization parameter 7 = 0.00528971. The measurement matrix
A is generated as a Gaussian matrix using the randn (m, n) command in MATLAB,
and the observed data b is perturbed by Gaussian noise 9, i.e., b = Az + J, where ¢ is
distributed as N(0,107%).

From [24], the optimization problem (3.35) can be reformulated as a system of

nonlinear equations as

F(z) =min{z, Hz 4+ ¢} =0, (3.38)
u ATA —ATA —y )
where z = ,H = ,C = Teg, + ,withy = ATb.
v —ATA ATA Yy

Here, H is a positive semi-definite matrix and the function F'(z) is Lipschitz continu-
ous and monotone, as shown in [24]. This reformulation allows us to solve the problem
using iterative methods for nonlinear equations, such as the proposed YSD algorithm.

The performance of the algorithms is evaluated based on the MSE and the number
of iterations required to achieve a solution with a similar accuracy. The initial point for
all methods is set to o = A”b and the algorithms terminate when the relative change in

the objective function satisfies

I fe = fr1ll
| fre1ll

where f; denotes the function value at z.

<1075, (3.39)

This setup allows us to compare the effectiveness of the proposed YSD algorithm
with other methods in the context of compressive sensing, particularly in terms of

convergence rate and the accuracy of signal recovery.
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Figure 3.4: The original sparse signal compared to the restored signals.
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Figure 3.5: MSE in terms of iterations. Figure 3.6: MSE in temrs of CPU time.

3.5.1 Commentaries

For the compressive sensing application, the results shown in figures 3.4, 3.5 and 3.6
indicate that the proposed YSD method performs very similarly to PCG in terms of
accuracy, with both achieving nearly identical MSE values. However, the YSD algorithm
shows a slight advantage in computational efficiency, requiring less time to complete
the task, as seen in figure 3.6. While CGD also performs well, it requires more iterations

and longer computational time compared to YSD and PCG, as illustrated in figure 3.5.
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3.6 Conclusion

In this chapter, we proposed a new hybrid conjugate gradient projection method YSD for
solving large-scale nonlinear monotone equations with convex constraints. The method
combines the RMIL and HS conjugate gradient techniques with the projection-based
approach of Solodov and Svaiter, making it efficient for large-scale and nonsmooth
problems without requiring large matrix storage.

We established the global convergence under certain assumptions. Numerical ex-
periments show that YSD outperforms existing methods such as CGD, PDY, PCG and
MCHGC in terms of computational efficiency, accuracy, and robustness. In compres-
sive sensing applications, the YSD algorithm compared with CGD and PCG achieves
competitive signal recovery accuracy with low MSE values and superior computational

efficiency.



CHAPTER

An efficient hybrid three-term conjugate gradi-

ent method with practical applications

In this chapter, we introduces a new hybrid conjugate gradient parameter /3, designed
for the efficient solution of unconstrained optimization problems. The new parameter
is constructed by hybridizing the Liu-Storey 3} parameter with its modification 875,
The proposed algorithm incorporates a hybrid three-term technique that guarantees
sufficient descent for the search direction, a property established under the strong Wolfe
line search conditions. The practical efficiency of the proposed approach is validated
through comprehensive numerical experiments. These tests are conducted on a set of
well-known benchmark problems and extended to real-world applications, including
image restoration and sparse signal recovery, showing the robustness and effectiveness
of the method. The results of this work are published online in the Iranian Journal of

Numerical Analysis and Optimization (IJNAO) [35].

4.1 Introduction

Optimization domain is widely and increasingly used in science, engineering, eco-
nomics, management, industry, and other areas. The most common optimization
algorithms are the descent methods namely gradient, Newton’s and conjugate gradient
methods. Let be f : R” — R a continuously differentiable function. Our goal is to

solve the unconstrained optimization problem {min f(z), = € R"}. The principle of the
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conjugate gradient method is to construct a sequence
r1 € R", Tp+1 = Tg + ady, fork > 1, (41)

where 7 is an initial point, and denote by z;, the current iterate. The stepsize oy, > 0 is
computed using an exact or inexact line search, while the search direction dj, is defined

as

di = —q1, dps1 = —Gre1 + Brdy, fork > 1,

where g, = V f(x}) is the gradient of f at x; and Jj is a scalar conjugacy coefficient.

Dai and Wen [21] proposed two modified conjugate gradient methods of PRP and
HS respectively, denoted by DPRP and DHS given by

2 _ llgegall | T
DPRP _ g4l llgell ‘gkﬂgk’ > 1 (4.2)
k - T 9 7 H ) .
1981 de] + Nl gkl
Hgk+1H2 gkl gT i
’?HS — llgk | k+1 |7 o> 1. (43)

Additionally, inspired by (4.2) and (4.3) Zheng et al. proposed in [72] a modified LS
method denoted as DLS given by

pLS _ g1l — ”ﬂm” |97 19]

" plof, di| — dlys

, > 1. 4.4)

In 2022 Jiang et al. [39], based on the hybrid conjugate gradient method and the convex
combination technique, proposed a new family of hybrid three-term conjugate gradient

methods

—gr1 if k=0,
dpy1 = (4.5)

— k1 + (1 = M) Bidi + \ibrgr, if k>0,

T
|9k 41 |
lgiy 1 llldwll”

where 8; = max{0, min{B, 37Y }}, Bk is any conjugate parameter, \;, = with

A € [0, 1] and 6, = — %% 0 < < 1.
The objective of this work is to propose a new hybridization between LS and DLS

using the formula (4.5) to calculate a new descent search direction.
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4.2 New hybrid three-term conjugate gradient algorithm

Inspired by the works of Zheng et al.[72] and Jiang et al.[39], we propose a new hybrid

MDLS

parameter based on LS and DLS parameters (4.4), noted j3;; , defined by

T
LS _  9k+1Yk . 2 T
= g > |gF. 1k
MDLS _ k oTdy, | grs1ll® > Ji19k| (4.6)
k - I 2= N9 4ll | T | .
pLS _ MR gy |Tk+19

,  otherwise,

koo wlgf ydi|—df ve

where > 1.

The search direction is given as follows

—gir1 if k=0o0r |gl gk > 0.5 gis?
dir = ’ 47)

—grt1 + (1= M) BMPES Ay + NeBrgr, if k>0,

T
|9k+1sk’ s
Tgrr sl F

T
where )\, = = xpy1 — o and O, = —77g|’|“;;1|‘gf. Note that \; € [0,1] and
0<n<l
In this study, to show the behavior of our algorithm, we use the strong Wolfe line

search, i.e., we find the stepsize oy, using the following conditions:

\Ghadi| < —ogp di, (4.9)
where 0 < § < o < 1.

The corresponding algorithm is given bellow

Algorithm 13: MDLS
Step 0: Given a starting point =, and a parameter € > 0.

Step 1: Set k = 1 and compute d; = —g;.

Step 2: If ||gx|| < ¢, Stop; else go to Step 3.

Step 3: Find the stepsize «;, €]0, 1] (using strong Wolfe conditions (4.8), (4.9)).
Step 4: Compute z11 = x) + agdy.

Step 5: Compute gi+1 = V f(Zk+1), Y& = Gr+1 — k-

Step 6: Compute 3;, = SMPLS (4.6).

Step 7: Compute dj.; using (4.7).

Step 8: Let k = k£ + 1 and go to Step 2.
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4.3 Convergence analysis

We introduce the following theorem to establish the sufficient descent condition.

Theorem 4.1. Let {g;.} and {d}} be the sequences generated by M DLS algorithm. Then the

search direction satisfies the sufficient descent condition
i1 < —cllgry1l?, forall k > 0. (4.10)

Proof. From M DLS algorithm, we know that if |g{,,gx| > 0.5]gk+1]|? or k& = 0, then
diy1 = —gr+1 and (4.10) holds.

Now, we assume that

| 91?+19k |< 0.5 g1, (4.11)

and k > 0.
By multiplying (4.7) by g/, from the left, we get

G = —llgell” + (1= M) B g iadr + Mgy 95 (4.12)

and we can analyze this into two cases as follows

L5 and (4.12) becomes

Case 1: If || guia[® > |97 194,

9 gk
I dii 2" = =llgenl? + (1= M) B g1 d nAk—H’““HQ Irv1k
— (14 Ay cos? 21— g Tl g 413
= - Nk cos” w)[|gr[” + (1 — M) =7 oTdr =14k, (4.13)

where w is the angle between g, and gy 1.

Using the second condition of strong Wolfe line search, we get

ngd]J{ngs < —(L+ iy cos® w) |l |® + (1 - Ak)angﬂyk
= —(L+nheos®w)llgesa [ + (1= M)ollgraal® = (1 = Me)ogieign
< —(1+ g cos® w)|lgen | 4+ 2(1 = Ae)ol|grsa |1
= —(1—20+ (20 + cos® w)\p)||grra |-

Hence,

9k+1d%[1)LS < _C||9k+1||2a
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where ¢ = 1 — 20 + (20 + cos® w)\;, > 0. Therefore, (4.10) holds.

Case 2: If ||gp1]]? < ‘ggﬂgk = BPLS. We also know that |g,{+1gk| >

0.5]|gx+1]/? and from [66] P15 < M So, following the first case, we get
k

dMDLS <

Grirdi — (14 Ay cos® w)||ges||* + (1 = M) || g ||

= —(1—0+ (0 +cos®w) )|l grr1ll*

Hence,

9k+1d%[1)LS < _C||9k+1||2a

where ¢ =1 — 0 + (0 + cos? w) A\, > 0. Therefore, (4.10) holds. The proof is complete. [
To establish the global convergence, we make the following assumptions

e (i) Thelevel set £L = {z € R" : f(z) < f(x¢)} is bounded, which means there exists
a constant M, such that

|z|| < M, forall z € L.

e (ii) In a neighborhood N of £ the function f is continuously differentiable and its

gradient V f(z) is Lipschitz continuous, it means: 30 < L < oo such that

IVf(z) = Vi)l < Lllx — y| forall z,y € V. (4.14)

Under these assumptions, there exists a constant ;« > 0, where
IVf(x)]| < p, forallz € L. (4.15)

Lemma 4.2. Suppose that assumptions (i) and (ii) hold. Consider common iterate (4.1), where
dy, is a descent direction (4.7) and oy, is determined by the strong Wolfe line search (4.8) and
(4.9). Then, the Zoutendijk condition

T d.)?
3y ﬁ’zz ﬁg < 0, (4.16)
k>0 10K
holds.
Proof. The proof follows directly from [73]. O

Lemma 4.3. Suppose that assumptions (i) and (ii) hold and oy, > 0 is determined by the strong
Wolfe line search (4.8) and (4.9), then there exist o, > 0 such that

ag > oy, forall k> 1.
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Proof. The proof follows directly from [19]. O

Theorem 4.4. Consider the M DLS algorithm and suppose that assumptions (i), (ii) and (4.10)
hold. Then either g, = 0 for some k, or

lim inf || g|| = 0. (4.17)
k—o00

Proof. We suppose that g, # 0 for all £. Then we need to prove (4.17).
Suppose, on the contrary, that (4.17) doesn’t hold. Then there exists a constant ¢ > 0
such that
llgr|| > t, for all k. (4.18)

Let D be the diameter of the level set L.
We have

’BkDLs‘ < _Hgk+1H2 < M_Q

ngdk — ct?

GirYs _ pLD
—gld, — a?

8% =

On the one hand, we have

disill = llgesall + (1= X B 5l dill + ArlO g

S
= lgueall+ 0 = 2l L 3 @19

From lemma 4.3, we get two conditions

L If | ger1l* > |9, 19x|, then (4.19) becomes
uLD

d <
el < gt 22

+op=C, (4.20)

where C is a constant.

2. If ||ge11 || < |gf,19x|, but in this case we have |gf',,gc| > 0.5]|gi+1]|% then (4.19)

becomes
2

ldisall < ot ——5 + 2000 = C, (4.21)

where C is a constant.

Now, we obtain
1

—_—— = 0. 4.22
2 e~ &9
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On the other hand, from (4.10), (4.18), and from the Zoutendijk condition (4.16), it

results that
I*

2t4z Z || gr Z(g,fdﬁ c
HdkP_ dell* — = | |I? ’

k>0

which contradicts (4.22). Therefore, (4.18) doesn’t hold. Then,

lim inf ||gx|| = 0.
k—o0

4.4 Numerical experiments

In this section, we present the performance of our new MDLS algorithm via some

theoretical standard tests problems and practical applications.

4.4.1 Standard theoretical tests problems

We have selected various test functions given in table 4.1, taken from the CUTE library
of [1], [2], [26] and [50] for different dimensions, from n = 10 to n = 800000. At the same
time, we present a numerical comparison with other conjugate gradient algorithm (LS,
DLS). We set the parameter = 0.4, ¢ = 10~° and the stopping criterion is ||g|| < € or
the iteration number > 4000. The stepsize «y is calculated using the strong Wolfe line
search with 0 = 0.01 6 = 0.1. In order to evaluate the data of iterations number, CPU
time, gradient evaluation and objective function evaluation, we use the performance

profile of Dolan and Moré [20] presented in figure 4.1.
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Table 4.1: List of test functions and their dimensions.

Tests functions Dimensions Tests functions Dimensions

Cosine 6000, 100000, 800000 Tridia 300, 2000
Dixmaana 6000, 90000 Woods 150000, 200000
Dixmaanb 24000, 48000 Bdexp 5000, 50000, 500000
Dixmaanc 2700, 27000 Exdenschnf 90000, 280000, 600000
Dixmaand 12000, 90000 Exdenschnb 6000, 24000, 300000
Dixmaane 2400, 48000 Genquartic 9000, 90000, 500000
Dixmaanf 15000, 60000 Biggsbl 300

Dixmaang 12000, 90000 Sine 100000, 250000, 500000
Dixmaanh 6000, 150000 Fletcbv3 100

Dixmaani 360 Nonscomp 5000, 80000
Dixmaan; 3000, 15000 Powerl 150

Dixmaank 12000, 12000 Raydan1 500, 5000
Dixmaanl 2400, 24000 Raydan2 2000, 20000, 500000
Dixon3dq 150 Diagonall 800, 2000

Dqdrtic 9000, 90000 Diagonal2 8000, 50000

Dqrtic 5000, 150000 Diagonal3 500, 2000

Edensch 7000, 40000, 50000 Bv 2000, 20000

Eg2 100 Ie 500, 1500

Fletchcr 1000, 50000, 200000  Singx 1000, 2000
Freuroth 460 Lin 100, 1300

Genrose 10000 Osb2 10

Himmelbg 70000, 240000 Penl 200, 1000

Liarwhd 6000, 30000 Pen2 160

Penaltyl 4000, 10000 Rosex 500, 1000

Quartc 80000, 50000 Trid 500, 8000
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Figure 4.1: Performance profile of MDLS, DLS and LS.

4.4.2 Practical applications

Image restoration

In this part, we evaluate the performance of the MDLS algorithm in comparison with
the other conjugate gradient methods (LS and DLS) for image restoration problems
effected by impulse noise using the same data given in chapter 2. In this processing,
we use the two-phase restoration scheme proposed by Chan et al. [11], which has
proven effective in handling high-density of salt-and-pepper noise. The experiments
are conducted on three grayscale images of size 512 x 512 Lady, Baboon, and Bridge. We
test the performance of the algorithms under various levels of salt-and-pepper noise:

30%, 50%, 70%, and 90%.
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Original

Figure 4.2: The noisy images with 70% salt-and-pepper noise and the restored images

by MDLS, DLS and LS.
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Original

90% salt-and-pepper n

Figure 4.3: The noisy images with 90% salt-and-pepper noise and the restored images

by MDLS, DLS and LS.
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Table 4.2: Performance results for different images and compression Levels

Image/Noise MDLS DLS LS

Iter Time PSNR Iter Time PSNR Iter Time PSNR
Barbara/0.30 16 873 2839 55 1371 2840 15 1440 28.27
Barbara/0.50 19 16.26 2637 34 2329 2639 16 2255 26.13
Barbara/0.70 16 2143 2436 56 3722 2434 24 4375 2437
Barbara/090 28 36.05 22.11 105 81.23 21.64 30 61.19 22.09
Baboon/0.30 18 752 2791 39 1195 2789 15 9.11 27.84
Baboon/0.50 13 1237 2596 27 19.12 2593 16 2375 25.60
Baboon/0.70 18 28.81 2380 75 3874 2375 16 2547 23.75
Baboon/090 27 3759 2138 63 4615 2039 31 63.04 2137
Bridge/0.30 15 854 2854 31 1135 2839 14 823 2846
Bridge/0.50 20 21.05 26.61 41 2719 2658 22 2686 26.30
Bridge/0.70 24 2380 2445 88 5535 2436 26 46.82 2442
Bridge/0.90 37 4161 2142 75 7654 2020 18 91.73 1943

Sparse signal recovery

This part is dedicated to make a comparison over the three algorithms and analyze
the effectiveness of our proposed MDLS algorithm for solving sparse signal recovery
problems. Sparse signal recovery is a critical problem in signal processing, where the
objective is to recover a sparse signal from noisy or incomplete measurements. The

optimization problem can be formulated as

: 1
min f(z) = 5l|Az — bII* + 0|1,

zcRn
where A € R™*" (with m < n) is the measurement matrix, b € R™ represents the
observed data, ||z||; = elz withe, = (1,1,...,1)7 € R" and § > 0 is a regularization
parameter controlling the trade-off between data fidelity and sparsity [10]. The effec-
tiveness of signal recovery is typically evaluated using the mean squared error (MSE)

given by

1
MSE = —|[z* — =||?,
n

where z* is the recovered signal and z the original sparse signal. Note that a low

MSE means that the estimated signal is very close to the true signal, indicating better



4.4 Numerical experiments 123

performance. In our tests, N represents the sparsity level which equals to 32. The size of

the problems n=4096 and m=1024. The regularization parameter § = 2.9 x 107°.

%10 ©10°3
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MSE
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Figure 4.4: MSE in terms of iterations. Figure 4.5: MSE in temrs of CPU time.
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Figure 4.6: The original sparse signal compared to the restored signals.

4.4.3 Comments

The performance profile results, as depicted in Figures (4.1a), (4.1b) and (4.1c), show that
our proposed conjugate gradient method MDLS, using 3719, consistently outperforms
methods based on 3/“% and B[° for unconstrained optimization problems.

In the context of image restoration, the MDLS method strikes an optimal balance
between computational speed and image quality, particularly in scenarios with high
levels of noise. It achieves superior PSNR values compared to other methods while
requiring fewer iterations than the DLS and LS approaches.

For sparse signal restoration, Figures 4.4, 4.5, and 4.6 highlight the robustness

and efficiency of the MDLS algorithm in addressing sparse signal recovery problems.
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It shows faster convergence and reduced computational costs, offering a significant

improvement over the other considered algorithms.

4.5 Conclusion

We proposed a hybrid conjugate gradient method for solving unconstrained optimiza-
tion problems, where the parameter 3”55 combines 3F° and sPL°. Additionally, we
employed a three-term search direction to enhance algorithm performance. The suf-
ficient descent condition was established, and global convergence was proven under
the strong Wolfe line search. Numerical results validate the MDLS method’s efficiency
compared to LS and DLS. The proposed algorithm consistently reduced iterations and
computational time while maintaining robust performance in image restoration and

sparse signal recovery, demonstrating its potential for solving various optimization

problems.



CHAPTER

New conjugate gradient method of Wei-Yao-Liu
type applied to image restoration and compres-

sive sensing problems

The conjugate gradient method is a commonly used iterative method for solving high-
dimensional optimization problems because of its efficiency and minimal memory
requirements. In this chapter, we propose a new conjugate gradient parameter of the
type Wei-Yao-Liu, based on the Hestenes-Stiefel approach. Based on strong Wolfe
conditions,the sufficient descent direction and the global convergence are proved. Nu-
merical experiments of the proposed algorithm applied to unconstrained optimization
problems, image restoration and compressive sensing problems reveal its accuracy and

reliability. This work was accepted in Algerian Journal of Science [33].

5.1 Introduction

The conjugate gradient approach is the most commonly techniques which solve large-
scale unconstrained optimization problems. Its efficiency and low memory requirements
make it particularly suitable for problems where direct methods are computationally
expensive. This method has been successfully applied in various fields such that
image processing, compressive sensing, deep learning, medical imaging, robotic motion

controls and portfolio optimization. Let be f : R* — R a continuously differentiable
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function. Our goal is to solve the unconstrained optimization problem: ” mingern f(x)”.

Recall that the principle of the conjugate gradient method is to construct a sequence
To € Rn, Try1 = Tk + Oékdk, for k > 0, (51)

where «y is a stepsize need to be computed by a selected line search method at each

iteration and d, is a descent direction given by
do = —go = =V f(20), dy41 = —gr+1 + Brd, fork >0, (5.2)

where g1 = V f(x;41) is the gradient of f at x4, and fy, is a conjugacy parameter.
In 2006, Wei et al. [68] proposed a new parameter §; by modifying the vector y;
used in the PRP method. The resulting expression of their f;, is given as follows

T ~
wyrL _ Jk+1Yk (5.3)
g lgrll*”

where 7, = gr1 — %gk-
Motivated by the above idea, Saleh Nazzal Alsuliman et al. [5] proposed a mod-
ification of the Wei-Yao-Liu (WYL) method based on the LS parameter, defined as

follows

T ~
SFA i+1Yk
ey 5.4)

The objective of this chapter is to propose a new WYL parameter, resulting in a new

conjugate gradient method with an improved descent direction.

5.2 New modified conjugate gradient algorithm

Starting from the idea introduced in WYL (5.3) and SFA (5.4), and incorporating the

parameter 1%, we give our new formula of the parameter 3, as follows

T ~
ESDB _ Yk+1Yk (5.5)
F di Ui

with g, = gry1 — Hﬂ;:ﬁ“gk-

We take search direction given as follows:

I d
do = —go = =V f(x0), dp11 = — (1 S ||g;;:1|r2) gra1 + BEPPdy, for k > 0. (5.6)
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The stepsize «y, is chosen to satisfy the following strong Wolfe conditions

|Ge1de| < olgidul, (5.8)

where 0 < § < o < 1.

The algorithm corresponding to ﬂ,fSD B

Algorithm 14: ESDB Algorithm
Step 0: Start with an initial point z; and a parameter ¢ > 0.

is given bellow

Step 1: Set k = 0 and compute dy = —go = —V f(x).
Step 2: If ||gx|| < ¢, Stop; else go to Step 3.

Step 3: Compute a stepsize «y, € (0, 1] satisfying the strong Wolfe conditions (5.7)
and (5.8).

Step 4: Compute z1; = x), + agdy.

Hgk+1\|

k-
gl

Step 5: Compute gr11 = V f(211) and 9, = g1 —

ESDB

Step 6: Compute 3, = f;, using equation (5.5).

Step 7: If |gf 1 gx| > 0.2[|gx+1]| (Powell’s restart criterion [59]), then

dk+1 = —Gr+1;

else

T
Gier 14k
dpr1 = — (1 + By °PP H;:ﬂP) gre1 + BEPPdy..

Step 8: Set k = k + 1 and go to Step 2.

5.3 Convergence analysis

We introduce the following theorem to establish the sufficient descent condition.

Theorem 5.1. Let {gx} and {dy} be the sequences generated by ESD B algorithm. Then, the

search direction of (5.6) verifies

Girdis1 <0, forall k>0, (5.9)
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which means that d;, is a descent direction.

Proof. If k = 0, then gl'dy = —||g0]|?, so (5.9) holds.
If |gL. 195] > 0.2||gk+1]% then the search direction is chosen as dj+1 = —gj41, which

directly yields
91{+1dk+1 = —llgrsal*.

Otherwise, the search direction dj, is defined by

A1 = — (1 + By PP il ) g1+ B0y, (5.10)
| gr+1]l?
The multiplication of both sides of (5.10) with g/, gives
i1
QZ+1dk+1 = —||9k:+1||2 (1 + BESDB H;]:lHkQ) + 5ESDng+1dk

= —llgeall® = BEZPP gl di + BEPPP gy di
= _||gk+1||2~

Thus, condition (5.9) is always satisfied, which concludes the proof. O

To prove the global convergence of the algorithm, we make the following assump-
tions:
Assumption(i) The level set S = {z € R" : f(z) < f(x0)} is bounded; that is, there

exists a constant B > 0 such that
|z|| < B, Vxeb.

Assumption(ii) In a neighborhood N of S, the gradient V f(z) is Lipschitz continuous;

i.e., there exists a constant L > 0 such that
IVf(z) = Vil < Lllx —yl, Va,yeN.
Remark 5.2. Under assumptions (i) and (ii), there exists a constant x > 0 such that
IVf(z)| <k, Vzes. (5.11)

Lemma 5.3. Suppose that assumptions (i) and (ii) hold. Consider common iterate (5.1), where
dy is a descent direction (5.4) and o, is determined by the strong Wolfe line search (5.5) and
(5.6). Then, the Zoutendijk condition

3 (90 4r)” 00, (5.12)

2
2= [l

holds.
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Proof. The proof follows directly from [73]. O

Lemma 5.4. Assume that assumptions (i) and (ii) hold, and that oy, > 0 is computed using the

strong Wolfe line search conditions (5.6) and (5.7). So, there exists a constant o* > 0 satisfies
ap > o >0, Vk>0.
Proof. The proof follows directly from [19]. O

Theorem 5.5. Under the assumptions (i), (ii), and (5.9), the ESDB algorithm converges and
satisfies

lim inf ||gx|| = 0. (5.13)
k—o0

Proof. Assume that, Vk, g, # 0. Our objective is to prove (5.13).
Suppose that (5.13) does not hold. Then, there exists a constant A > 0 such that

lgrll = A, VE > 0. (5.14)

Consider D > 0, the diameter of the level set S and the ESDB conjugate gradient

parameter:
ey

k-
gkl

We aim to demonstrate that | 3f°°®| remains bounded under the strong Wolfe condi-

T ~
EsDB _ Jk+1Yk
h —

dk Yk

,  where 3, = gpy1 —

tions (5.7) and (5.8), the sufficient descent property (5.9).

Let us expand the denominator d} g, of 3F5PB
d dkgk+1 . Hgk+1Hd£gk
gl
From (5.8) and (5.9), we obtain
k

Since g!'d;, = —||gx||?, it follows that

- gk
AT < — (a+ ”” *ﬁ”) w2

For the numerator of 3£°P5 and the Cauchy-Schwarz inequality we have:

lgr+1ll 7
gk+1yk Hgk+1H2 H || gk+1gk il Hgk+1H - Hgk+1H2 =0.



130 New conjugate gradient method of Wei-Yao-Liu type

Hence, we conclude that:

gzﬂlﬂk > 0.
Substitute bounds into SE5PB:
| GESDB| = Gir1Oe _ llgraall® + llgerallllgel
k - T ~ =
S O L
Therefore
18;°P] < 2 _p (5.15)
T No+ A

From (5.10), we have

T
i1k
dk+1 = - <1 + BE?»?B Hg];:_11||2) Gk+1 + ﬁ]lji?Bdlﬁ

and hence,

|Gy 1 k]
ldis1ll < Nlgerall + llgrsall | Begr| !|;:1H2 + 188 | Nl

From Cauchy-Schwarz inequality with relation (5.15), we found

|9kT+1dk’
H9k+1||2
Ig;fﬂdk\

Hgk+1H
< |lgrsall + Pllde | + Plldy]|

[ dksa]l < Ml grsall + Pligrsal] + Plldy|

= llgrsll + P + Plld|

= llgrs1ll + 2P| d]].

As xy11 — xp = apdy, we write dj, = Tht1 — xk. So, from (5.11) and lemma 5.3, we have

Qp

|| < KI+2P' Thtl — Tk

Qk
we also have zy, xx41 € 5,50 ||2k11 — zx|| < D

D
ldisall < 5 +2P— = C,

where C is a constant. So, we obtain

1
; TanlE = (5.16)
Besides, combining inequalities (5.9) and (5.14) with the Zoutendijk condition (5.12),

we obtain:

1 g ll* (gt dy)?
% < —
2 e S 2 dE = 2 g <

k>0 k>0 k>0
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This implies that ) | k>0 W is convergent, which contradicts condition (5.16). There-
fore, assumption (5.14) must be not true.

Consequently, we conclude that

lim inf ||gx|| = 0.
k—o0

5.4 Numerical experiments

5.4.1 Standard theoretical tests problems

In this section, we present several numerical tests to evaluate the performance of ESDB
algorithm. We select various test functions given in Table 5.1, taken from the CUTE
library [1, 2, 26, 50] for different dimensions, from n = 10 to n = 800000. At the same
time, we present a numerical comparison with other conjugate gradient algorithm
namely HS, WYL and SFA. The stopping criterion is ||g|| < ¢ where ¢ = 107, or the
iteration number> 4000. The stepsize oy, is computed by strong Wolfe line search with
o =0.01 6 = 0.1. All experiments were conducted using MATLAB R2021a on a machine
running Windows 8.1, without requiring any additional toolboxes. The computations
were executed on a computer equipped with an Intel Core i5-6300U CPU @ 2.4 GHz, 8
GB of RAM, and no dedicated GPU. This setup represents a typical personal computing
environment. In order to evaluate the data of iterations number, CPU time, and objective
function evaluation, we use the performance profile of Dolan and Moré [20] presented

in figure 5.1.
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Tests functions Dimensions Tests functions Dimensions
Cosine 6000, 100000, 800000 Tridia 300, 2000
Dixmaana 6000, 90000 Woods 150000, 200000
Dixmaanb 24000, 48000 Bdexp 5000, 50000, 500000
Dixmaanc 2700, 27000 Exdenschnf 90000, 280000, 600000
Dixmaand 12000, 90000 Exdenschnb 6000, 24000, 300000
Dixmaane 2400, 48000 Genquartic 9000, 90000, 500000
Dixmaanf 15000, 60000 Biggsbl 300

Dixmaang 12000, 90000 Sine 100000, 250000, 500000
Dixmaanh 6000, 150000 Fletcbv3 100

Dixmaani 360 Nonscomp 5000, 80000
Dixmaanj 3000, 15000 Powerl 150

Dixmaank 12000, 12000 Raydanl 500, 5000
Dixmaanl 2400, 24000 Raydan2 2000, 20000, 500000
Dixon3dq 150 Diagonall 800, 2000

Dqdrtic 9000, 90000 Diagonal2 8000, 50000

Dqrtic 5000, 150000 Diagonal3 500, 2000

Edensch 7000, 40000, 50000 Bv 2000, 20000

Eg2 100 Ie 500, 1500

Fletchcr 1000, 50000, 200000  Singx 1000, 2000
Freuroth 460 Lin 100, 1300

Genrose 10000 Osb2 10

Himmelbg 70000, 240000 Penl 200, 1000

Liarwhd 6000, 30000 Pen2 160

Penalty1 4000, 10000 Rosex 500, 1000

Quartc 80000, 50000 Trid 500, 8000

Table 5.1: List of test functions and their dimensions.
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Figure 5.1: Performance profile of ESDB, HS, WYL and SFA.

5.4.2 Practical applications

Image restoration

In this part, we evaluate the performance of the ESDB algorithm in comparison with the
other conjugate gradient method (HS, WYL and SFA) for image restoration problems
effected by impulse noise, using the same data as in chapter 2. In this processing,
we use the two-phase restoration scheme proposed by Chan et al. [11], which has
proven effective in handling high-density of salt-and-pepper noise. The experiments are
conducted on three grayscale images of size 512 x 512: Yasser, Cat, and Faculty of Sciences.
We test the performance of the algorithms under various levels of salt-and-pepper noise:

30%, 50%, 70%, and 90%.
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Original Original

Figure 5.2: Restoration of 70% salt-and-pepper noisy images using ESDB, HS, WYL, and
SFA.
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Original Original

Original with 90% salt-and

Figure 5.3: Restoration of 90% salt-and-pepper noisy images via ESDB, HS, WYL, and
SFA.
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Image/Noise ESDB HS WYL SFA

ITER CPU PSNR ITER CPU PSNR ITER CPU PSNR ITER CPU PSNR
Yasser/0.30 16 1073 3270 22 2248 3285 25 2664 3291 19 1998  32.66
Yasser/0.50 21 1741 2977 21 1957 2967 18 3153 29.08 25 3631 2887
Yasser/0.70 19 2795 2642 31 4200 2667 18  41.92 2620 25  49.67 26.35
Yasser/0.90 30 4872 2218 33 5395 2226 26 6877 2144 22 6971 20.66

Cat/0.30 16 1150 38.17 16 9.27 38.17 18 15.08 38.17 22 2246 3791
Cat/0.50 20 2884 3575 22 27.09 35.67 26 4451  35.67 25 30.13  35.64
Cat/0.70 20 2539 32.06 29 3439 3214 25 43.81 31.97 27 41.07 3212
Cat/0.90 32 4149 2733 31  36.68 27.25 30 11342 2584 25 139.83 20.72

Faculty/0.30 15 8.10 34.77 20 1031 34.77 15 10.58 34.31 15 9.62 3429
Faculty/0.50 17 1255 31.84 19 1945 31.82 12 2451 25.59 19 21.27 31.24
Faculty/0.70 26 2238 28.45 25 2728 28.45 22 44.05 28.25 26 4122 2845
Faculty/0.90 34 36.60 24.15 30 3522 2418 21 50.35 21.74 5 23.62 1194

Table 5.2: Numerical results for image restoration on Yasser, Cat, and FacS images.

Sparse signal recovery

In the third part, we made a comparison over three algorithms (ESDB, WYL and SFA)
and we analyze the effectiveness of our proposed ESDB algorithm for solving sparse

signal recovery problems, using the same data as in chapter 4.

x10° MSE vs Iterations x10°° MSE vs (?PU Time
T T

ESDB|
wyL
SFA

ESDB
WYL
SFA

0 I I I .
0 5 10 15 20 25 30 35
Iterations CPU Time (seconds)

Figure 5.4: MSE in terms of iterations. Figure 5.5: MSE in terms of CPU time.
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Figure 5.6: The original sparse signal compared to the restored signals.

5.4.3 Comments

The performance profile results shown in Figures 5.1a, 5.1b and 5.1c, which correspond
to the number of iterations, CPU time and objective function evaluations, respectively,
confirm that the proposed method using 375PF outperforms the conjugate gradient
methods based on 3%, BVYL and 3574 in solving unconstrained optimization problems.
In the context of image restoration, from figures 5.2, 5.3 and from table 5.2, the ESDB
method strikes an optimal balance between computational speed and image quality,
particularly in scenarios with high levels of noise. It achieves superior PSNR values
compared to other methods while requiring fewer iterations than the DLS and LS
approaches. For sparse signal restoration, Figures 5.4, 5.5, and 5.6 show that ESDB, WYL,
and SFA yield closely comparable results in addressing sparse signal recovery problems.

Each method gives faster convergence and lower computational cost, highlighting a

significant improvement in performance throughout all three approaches.

5.5 Conclusion

In this chapter, we have introduced a new variant of the WYL conjugate gradient
method, constructed by incorporating the HS approach. We established the descent

property of the proposed search direction and proved the global convergence of our
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algorithm for solving nonlinear optimization problems under the strong Wolfe line
search conditions. Numerical experiments have been conducted to show the efficiency
and robustness of the proposed ESDB approach, in terms of number of iterations,
computation time and objective function evaluation compared with other standard
conjugate gradient method namely, HS, WYL and SFA algorithms for unconstrained
optimization problems. The proposed algorithm consistently reduced iterations and
computational time while maintaining robust performance in image restoration and

compressive sensing, showing its potential for solving various optimization problems.



General conclusion and perspectives

This thesis has been dedicated to the advancement of conjugate gradient methods, with
a central focus on the design, analysis, and application of novel hybrid algorithms.
Throughout chapters 2 to 5 the successful development of a family of efficient and
robust optimization techniques that address the limitations of classical conjugate gra-
dient methods have been developed. By strategically blending existing formulas and
incorporating innovative search directions, we have created algorithms that show supe-
rior performance on both standard benchmark problems and challenging real-world

applications.

Starting with hybridization based on the principle of convex combination, we in-
troduced a series of new conjugate gradient methods such as RMILHS, RMILFR, and
RMILCDLS. The goal was to avoid relying on a single conjugate gradient parameter
and instead dynamically combine the strengths of multiple parameters. For instance,
the RMILHS method merges the robustness of the RMIL method with the efficient
performance of the HS method, using a parameter ¢, to align the search direction
towards the Newton direction. Similarly, RMILFR combines the robust convergence of
FR with RMIL methods, while the three combination of RMILCDLS method represents
a more sophisticated strategy to build a highly resilient and effective search direction.
For each algorithm, we provided a theoretical proofs, where we proved that the search
directions satisfy the sufficient descent condition and establishing their global conver-
gence under the strong Wolfe line search. The numerical experiments show that these
hybrid methods consistently outperform their classical and existing hybrid counterparts
in terms of iteration number, CPU time, and number of function evaluations across
a vast set of large-scale test problems. Their practical utility was further confirmed
through successful application to image restoration, where they effectively recovered

images corrupted by high levels of impulse noise.
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We have also extended the RMILHS hybrid method from basic unconstrained op-
timization to the more difficult problem of solving large-scale nonlinear monotone
equations with convex constraints. To achieve this, we introduced the YSD algorithm,
which combines the RMILHS strategy with the projection framework of Solodov and
Svaiter. One of the main strengths of the YSD method is that it does not require storing
or inverting matrices, making it very suitable for large problems. We proved that the
method is globally convergent, and numerical results showed that it is both efficient
and robust. Its successful application to a compressive sensing problem further shown
its practical value.

In addition, we developed a new hybrid three-term conjugate gradient method.
Unlike the traditional two-term conjugate gradient formula, this method adds an extra
term to improve orthogonality and reduce the chance of stagnation. By combining
the Liu-Storey (LS) and the modified Dai-Liao-Storey (DLS) parameters, we created
a method that is globally convergent and performs well in practice. Numerical ex-
periments, especially in image restoration and sparse signal recovery, shown that this
three-term method is consistently reliable and effective.

Finally, we improved a specific conjugate gradient family by proposing a refined
version of the Wei-Yao-Liu (WYL) method. The improved formula keeps the good
properties of the original method while offering better performance in real computations.
Tests on unconstrained optimization and image restoration problems confirmed that
this new method is more efficient than the standard WYL, HS and SFA.

Overall, this thesis highlighted that carefully designed hybrid conjugate gradient
methods can significantly improve performance, both in theory and in real applications.

The different works are important contributions that allow for improving the nu-
merical behavior of the conjugate gradient methods. Of all the results, one is published
and are accepted or in revision [31, 32, 33, 34, 35, 43].

Several interesting topics remain for further research:

¢ Extension to constrained problems: Adapt the proposed methods to inequality-
and box-constrained optimization, for instance by integrating projection, barrier,

or penalty techniques.

* Application to broader domains: Extend the applicability of the algorithms to ar-

eas such as machine learning, deep learning optimization, control theory, portfolio
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of minimizing risks, and inverse problems in signal and image processing.

¢ Stochastic and large-scale data optimization: Generalize the proposed methods

to stochastic settings suitable for large-scale optimization problems.
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Abstract:

This thesis focuses on solving unconstrained nonlinear optimization problems
using conjugate gradient methods. We propose new families of search directions
of the conjugate gradient method, based on new conjugacy parameters. For each
variant, we establish the descent condition of the new search directions, and we
proved the global convergence of the corresponding algorithms, under the strong
Wolfe conditions.

The efficiency of the proposed algorithms is confirmed through numerical tests
carried out on several large-scale classical test problems as well as several
practical applications.

Keywords:

Unconstrained nonlinear optimization, Conjugate gradient method, Descent
direction, Inexact line search, Global convergence.

Résumé :

Cette these concerne la résolution des problemes d’optimisation non linéaire sans
contraintes, en utilisant les méthodes de gradient conjugué. Nous avons proposé
de nouvelles familles de directions de recherche de méthode de gradient conjugué
basées sur nouveaux parametres de conjugaison. Pour chaque variante nous avons
démontré la condition de descente des directions obtenues, ainsi que la
convergence globale des algorithmes correspondants sous les conditions de Wolfe
fortes.

L'efficacite des algorithmes proposés est confirmee a travers des tests numériques
établis sur plusieurs problémes classiques de grandes dimensions ainsi que sur
quelques problemes pratiques.

Mots clés :

Optimisation non linéaire sans contraintes, Méthode du gradient conjugué,
Direction de descente, Recherche linéaire inexacte, Convergence globale.




