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Abstract

In this work, both single and double ionization of atoms and molecules were studied.
For single ionization, the M3CWZ model was employed to investigate the effects of the
charge on the ionization of the water molecule by electron and positron impact. For
double ionization, the 5DCS for atoms and 6DCS for molecules were calculated for the
beryllium atom and the oriented water molecule. The calculations were performed within
the Born approximation and using the BBK model and its approximations. This study
emphasizes the importance of accounting for electron correlation and long-range interac-
tions in reproducing differential cross sections and elucidating the underlying ionization
mechanisms.

Keywords: ionization, correlation, molecule

Résumé

Dans ce travail, l’ionisation simple et double d’atomes et de molécules a été étudiée.
Pour l’ionisation simple, le modèle M3CWZ a été utilisé afin d’étudier les effets de la
charge du projectile sur l’ionisation de la molécule d’eau par impact d’électrons et de
positrons. Pour l’ionisation double, les 5DCS pour les atomes et 6DCS pour les molécules
ont été calculés pour l’atome de béryllium et la molécule d’eau orientée. Les calculs ont
été réalisés dans le cadre de l’approximation de Born et en utilisant le modèle BBK et ses
approximations. Cette étude souligne l’importance de prendre en compte la corrélation
électronique et les interactions à longue portée pour reproduire avec précision les sections
efficaces différentielles et clarifier les mécanismes fondamentaux de l’ionisation.

Mots Clée : ionisation, corrélation, molécule
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General Introduction

A significant part of our understanding of the structure of matter has been derived
from the study of scattering phenomena. Without such investigations, the microscopic
nature of the physical world would have remained largely inaccessible. Through scattering
experiments, fundamental constituents of matter, such as the atomic nucleus, nucleons,
and quarks have been discovered, providing essential insights into the interactions gov-
erning atomic and subatomic systems. Among the various scattering processes, ionization
stands out as a fundamental inelastic mechanism, playing a vital role in elucidating the
dynamics of atomic and molecular systems. The investigation of ionization induced by
electron impact occupies a prominent position in modern atomic and molecular physics, as
it leads to the formation of ions and provides an effective means of probing the electronic
structure of matter. Moreover, ionization studies offer valuable insights into electron cor-
relation and collision dynamics, which are essential for understanding chemical bonding,
predicting reactivity, and characterizing molecular behavior.

Single ionization, in which a single bound electron is removed by an incident projec-
tile, has been extensively investigated, as it represents the most fundamental ionization
process. Among the various measurable quantities, the triple differential cross section
(TDCS), obtained through coincidence (e,2e) measurements, provides highly detailed in-
formation about both the electronic structure of the target and the underlying collision
dynamics. For this reason, electron-impact ionization has been studied most intensively,
with significant efforts devoted to atomic targets [1, 2]. These studies were later ex-
tended to molecular systems. The first coincidence measurements were performed for the
(e,2e) ionization of the hydrogen molecule (H2) [3] and were subsequently applied to more
complex molecular targets under a variety of kinematic conditions [4–9].

Experimental studies of double ionization are typically conducted through coincidence
detection of the scattered electron along with the two ejected ones, in what are known
as (e,3e) experiments. These measurements are extremely sensitive to subtle features
of collision dynamics but are limited by very small cross sections. Consequently, most
investigations have focused on noble gases, particularly helium, due to its simple elec-
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tronic structure and suitability for theoretical modeling [10–13]. A related experimental
approach, known as the (e,3–1e) measurement, involves the simultaneous detection of
only two outgoing electrons—either the scattered and one ejected electron or the two
ejected electrons only [14]. While resembling single-ionization (e,2e) experiments, these
measurements still provide valuable insights into the mechanisms of double ionization [15].

For positron impact, experimental data remain scarce, mainly due to the inherent
limitations of positron beams, including their low intensities, and the complex nature of
positron–matter interactions, which involve competing processes such as annihilation and
positronium formation [16, 17]. The first investigation of ionization induced by positron
impact was conducted by Roy and Etienne in the 1960s, employing a Wilson cloud cham-
ber to measure the specific ionization of nitrogen and argon. Subsequent research ef-
forts expanded upon this pioneering work. For instance, Spicher et al. [18] reported the
first measurements of positron-impact ionization of atomic hydrogen in the energy range
17.6–600 eV. Earlier studies had also been carried out on helium targets by Sueoka [19],
Diana et al. [20], and Fromme et al. [21].

In recent years, the growing scientific interest in positron-impact ionization has led to
significant progress in both experimental techniques and measurement accuracy. Notably,
the implementation of triple-coincidence detection systems has enabled precise determi-
nation of the double differential cross section (DDCS) and the triple differential cross
section (TDCS). Furthermore, the development of advanced reaction microscopes, such
as the COLTRIMS (Cold Target Recoil Ion Momentum Spectroscopy) apparatus, has
markedly improved experimental resolution, allowing for a more detailed exploration of
the underlying collision dynamics and electron–positron correlation effects [22].

On the theoretical side, the description of ionization processes remains a major chal-
lenge due to the complexity of electron–electron interactions in the final state. For single
ionization known as (e,2e) reaction, numerous perturbative and non-perturbative models
have been developed. These developments have led to satisfactory agreement with exper-
imental data across many energy regimes and geometrical configurations. In contrast, the
double ionization process, denoted as (e,3e), is even more complex to model, as it con-
stitutes a four-body problem in which two ejected electrons and the scattered projectile
evolve within the residual ionic field [23], explicitly involving stronger electron–electron
correlation effects [24].

Furthermore, the study of ionization by both positrons and electrons in molecular sys-
tems is inherently more complex than in atomic systems, due to the multicenter nature of
molecular targets, the orientation dependence of their orbitals, and the additional chal-
lenges associated with both experimental measurements and theoretical modeling. Nev-
ertheless, several theoretical approaches have been developed to address these difficulties.
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Among them, the molecular three-distorted-wave (M3DW) model has been widely used
to describe molecular ionization. This model was later refined by Ali et al. [25], who in-
troduced the multicenter molecular three-body distorted-wave (MCM3DW) approach, in
which the continuum electron wave functions explicitly depend on the molecular orienta-
tion at the time of ionization. However, in many cases, the inclusion of higher-order Born
terms remains essential to achieve better agreement with experimental data, particularly
in noncoplanar geometries. More advanced frameworks, such as the continuum-distorted-
wave eikonal-initial-state (CDW-EIS) model, explicitly account for higher-order effects
and have been successfully applied to calculate TDCS for orbitals such as 1b1 and 3a1 of
H2O [26].

Double ionization induced by charged particle collisions provides even deeper insights,
as it involves the creation of Coulomb four-body excited states, From a theoretical per-
spective, double ionization is far more complex than single ionization, since it explicitly
involves electron correlation and the interplay of multiple interaction channels. The chal-
lenge is twofold: (A) as the number of interacting particles increases, the direct evaluation
of the full four-body Green’s function becomes computationally prohibitive; (B) the non-
integrable character of interacting many-particle systems means that analytical treatments
are necessarily approximate [23].

Our work is organized as follows:
• Chapter 1 provides the theoretical framework essential for understanding scat-

tering processes. It establishes the connection between theoretical concepts and
experimental observations, beginning with the Schrödinger equation, which governs
the scattering phenomenon. The integral form of this equation is then formulated
using Green’s functions, leading to its general solution and to the derivation of
key quantities such as the scattering amplitude, and the differential and total cross
sections. The chapter further examines the Born approximation and its various ex-
tensions. In the final section, the Schrödinger equation is solved using the partial
wave method, which is applied to different scattering scenarios.

• Chapter 2 is devoted to single and double ionization processes. It introduces the
concept of electron correlation in atomic and molecular systems, along with the main
wavefunction methods such as Hartree–Fock, and configuration interaction. We then
detail single ionization (e,2e) process, emphasizing the structural and dynamical
information that can be extracted, as well as double ionization (e,3e) process and
its fundamental mechanisms. Finally, the most widely used theoretical models are
presented, including the BBK model and the distorted-wave Born approximation
(DWBA).
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• Chapter 3 focuses on the double ionization of the beryllium atom by electron im-
pact. The initial and final states are analyzed, and the five-fold differential cross
sections are computed using the 2CWG, 2CWWM, and BBK models. This study
of the simplest two-valence-electron atom provides a fundamental testbed for un-
derstanding electron correlation effects in complex atomic processes.

• Chapter 4 is dedicated to the ionization of the water molecule. First, we study
the effect of the projectile charge (electron or positron) on single ionization using
the M3CWZ model. Then, we analyze orientation effects in the double ionization
of oriented water molecules by electron impact. Additionally, we investigate how
the choice of the target wave function affects both the triple and six-fold differential
cross section calculations.
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Chapter 1

Theoretical Elements

1.1 Introduction

Scattering theory is an important and fundamental part of quantum mechanics, which
plays a pivotal role in understanding several physical phenomena. Historically, the devel-
opment of scattering theory began in 1911 with Rutherford’s groundbreaking experiments,
which led to the discovery of the atomic nucleus through the scattering of alpha particles.
This marked the beginning of the formal study of scattering processes, which was later
extended within the framework of quantum mechanics.

In its present form, scattering theory describes how a target system interacts with an
incoming particle (such as an electron or photon), leading to the emission, absorption,
or deflection of particles. The primary purpose of scattering experiments and scattering
theory is to extract detailed information about the structure and dynamics of the target
through measurements of scattering cross sections.

Scattering theory can be classified into two types depending on whether the kinetic
energy of the system is conserved: elastic and inelastic. In elastic scattering, there is
no change in kinetic energy or internal states of the system, while in inelastic processes,
internal excitations or ionizations appear, which change the energy distribution among
the particles.

In this chapter, we present the theoretical foundation for studying scattering phe-
nomena. We begin with a description of scattering phenomena and its relation with the
differential cross sections. We proceed to formulate the scattering problem in the gen-
eral case using the integral form of the Schrödinger equation with Green’s functions, and
we examine the behavior of the wavefunction for short- and long-range potentials, high-
lighting the challenges posed by each. Finally, we introduce the Born approximation,
which provides a perturbative method for solving scattering problems under appropriate
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conditions.

1.2 Scattering Theory and Cross Sections

1.2.1 Description of the Scattering Phenomenon

In a scattering experiment, a beam of particles is directed at a target material to observe
how collisions occur. The total number of collisions depends on both the intensity of
the incoming beam and the number of target particles encountered per unit area of the
beam path. While some incident particles pass through unaffected, others are scattered
at various angles, as illustrated in Figure 1.1.

The distribution of these scattered particles across different directions is described by
the differential cross section, dσ(θ, φ), which represents the number of particles scattered
into a specific solid angle element dΩ per unit time and per unit incident flux Finc. The
solid angle element is defined as:

dΩ = sin θ dθ dφ

This leads to the formal definition of the differential cross section [1, 2]:

dσ

dΩ
=

1

Finc

dn(θ, φ)

dΩ
(1.1)

Figure 1.1: Scattering of incident beam from a fixed target, with the scattered particles detected
within a solid angle in a specific direction.

The total cross section σ represents the integratediprobability of scattering into all
possible directions. It is obtained by integrating the differential cross section over the full

2
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solid angle:

σ =

∫
dσ

dΩ
dΩ =

∫ π

0

sin θ dθ

∫ 2π

0

dσ(θ, φ)

dΩ
dφ (1.2)

Differential cross sections offer a deeper insight into scattering processes than total cross
sections, as they depend not only on the energy of the particles but also on the directions
in which these particles are ejected or scattered.

It should be noted that in experimental setups, measurements are typically carried out
in the laboratory (Lab) frame, where the target is at rest and the projectile is incident
with a given momentum. In contrast, theoretical calculations are often performed in
the center-of-mass (CM) frame, where the total momentum of the system is zero. This
characteristic makes the CM frame more convenient for analyzing scattering angles and
energy distributions [1, 2].

1.3 Integral Form of the Schrödinger Equation Using

the Green’s Function

Let us consider the scattered of a two-particle system of masses m1 and m2. The time-
independent Schrödinger equation is given by:(

− ~2

2m1

∇2
1 −

~2

2m2

∇2
2 + V (~r1, ~r2)

)
Φ(~r1, ~r2) = E Φ(~r1, ~r2) (1.3)

where V (~r1, ~r2) is the interaction potential between the two particles. We take the
case where the interaction between m1 and m2 depends only on their relative distance
r = |~r1 − ~r2|, then the problem reduces to solving the relative motion of two particles:
One describes the center-of-mass (CM) motion, which behaves as a free particle of total
mass M = m1 + m2. The other corresponds to a fictitious particle of reduced mass
µ =

m1m2

m1 +m2

, moving under the influence of the potential V (~r). Then Eq. 1.3 will be:

(
− ~2

2M
∇2

~R
− ~2

2µ
∇2
~r + V (~r)

)
Φ(~R,~r) = E Φ(~R,~r) (1.4)

One way to solve the previous equation is to look for a solution of the wavefunction
Φ(~R,~r) in the form:

Φ(~r, ~R) = ϕ(~R)ψ(~r) (1.5)

Since our objective is to determine the differential cross section in terms of the scattering
amplitude of the scattered wave, the contribution associated with the center-of-mass (CM)

3
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motion will not be considered further in this context, then Eq. 1.4 will be:

− ~2

2µ
∇2ψ(~r) + V (~r)ψ(~r) = Eψ(~r) (1.6)

Rewriting this equation by moving the potential term to the right-hand side, we obtain:

∇2ψ(~r) +
2µE

~2
ψ(~r) =

2µV (~r)

~2
ψ(~r) (1.7)

We define the following quantities:

k2 =
2µE

~2
and Q(~r) =

2µV (~r)

~2
ψ(~r),

which simplifies Eq. (1.7) into the Helmholtz-type form:

(
∇2 + k2

)
ψ(~r) = Q(~r), (1.8)

This is an inhomogeneous differential equation, where the source term Q(~r) itself
depends on ψ(~r), To solve it, we introduce the Green’s function G(~r) obtained by solving
the point source equation: (

∇2 + k2
)
G(~r) = δ3(~r) (1.9)

then, the solution to expression (1.8) can be written as:

Ψ(~r) =

∫
d3r′G(~r − ~r′)Q(~r′) (1.10)

where Q(~r) can be express as:

Q(~r) =

∫
d3r′δ3(~r − ~r′)Q(~r′) =

∫
d3r′(∇2 + k2)G(~r − ~r′)Q(~r′) (1.11)

To compute G(~r) , we switch to the Fourier space [3] by multiplying Eq. (1.9) by ei~q·~r and
integrating over all space:∫

(∇2 + k2)G(~r)ei~q·~rd3r =

∫
δ3(~r)ei~q·~rd3r = 1 (1.12)

After integration by parts and using properties of the Laplacian in Fourier space, we
obtain:

(k2 − q2)G(~q) = 1 (1.13)
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therefore, giving the following expression for G(~q) gives:

G(~q) =
1

k2 − q2
=

1

(k − q)(k + q)
(1.14)

From Eq. (1.14) , and using the inverse Fourier transformation, G(~r) reads:

G(~r) =
1

(2π)3

∫
e−i~q·~r

k2 − q2
d3q =

1

(2π)3

∫
e−iqr cos(θ)

k2 − q2
q2dq sin(θ)dθdφ

=
1

(2π)3

∫ 2π

0

dφ

∫ π

0

dθ
q2

k2 − q2
sin(θ)e−iqr cos(θ)dq

=
1

(2π)2

∫
dq

q2

k2 − q2

∫ π

0

sin(θ)e−iqr cos(θ)dθ,

= − 1

(2π)2

∫
dq

q2

k2 − q2

[
e−iqru

−iqr

]1

−1

=
1

(2π)2

∫
dq

q2

k2 − q2

eiqr − e−iqr

iqr

=
1

(2π)2

1

iqr

∫ ∞
−∞

dq
q2

k2 − q2
(eiqr − e−iqr)

=
1

4π2r

∫ ∞
0

dq
q

k2 − q2
(eiqr − e−iqr)

=
i

8π2r

∫ ∞
−∞

dq
q

k2 − q2
(eiqr − e−iqr)

(1.15)

Finally giving G(~r) in terms of two complex integrals from the above expression as
follows:

G(~r) =
i

8π2r

[∫ +∞

−∞

qeiqr

q2 − k2
dq −

∫ +∞

−∞

qe−iqr

q2 − k2
dq

]
=

i

8π2r

[∫ +∞

−∞

qeiqr

(q − k)(q + k)
dq −

∫ +∞

−∞

qe−iqr

(q − k)(q + k)
dq

] (1.16)

The above integrals can be written as contour integrals. Then, G(~r) evaluates to:

G(~r) =
i

8π2r

[∮
C+

qeiqr

(q − k)(q + k)
dq −

∮
C−

qe−iqr

(q − k)(q + k)
dq

]
(1.17)

where the contours C+ (anti-clockwise orientation) and C− (clockwise orientation) are
defined as in Figure 1.2.
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Figure 1.2: Definitions of the contours C+ and C−, to evaluate the contour integrals appearing
in the evaluation of the Green’s function G(~r).

By using the residue theorem, G(~r) can be calculated as follows:

G(~r) =
i

8π2r

[
2πi

(
qeiqr

q + k

)
q=k

− (−2πi)

(
qe−iqr

q − k

)
q=−k

]

=
i

8π2r

[
2πi

(
keikr

2k

)
+ 2πi

(
(−k)e−i(−k)r

(−2k)

)] (1.18)

giving:

G(~r) =
i

8π2r
(2πi)eikr = − e

ik|~r|

4π|~r|
(1.19)

Knowing G(~r), the particular solution to equation 1.6 is given by:

Ψp(~r) =

∫
d3r′G(~r − ~r′)Q(~r′)

=

∫
d3r′

(
eik|~r−~r

′|

4π|~r − ~r′|

)
2µV (~r′)

~2
Ψ(~r′)

= − µ

2~2π

∫
eik|~r−~r

′|

|~r − ~r′|
V (~r′)Ψ(~r′)d3r′

(1.20)

As for the solution to the homogeneous part of Eq. 1.6, denoted by Ψh(~r), it can be
obtained from:

(∇2 + k2)Ψh(~r) = 0 (1.21)

then, the total solution to Eq. 1.6 is given by:

Ψ(~r) = Ψh(~r)−
µ

2~2π

∫
eik|~r−~r

′|

|~r − ~r′|
V (~r′)Ψ(~r′)d3r′ (1.22)
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This is the standard Lippmann–Schwinger equation in position space.

Short-Range Potentials

In what follows, we restrictiour analysis to the case of elastic scattering, where theitiotal
kinetic energy of theisystem remains constant and noiinternal excitation oriionization
takes place. Thisiassumption is made forisimplicity and is appropriateifor a wide range
of scatteringiproblems involving short-range interactions. Underielastic conditions, the
waveinumber k =

√
2µE
~2 remains theisame before and after theicollision. This choice

simplifiesithe mathematical formulation and lays theigroundwork for later introducing
theiasymptotic behavior of the wavefunction and the definition of theiscattering ampli-
tude.

In the context of scattering theory, a potential V (~r) is considered short-range if it
becomesinegligible as the distanceifrom theiscattering center increases [4]. More precisely,
a potential is short-range if it decaysifaster than 1/r as r →∞, that is:

lim
r→∞

rnV (r) = 0 for some n > 1 (1.23)

Asymptotic Behavior of the Wavefunction

Let usinow analyze the behavioriof the wavefunction Ψ(~r) at large distances, assuming
the potentialiis localized around theiorigin (i.e., significant only for small |~r′|).

Suppose ~r denotes the position of the detector (far away), and ~r′ is a point within the
interaction region. In the far-field limit, we assume |~r| � |~r′|. Then we can expand:

|~r − ~r′|2 = r2 − 2~r · ~r′ + |~r′|2 ≈ r2 − 2~r · ~r′ (1.24)

so that:
|~r − ~r′| ≈ r − r̂ · ~r′ (1.25)

where r̂ = ~r/r is the unit vector in the direction of ~r.
Now, if we define the wavevector of the scattered particle as ~k = kr̂, then:

eik|~r−~r
′| ≈ eikre−ikr̂·~r

′
(1.26)

This approximation is called the far-field or asymptotic approximation. Thus, the
central term in the integral equation becomes:

eik|~r−~r
′|

|~r − ~r′|
≈ eikr

r
e−i

~k·~r′ (1.27)
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Substituting this into the integral equation gives:

Ψ(~r) ≈ Ψh(~r) +

(
− µ

2π~2

∫
e−i

~k·~r′V (~r′)Ψ(~r′) d3r′
)
eikr

r
(1.28)

which can be written as:

Ψ(~r) ≈ Ψh(~r) + f(θ, φ)
eikr

r
(1.29)

where f(θ, φ) is called the scattering amplitude.
In Dirac representation, this amplitude is:

f(θ, φ) = − µ

2π~2
〈ei~k·~r|V |Ψ〉 (1.30)

The scattering amplitude f(θ, φ) encapsulates how the incident wave is modified by
the potential.

1.3.1 Scattering Amplitude

The number dn(θ, φ) of particlesiscattered into a solid angle element dΩ in the direction
(θ, φ), and passing through a surface element dA = r2 dΩ per unit time, is given by [1, 5]:

dn = Fsc · r2 dΩ (1.31)

By substituting Eq. 1.31 into Eq. 1.1, we obtain:

dσ

dΩ
=

Fsc

Finc
r2 (1.32)

The incident Finc and scattered Fsc flux densities are defined as follows [1, 5, 6]:

~Finc =
i~
2µ

[
Ψinc(~r) ~∇Ψ∗inc(~r)−Ψ∗inc(~r) ~∇Ψinc(~r)

]
=

~ki
µ

(1.33)

~Fsc =
i~
2µ

[
Ψsc(~r) ~∇Ψ∗sc(~r)−Ψ∗sc(~r) ~∇Ψsc(~r)

]
=

~kf
µr2
|fk(θ, φ)|2 (1.34)

Substituting Eqs. 1.33 and 1.34 into Eq. 1.32, we finally obtain:

dσ

dΩ
(θ, φ) =

kf
ki
|fk(θ, φ)|2 (1.35)

where fk is the transition amplitude from the initial state to the final state. The cal-
culation of this quantity can be straightforward in some cases, but it may become quite
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complicated in others, depending on the physical model used.

For an elastic collision (ki = kf ):

dσ

dΩ
(θ, φ) = |fk(θ, φ)|2 (1.36)

1.4 Born Approximation

The Born approximation is an important method in quantum scattering theory, originally
introduced by Max Born in 1926 [7]. In this approach, the scattering potential is treated
as a weak perturbation [8], allowing the scattering amplitude to be obtained through a
perturbative expansion of the wave function. .

In this approximation, it is assumed that the scattering potential describing the
Coulomb interaction between the projectile and the target is small compared to the total
energy of the target and the incident electron, and can therefore be treated as a perturba-
tion (the free Hamiltonian dominates over the perturbation). Consequently, the incident
and scattered particles are represented by plane waves. In this case, Eq. 1.22 is defined
in terms of the Green’s function as follows:

Ψ(~r) = ei
~ki·~r +

∫
d3r′G+(~r − ~r′)U(~r′)Ψ(~r′) (1.37)

where
U(~r) =

2µV (~r)

~2

in other hand Ψ(~r′) can be written as:

Ψ(~r′) = ei
~ki·~r′ +

∫
d3r′′G+(~r′ − ~r′′)U(~r′′)Ψ(~r′′) (1.38)

thus Eq. 1.37 becomes

Ψ(~r) = ei
~ki·~r+

∫
d3r′G+(~r−~r′)U(~r′)ei

~ki·~r′+

∫
d3r′G+(~r−~r′)U(~r′)

∫
d3r′′G+(~r′−~r′′)U(~r′′)Ψ(~r′′)

(1.39)
And similarly for Ψ(~r′′) andΨ( ~r′′′) ..., we can write then

Ψ(~r) = ei
~ki·~r +

∫
d3r′G+Ue

i~ki·~r′ +

∫
d3r′G+U

∫
d3r′′G+U(~r′′)ei

~ki· ~r′′

+

∫
d3r′G+U

∫
d3r′′G+U

∫
d3r′′′G+Ue

i~ki· ~r′′′ + . . .

(1.40)
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CHAPTER 1. THEORETICAL ELEMENTS

This expansion is known as the Born series. In practice, only the first two terms
are typically retained (referred to as the first Born term (fB1) and the second Born term
(fB2)). The leading contribution is provided by the first Born term, while the second Born
term serves as a correction to account for higher-order effects. However, the computation
of the second term is significantly more complex and requires considerable numerical effort.
Terms of higher order are generally neglected, as their calculation becomes impractical
and their overall contribution is negligible.

1.4.1 Calculation of the First Born Term

The first Born approximation retains only the first term of the previous expansion, ne-
glecting the contribution of terms with powers higher than 1; that is Ψ(~r) is given by:

Ψ(~r) = ei
~ki·~r +

∫
d3r′G+(~r − ~r′)U(~r′)ei

~ki·~r′ (1.41)

Thus, we can write the scattering amplitude and the differential cross section in the first
Born approximation as follows:

fB1(θ, φ) = − µ

2π~2

∫
e−i

~k·~r′V (~r′)ei
~ki·~r′) d3r′ (1.42)

dσ

dΩ
=

µ2

4π2~4
|
∫
ei~q·~r

′
V (~r′)ei

~ki·~r′) d3r′|2 (1.43)

where ~~ki and ~~k are the linear momenta of the incident and scattered particles, respec-
tively; and ~~q is the momentum transfer ~q = ~ki − ~k

1.4.1.1 Validity of the First Born Approximation

The first Born approximation remains reliable when the total wavefunction ψ(~r) departs
only slightly from the incoming plane wave. In other words, the correction term to the
plane-wave solution must be much smaller than the leading term:∣∣∣∣ µ

2π~2

∫
eik|~r−~r

′|

|~r − ~r′|
V (r′) ei

~ki·~r′ d3r′
∣∣∣∣� |φinc(~r)|2 (1.44)

Since the incident wave is φinc = ei
~k0·~r, the criterion simplifies to:∣∣∣∣ µ

2π~2

∫
eik|~r−~r

′|

|~r − ~r′|
V (r′) ei

~ki·~r′ d3r′
∣∣∣∣� 1 (1.45)
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CHAPTER 1. THEORETICAL ELEMENTS

For elastic scattering (ki = k) and assuming the interaction potential is strongest near
the origin, one obtains:∣∣∣∣ µ~2

∫ ∞
0

r′eikr
′
V (r′) dr′

∫ π

0

eikr
′ cos θ′ sin θ′dθ′

∣∣∣∣� 1 (1.46)

or equivalently, ∣∣∣∣ µ~2k

∫ ∞
0

V (r′)
(
e2ikr′ − 1

)
dr′
∣∣∣∣� 1 (1.47)

Because the projectile’s kinetic energy is Ei = ~2k2/(2µ), these expressions show that
the Born approximation applies when the incoming particle is fast and the potential is
weak. In practical terms, whenever the average interaction energy between the particle
and the scattering potential is much smaller than the particle’s incident kinetic energy,
the scattered wave can be regarded as a plane wave.

1.4.2 Calculation of the Second Born Term

For the calculation of the second Born approximation, we retain also the second term of
the expansion given in Eq. 1.39

Ψ(~r) =

∫
d3r′G+(~r − ~r′)U(~r′)

∫
d3r′′G+(~r′ − ~r′′)U(~r′′)Ψ(~r′′) (1.48)

Then we can write the scattering amplitude and the differential cross section in the
second Born approximation as follows

fB2(θ, φ) = − µ

2π~2

∫
e−i

~k·~rV (~r)

[∫
ei
~ki·~r ′G+(~r − ~r ′)V (~r ′) d~r ′

]
d~r (1.49)

dσ

dΩ
=

µ2

4π2~4
|
∫
e−i

~k·~rV (~r)

[∫
ei
~ki·~r ′G+(~r − ~r ′)V (~r ′) d~r ′

]
d~r |2 (1.50)

In Born 2 The system undergoes two successive interactions. Under the effect of the
potential V (~r), the initial state evolves into an intermediate state, which, under the
action of the potential V (~r), then evolves into the final state.

Thus, the first Born approximation is valid only when we consider a single interaction
of the projectile with the target, as in the case of ionizing collisions of atomic or molecular
targets by electrons whose velocity is much greater than that of the electrons bound to
the target [9–11].
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CHAPTER 1. THEORETICAL ELEMENTS

1.5 Partial Wave Solution of the Schrödinger Equation

In this section, we present the solution of the Schrödinger equation obtained using the
partial wave expansion method, which describes the wavefunction of an electron moving
in a radial potential field V (r), either Coulombic or distorted.

The general solution ψ(~k, ~r) of the Schrödinger Eq. 1.6, in spherical coordinates, is
expressed as a linear combination of partial waves [12, 13] as:

ψ(~k, ~r) =
∑
l

ClRl(k, r)Pl(cosα) (1.51)

where Rl(k, r) is the radial part of the wavefunction, and Pl(cosα) is the Legendre
polynomial [14] that explicitly depends on the angle α between ~k and ~r. It should be
noted that the partial wave expansion is particularly useful when the Schrödinger equation
for a particle in a potential V (r) does not have an analytical solution, as it allows the
wavefunction to be separated into a radial part and spherical harmonics.

Case of a Free Particle

In this case, where the interaction potential vanishes (V = 0), the solusion simplifies to
that of a free particle, which can be represented by a plane wave ψp:

ψp(~k, ~r) =
1

(2π)3/2
ei
~k·~r (1.52)

Case of a Coulomb Potential

In the case of a Coulomb potential; during a collision between a nucleus of charge Z and
an electron located at a distance r, the solution 1.51 take the forme:

ψc(~k, ~r) = 4π
∑
l,m

ile−iδlY ∗lm(k̂)Ylm(r̂)Fl(k, r) (1.53)

where Ylm(k̂) and Ylm(r̂) are complex spherical harmonics, and δl is the Coulomb phase
shift, which is the angular change in solution relative to a plane wave [15]. Here, Γ

denotes the Gamma function, η = Z
k
is the Sommerfeld parameter for a purely Coulombic

potential, and Fl(k, r) is the radial hypergeometric function.
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CHAPTER 1. THEORETICAL ELEMENTS

Case of a Distortion Potential

The spherically symmetric distortion potential V (r), representing the total interaction
composed of Coulomb and short-range terms, leads to the following form of the continuum
wavefunctions:

ψd(~k, ~r) =
4π

(2π)
3
2

∑
l,m

ileiδl
χl(k, r)

kr
Y ∗l,m(k̂)Yl,m(r̂) (1.54)

where α is the angle between ~k and ~r, δl is the phase shift, and χl(k, r) is the radial
function.

1.6 Conclusion

In this chapter, we established the foundational framework of scattering theory, which
serves as the theoretical backbone for understanding ionization processe in atomic and
molecular systems. We began with a conceptual description of the scattering phenomenon
and introduced key observables such as the differential and total cross sections.

We then examined the formal solution of the Schrödinger equation using Green’s
functions. The behavior of the wavefunction at large distances, particularly its asymptotic
form, was shown to be directly related to the scattering amplitude, and thus determines
the expression of the cross section. We also presented the Born approximation series,
emphasizing its perturbative nature and its range of validity. Finally, we introduced the
case of a particle moving in an arbitrary radial potential, presenting the corresponding
solution of the Schrödinger equation through the partial wave approach.

This theoretical framework will be the basis for more advanced models and practi-
cal applications in the following chapters, where we study the ionization of atoms and
molecules under various impact conditions and energy regimes.
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Chapter 2

Single and Double Ionization Processes

2.1 Introduction

The study of ionization processes lies at the heart of atomic and molecular collision
physics. When an energetic electron collides with an atom or molecule, the resulting
removal of one or more electrons reveals fundamental aspects of electron correlation,
many-body interactions, and the dynamical mechanisms governing the process.

In this chapter, we begin by discussing the concept of electron correlation in atomic
and molecular systems, which plays a decisive role in determining the outcomes of both
single and double ionization. To describe these correlations, various wavefunction–based
methods are introduced, including the Hartree–Fock approximation (HFA) and configu-
ration interaction (CI).

We then address the processes of single and double ionization by electron impact.
Particular emphasis is placed on their description, the structural and dynamical infor-
mation they reveal, and the importance of differential cross sections in interpreting both
experimental and theoretical results. Different geometrical configurations, kinematical
conditions, and incident energy regimes are also examined, along with the mechanisms
underlying double ionization, such as shake-off and two-step processes.

Finally, we introduce two of the most important theoretical models that have proven
especially effective in analyzing ionization phenomena: the BBK model and the Distorted
Wave Born Approximation (DWBA). Together, these frameworks provide a solid founda-
tion for understanding the complexity of ionization processes, for accurately interpreting
experimental data, and for forming the basis of many other theoretical models.
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CHAPTER 2. SINGLE AND DOUBLE IONIZATION PROCESSES

Atomic Units

In this chapter, we will use, as is customary, atomic units:

~ = e = me = a0 = 1

with:

• ~ =
h

2π
, where h = 6.62× 10−34 J · s is Planck’s constant.

• e = −1.60× 10−19 C: the charge of an electron.

• me = 9.11× 10−31 kg: the mass of an electron.

• a0 = 0.53× 10−10 m: the Bohr radius.

2.2 Electron Correlations in Atomic andMolecular Sys-

tems

Electron correlations are fundamental to understanding ionization processes and are es-
sential for accurately describing the electronic structure and dynamics of atoms and
molecules. The concept first emerged in the 1930s with Wigner and Seitz [1], and a
more formal definition for atomic systems was introduced by Löwdin in 1959 [2]. In
atomic and molecular physics, electron correlation refers to the interdependent motion of
electrons due to their mutual Coulomb repulsion. Any perturbation applied to one part
of a system inevitably affects all others, making the accurate description of correlated
electron behavior critical for both theoretical and experimental analysis [3].

The electron correlation energy is defined as the difference between the exact non-
relativistic energy and the Hartree–Fock energy. This missing energy, although small
in magnitude, plays a crucial role in accurately predicting chemical bonding, excitation
spectra, and ionization probabilities.

Electron correlation can generally be classified into two types: structural and dynam-
ical correlations. Structural correlation arises from the Coulomb interactions between
bound-state electrons in atoms or molecules, as well as between continuum electrons.
These interactions, typically expressed as 1/rij potentials, make it impossible to solve the
Schrödinger equation exactly for systems with more than one electron. As a result, such
systems can only be described approximately, and ongoing research continues to develop
more accurate wave functions that account for this structural correlation.
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CHAPTER 2. SINGLE AND DOUBLE IONIZATION PROCESSES

On the other hand, dynamical correlation emerges during time-dependent processes
such as ionization. During electron impact, for instance, the projectile perturbs the target,
polarizing it and altering the wave function of the incoming electron; this is referred to as
entrance-channel dynamical correlation. The Coulomb interaction between the outgoing
electrons must also be included in the final-state description, leading to exit-channel
dynamical correlation. These dynamical effects are typically incorporated using distorted-
wave models or more advanced quantum scattering techniques.

Over recent decades, advanced electron correlation methods such as Configuration
Interaction (CI), Coupled Cluster (CC), and related approaches have been developed,
using Hartree–Fock theory as a reference. Combined with increased computational power,
these methods enable highly accurate simulations of molecular structures, energies, and
electron correlation effects in complex systems.

2.3 Wave–function Methods

We consider an N -electron system (atom or molecule) within the Born–Oppenheimer and
non–relativistic approximations [4]. The Hamiltonian in the position representation is:

Ĥ =
N∑
i=1

ĥ(~ri) +
1

2

N∑
i=1

N∑
j 6=i

1

|~ri − ~rj|
(2.1)

where ĥ is the one-electroniHamiltonian, given by:

ĥ(~ri) = −1

2
∇2
~ri

+ vne(~ri) (2.2)

with vne(~ri) = −
∑

β
Zβ

|~ri−~Rβ |
representingithe nucleus–electroniinteraction.

Stationaryistates satisfy theitime-independent Schrödingeriequation:

Ĥ Ψ(x1, x2, . . . , xN) = EΨ(x1, x2, . . . , xN) (2.3)

where Ψ(x1, x2, . . . , xN) is a wave function written in terms of the space-spin coordinates:

xi = (~ri, ωi), ~ri ∈ R3, ωi ∈ {↑, ↓}

and E is the associated energy.
Because electronsiare fermions, the waveifunction must beiantisymmetric with respect
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CHAPTER 2. SINGLE AND DOUBLE IONIZATION PROCESSES

to the exchangeiof two space-spin coordinates:

Ψ(. . . , xi, . . . , xj, . . .) = −Ψ(. . . , xj, . . . , xi, . . .) (2.4)

Using Dirac’s bra–ket notation, we can write:

Ĥ |Ψ〉 = E |Ψ〉 (2.5)

The ground-state electronic energy E0 can be expressed by the variational principle:

E0 = min
Ψ
〈Ψ|Ĥ|Ψ〉 (2.6)

where the minimizationiis taken over all N -electron antisymmetriciwave functions Ψ nor-
malized to unity:

〈Ψ|Ψ〉 = 1 (2.7)

Properties such as dipole moments or optical spectra can be obtained as derivatives
of the ground-state energy with respect to an external perturbation. Among the main
strategies for electronic-structure calculations, wave-function methods play a central role.
In this context, we focus on two key approaches: the Hartree–Fock (HF) method [5],
which provides the mean-field approximation and serves as the reference for most corre-
lated methods, and the Configuration Interaction (CI) method [5], which systematically
incorporates electron correlation by considering excitations beyond the Hartree–Fock de-
terminant.

2.3.1 Atomic and MoleculariOrbitals

Atomic orbitals (AOs) form the basic building blocks for constructing electronic wavefunc-
tions in atoms and molecules. For hydrogen, exact solutions of the Schrödinger equation
are possible, with orbitals expressed as a product of a radial function Rnl(r) and a spher-
ical harmonic Ylm(θ, φ):

Ψnlm(r, θ, φ) = Rnl(r)Ylm(θ, φ), (2.8)

with energies En = −13.6
n2 eV. For hydrogen-like atoms with nuclear charge +Ze, the

radial function depends explicitly on Z.
For multi–electron atoms, approximate solutions are often constructed from hydrogenic

orbitals [6].
These atomic orbitals can be represented using Slater–type or Gaussian-type func-

tions [7, 8], or alternatively by an orthogonal Laguerre basis, depending on the require-
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ments of the calculation:

φAO(~r) =

Ni∑
j=1

aij ϕj(~r) (2.9)

where k is a characteristic parameter of the atomic orbital, and Ni denotes the number
of atomic orbitals included in the expansion. The coefficients aij specify the contribution
of each atomic orbital and are determined using the variational method. The functions
ϕj(~r) are expressed in terms of a basis of spherical harmonics Ylm(θ, ϕ).

Molecular orbitals (MOs) are then constructed as linear combinations of atomic or-
bitals (LCAO-MO) [8]:

ψi =
M∑
k=1

Cikφk (2.10)

where φk are atomic orbitals and Cik are the coefficients defining their contribution
to the molecular orbital. Two conditions must be met for combination: similar orbital
energies and compatibl symmetries for nonzero overlap [9].

Molecular orbitals constitute the foundation for Hartree–Fock and Configuration In-
teraction calculations, as well as for a wide range of other theoretical methods in quantum
chemistry and atomic collision theory.

Molecular Orbital for Water molecule (H2O)
The H2O molecule hasifive occupied molecular orbitals, labeled 1a1, 2a1, 1b2, 3a1,

and 1b1 (HOMO). Using the LCAO-MO method, these MOs are constructed from linear

Figure 2.1: Energy diagram of H2O molecular orbitals.

combinations of the 1s orbitals of hydrogen and the 2s and 2p orbitals of oxygen [10]. The
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ground-state electronic configuration of H2O can be represented as:

(1a1)2(2a1)2(1b2)2(3a1)2(1b1)2

2.3.2 The Hartree Fock (HF) method

The Hartree–Fock (HF) method approximates the ground-state wave function Ψ0 of an N -
electron system by a single antisymmetrized product of N spin orbitals {χi(x)}, denoted
by Φ0:

Φ0(x1, x2, . . . , xN) = A [χ1(x1)χ2(x2) · · ·χN(xN)] (2.11)

where the antisymmetrizer operator A is defined as

A =
1√
N !

N !∑
n=1

(−1)pnPn (2.12)

with the sum running over theN ! permutations Pn of the space–spin coordinates {x1, .., xN},
and where pn is the number of pair inversions associated with the permutation Pn.

A centralifeature ofithe HF formalismiis that the wave function Φ0(x1, x2, . . . , xN) can be
convenientlyiexpressed as a Slater determinant:

Φ0(x1, x2, . . . , xN) =
1√
N !

∣∣∣∣∣∣∣∣∣∣
χ1(x1) χ2(x1) · · · χN(x1)

χ1(x2) χ2(x2) · · · χN(x2)
...

... . . . ...
χ1(xN) χ2(xN) · · · χN(xN)

∣∣∣∣∣∣∣∣∣∣
(2.13)

For brevity, one often adopts shorthand notation such as:

|Φ0〉 ≡ |χ1χ2 · · ·χN〉 (2.14)

Each spiniorbital χi(x) is typically written as theiproduct of a spatial orbital ψi(~r) and a
spin function α(ω) or β(ω):

χi(x) = ψi(~r)α(ω) or χi(x) = ψi(~r)β(ω),

with
α(↑) = 1, α(↓) = 0, β(↑) = 0, β(↓) = 1.
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The spin orbitals areiassumedito be orthonormal:

〈χi|χj〉 =

∫
χ∗i (x)χj(x) dx = δij (2.15)

The Hartree–Fock electronic energyiis expressediin terms ofiintegrals overithe spin orbitals
(using Slater’s rules [11] for evaluatingiexpectation values overiSlater determinants):

EHF[{χi}] = 〈Φ0|Ĥ|Φ0〉 (2.16)

The exact ground–state energy E0 is always lower than EHF, and their difference Ec =

E0 − EHF is known as the correlation energy (see Section 2.2).
The Hartree-Fock method is thereforeia mean-field approximation: instead of describ-

ing theiinstantaneous electron–electron repulsion exactly, ititreatsieach electronias moving
independentlyiin the average field generatediby all other electrons. Thisiinterpretation
leads to a set ofiself-consistent equations, solvediiteratively until both theiorbitals and
their associatedienergies converge [4].

Althoughithisiapproachicaptures theiaverage effects of electron–electron interactions
(typically around 99%), itineglects dynamic correlationieffects beyond the mean-field pic-
ture.

2.3.3 Configuration Interaction (CI) Method

TheiConfigurationiInteractioni(CI) method is a post-Hartree–Fock approach designed to
recover electron correlation. Whereas Hartree–Fock representsithe ground state by a
single Slater determinant, CIiexpands theiwavefunctionias a linear combination ofiseveral
determinants constructed from excitations out of theiHF referenceistate. It is typically
written as:

|Ψ〉 = c0|Φ0〉+
∑
r,a

cra|Φr
a〉+

∑
a<b, r<s

crsab|Φrs
ab〉+

∑
a<b<c, r<s<t

crstabc|Φrst
abc〉+ · · · (2.17)

Here, theicoefficients c0, c
r
a, c

rs
ab, . . . areivariational parameters determined inithe con-

figuration interaction procedure. |Φ0〉 isithe so-called referenceideterminant, typically
obtained from a Hartree–Fock self-consistent-field (SCF) calculation. The determinant
|Φr

a〉 denotes a singly excitedideterminant obtained by substituting theioccupied spin-
orbital a in the reference determinant |Φ0〉 withian unoccupied (virtual) spin-orbital r,
and similarlyifor higher excitations. Theiindices a, b, c label occupied orbitals in the ref-
erenceiconfiguration, whereas r, s, t denote virtual orbitals.
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In this way, theiCI wavefunctionicaptures correlations between electrons that are ne-
glected in the mean-field pictureiof Hartree–Fock. Depending on theilevel ofiexcitation
included—singles (CIS), doubles (CID), or higher—the method provides increasingly ac-
curate results. Inipractice, theimost commonitruncation is Configuration Interaction with
Singlesiand Doubles (CISD), where onlyisingle and double excitationsiare considered rel-
ativeito theireference state. For many smallimolecules near equilibrium geometries, CISD
recovers ailarge fraction (ofteniaround 95%) of theitotal correlation energy [5, 12].

In principle, a full CI calculationithat includes all possibleiexcitations within aigiven
basis set providesithe exact solution of theinonrelativistic Schrödingeriequationifor that
basis. However, since theicomputational cost of full CI increasesifactorially with sys-
temisize, its use is limitedito small systems.

2.3.4 Frozen Core Approximation

In many correlatedielectronic-structure methods (such as Configuration Interactioni(CI),
many-body perturbationitheory, oriCoupled-Cluster theory (CC)) it is standard prac-
tice to employ the so-called frozenicore approximation. Inithis approach, theiinnermost
moleculariorbitals, which areioccupied by tightlyibound core electrons, areikept fixed as
doublyioccupied in all configurationsiand are not allowed toiparticipate in ionization.

For example, iniatoms ranging fromilithiumito neon, the 1s orbitaliis usually consid-
ered part ofitheifrozen core. For heavieriatoms, such as those betweenisodium and argon,
the coreitypically includes the 1s, 2s, and 2p orbitals. Wheniapplied to molecules, the
frozeniorbitals mainly correspond toicombinations formed fromitheseiinner atomic shells.

This approximationiis justifiedibecause core electrons areimuch less affected byithe
surroundingichemical environmentithan valence electrons. Asia result, neglectingitheir
correlationiintroduces an error thatiremains nearly constantiacross molecules containing
the sameiatomic species. Moreover, mosticommonly used basis sets iniquantum chemistry
are notisufficiently flexibleiin the core region to captureielectron correlationiaccurately.
For thisireason, freezing the coreiis not only computationallyiconvenient but oftenimore
reliableithan attempting to correlateiall electrons [13].

Limitations: While the frozenicore approximation works wellifor ground-state proper-
ties dominated byivalence electrons, itican be inadequateifor processes that involveicore
electrons, such as coreiionization, X-ray spectroscopy, or highly excited electronicistates.
In such cases, expliciticorrelationiof the coreiorbitals may be necessary toiachieve accu-
rateiresults [14].
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2.4 The Process of Single Ionization

2.4.1 Description of the (e,2e) Process

Singleiionization (SI) is a process iniwhich one electron isiremoved fromian atom or
molecule due to a collisioniwith another particle, formingia positivelyicharged ion. The
(e, 2e) reaction isia specific complete electron-scattering experimentiin whichia mo-
noenergetic incident electron, possessingian initialimomentum ~ki relativeito the center
ofimass ofithe target andienergy Ei, collidesiwithian atomior molecule in its groundistate
|φa〉. Duringithis interaction, one electroniis ejectedifrom theitarget (typically from the
valence shell), emerging with momentum ~k1 and energy E1, whileithe targetibecomesia
positivelyicharged ion X+ withirecoil momentum ~q andirecoil energy Erec. Simultane-
ously, theiincident electron is scattered, emerging with a newimomentum ~ks andienergy
Es ( the two outgoing electrons are measured in coincidence).

The twoielectronsiin the final stateiare fundamentallyiindistinguishable iniquantum
mechanics; however, itiisicommon in experimentalianalysis to distinguish themiby en-
ergy: the electron withihigher energy isireferred to as the scatteredielectron, and the less
energeticione as the ejectedielectron. The processican beirepresented schematically as:

e−(Ei, ~ki) +X −→ X+(Erec, ~q) + e−(E1, ~k1) + e−(Es, ~ks)

Figure 2.2: Diagram of an (e,2e) reaction in coplanar geometry.

Thisithree-body process obeysitheiconservation of energyiand momentum:

Einitial = Efinal ⇐⇒ Ei = Es + E1 + IP+ + Erec (2.18)

~ki = ~ks + ~k1 + ~q (2.19)

Here, IP+ = EX+ − EX is theisingle-ionization potentialiofithe target, where EX is
theiground-stateienergy of the neutral targetiand EX+ is theiground-state binding en-
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ergyiof the singly charged ion. Theirecoil energy Erec is usually neglectediin the energy
balanceibecause it is very smallicompared to the kineticienergies of the electrons.

The momentumitransfer is defined as:

~K = ~ki − ~ks (2.20)

The magnitudeiof the momentumitransfer determines the collisioniregime and, conse-
quently, theitype of information that can be extracted. For low to moderate values
(K < 1–2 a.u.), the measurements primarily probe the collision dynamics. For larger
values (K > 2–3 a.u.), the results are more sensitive to the intrinsic structure of the
target [3].

2.4.2 Structural and Dynamical Studies

The direction of the momentum transfer plays a key role in distinguishing between struc-
tural studies by electron impact (referred to Electron Momentum Spectroscopy (EMS))
and studies of collision dynamics.

• Structural Studies:

Structural studies in single ionization are primarily concerned with probing intrinsic
electronic properties of the target, such as the ionization potentials of specific orbitals,
the spatial and momentum distributions of electrons, and the underlying electron–electron
correlations in the bound state. These investigations aim to minimize the complexity of
the ionization process, reducing it ideally to a binary electron–electron collision. In such a
regime, the incident electron acts merely as a probe, transferring energy and momentum
to a bound electron without significantly perturbing the residual ion.

To ensure dominance of the binaryiinteraction and the suppression ofimany-body ef-
fects, kinematiciparameters are chosen to yieldirelatively large momentumitransfers (typ-
ically in theirange of 4 to 7 atomic units) and to satisfy the Betheicondition. This condi-
tioniensures that nearly all the energy and momentumitransferred from the projectileiis
absorbed by the ejectedielectron, while the residualiion remains a passiveispectator. In
this category, symmetric coplanar geometries [15] and non-coplanar geometries [16] are
the most suitable and are performed at high impact energies (1–2 keV), with the two
continuum electrons having equal energies (see section 2.4.3.2). In such conditions, the
reaction mechanism can be accurately described within first-order theories [17], and the
measured cross sections become directly proportional to the square of the wave function
in momentum space [17].

24



CHAPTER 2. SINGLE AND DOUBLE IONIZATION PROCESSES

One ofithe mostidirect methodsiused inithis contextiis Electron Momentum Spec-
troscopy (EMS) [8, 18], which provides access to the momentumispace wavefunctions of
theitarget’s valence electronsiand use electron–electronicoincidence technique. In EMS,
highiincident energies and specificigeometrical configurations are employed (such asithe
symmetric non-coplanar geometry) to satisfyiconditions that simplifyithe reaction mech-
anism. Underithese conditions, theiPlane Wave Impulse Approximation (PWIA) [19]
becomesivalid, and the observeditriple differential cross section (TDCS) is directly pro-
portionalito the sphericallyiaveraged momentumidistribution of the Dyson orbital [8]:

σ = A

∫
|〈~pψN−1 | ψN〉|2 dΩ (2.21)

where |~p〉 is a plane wave of momentum ~p. ψN and ψN−1 are, respectively, the many-
electron wavefunction of the N electron initial state and the wavefunction of the (N − 1)

electron final state describing the residual ion. The term A is a kinematic factor which is
essentially constant.

Theseistructural measurementsiserveinot only as experimental benchmarks for quan-
tumichemical calculations, butialso as a means toievaluate theiextent of electronic corre-
lation captured byithe wavefunction models.

• Dynamical Studies:

In contrastitoistructural investigations, dynamical studiesifocusion the time-dependent
aspectsiof theiionization process, particularlyithe interactionsithat occur during andiafter
the collisionibetween the incidentielectron and the target. Theseistudies aim to under-
stand theidetailed mechanisms byiwhich energy andimomentumiare transferrediwithin the
system, includingithe polarizationiofithe target, excitationiof residualiions, and interac-
tionsiamong continuum electrons.

Dynamicalicorrelation effectsiare typically dividediinto twoiclasses: entrance-channel
and exit-channeliinteractions. In the entranceichannel, the incidentielectron may dis-
tortithe electronic cloud of theitarget even before ionizationioccurs. This dynamic polar-
ization alters theieffectiveipotential landscape andimodifies the scatteringiwavefunction.
In the exitichannel, additional correlationsiemerge between the ejectediand scattered elec-
trons, particularlyidue to theirimutualiCoulomb repulsion. Thisipost-collisioniinteraction
(PCI) plays aicrucial role in shapingithe angular and energyidistributions observediin
theifinal state.

To accuratelyidescribe these effects, moreisophisticated theoreticalimodels must be
used beyondithe independent-particleipicture. These include theiDistortediWave Born
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Approximation (DWBA) [20], Three-Coulomb-Wave (BBk) [21] models, anditheir im-
proved versions such as the Modified 3CW model [22], and 3CWZ model [23], which incor-
porate Coulomb distortionsiand PCI explicitly. These models allow for theiconstruction
of more realisticifinal-state wavefunctions, which are essential forireproducing experimen-
taliFully differentialicross sections at low andiintermediate energies.

Unlike structuralistudies, where theiresidual ion is treatediasia passive spectator, dy-
namical studies recognizeiits potential influenceion the scattering dynamics. Thisiincludes
recoilieffects, target excitation, and long-range polarizationifields. Therefore, the kine-
matic conditionsiareichosen to be more flexible oriasymmetric in order toienhance sensi-
tivityito these dynamical features.

2.4.3 Geometries and Kinematics of the (e,2e) process

The kinematicsiof an (e, 2e) reactioniare defined by theienergies of the incidentiand out-
going electrons, asiwell as the momentumitransfer ~K. Theikinematics used to mea-
sureithe singly differential orifully differentialicross sections are commonlyiclassified into
distincticategories based on geometry: coplanarior non-coplanar, andisymmetric or asym-
metriciconfigurations (see table 2.1). Each of theseiconfigurations serves aispecific purpose
in the study ofiionization mechanisms andioffers unique insights intoicollision dynamics.

A configurationiis said to be inicoplanarigeometry when theiscattered and ejected
electrons are detectediwithin the same planeiasithe incident electronibeam, typically re-
ferredito as the plane of incidence (plane of collision). In contrast, a non-coplanar geom-
etryiarises when at least oneiof the outgoing electronsilies outside this plane. Inigeneral,
the three momentumivectors involved in theireaction (the incident electron ~ki, the scat-
teredielectron ~ks, andithe ejected electron ~k1) do notilieiin the same plane, exceptiinicases
where theiazimuthal angle betweenitheitwo outgoing electrons, defined as φ = φ1 − φs,
takes values of 0 or π.

2.4.3.1 Asymmetric geometry

In the asymmetric coplanarigeometry, the two outgoingielectrons are detected inidifferent
directionsiand with significantly different energies. Theiscattering angle θs is fixed to a
smallivalue, typically between 0◦ and 12◦, and generally less than 20◦ (φs = 0 or π), in
order to achieveihigh experimental resolution. Concurrently, the ejectioniangle θ1 is al-
lowedito vary and is measurediusing a movable detectoriwithin the plane. Thisigeometry is
particularlyieffective for exploringithe dipole regime of ionizationidynamics, which is char-
acterized by smallimomentum transfer. Experiments employing this configurationispan a
wide range ofiincident electron energies, fromilow to intermediateiand high, and have
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beeniextensively used in benchmarkistudies, such as thoseiconductediby theigroup of
Lahmam-Bennani and by Ehrhardt’s team [24]. The asymmetricigeometry allows for
a cleariseparation of collisionimechanisms and providesivaluable insight into theiangular
and energy correlationsiin the ionized system.

Conversely, asymmetric non coplanar geometryiis particularlyivaluable because it
enhances the sensitivityiof the measured tripleidifferential cross section (TDCS) toielectron-
electronicorrelation and quantumiinterference effects. Theispatial separation ofithe scat-
tering planes allowsifor clearer observationiof interference patternsiarising from different
quantum-mechanical pathways, whichioften manifest asipronounced minima or modula-
tions in the TDCS. Moreover, theiasymmetricienergy sharing leadsito a more complex
post-collision interactionibetween the scattered andiejected electrons, providingia strin-
gent testifor theoreticalimodels. As such, asymmetric non-coplanar geometry serves asia
powerful diagnosticitool for probing the underlyingidynamics of electron-impact ioniza-
tioniand exploring correlation-driven processes that remainihidden in simplerigeometrical
configurations.

2.4.3.2 Symmetric geometry

In thisigeometry, the scattered andiejected electrons areidetected with equal angles θs =

θ1 = θ and equal energies Es = E1 =
Ei − Eion

2
. This geometryiallows for the study ofithe

target structure.
In the symmetric coplanar geometry, the two outgoing electrons are emitted within

the same plane. This geometry was first introduced by Amaldi et al. [25]. Under these
kinematic conditions, the magnitude of the recoil momentum ~q can be expressed as

q = ki − 2k1 cos θ (2.22)

The magnitude of ~q remains small for scattering angles θ < 60◦ and reaches a minimum
near θ = 45◦. For θ > 90◦, however, q increases significantly, indicating that the collision
is driven by large momentum transfers ~K [26]. The TDCS is measured as a function of
the angle θ. In this case, the exchange factor between the electrons must be taken into
account, as it is crucial for accurately describing the reaction mechanism.

In the symmetric non coplanar configuration, the two outgoing electrons are emit-
ted in different planes, with distinct non-zero azimuthal angles φs and φ1. This geometry
is particularly suitable for probing electron momentum densities (Electron Momentum
Spectroscopy; see Section 2.4.2). The TDCS can be measured either as a function of the
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angle Φ or as a function of the recoil momentum of the target, which is expressed as:

q =

[
(2ks cos θ − ki)2 + 4k2

s sin2 θ sin2

(
Φ

2

)]1/2

(2.23)

where Φ = π − |φs − φ1|, and φs − φ1 representing the relative azimuthal angle between
the two continuum electrons.

Tableau 2.1: Classification of possible geometries for the (e, 2e) processes.

Geometry
Coplanar

~k1 and ~ks in the collision plane

Non Coplanar
~k1 and ~ks lie outside the

collision plane

Symmetric
E1 = Es,

θ1 = θs

Asymmetric
E1 6= E2,

θ1 6= θs

2.4.4 Differential Cross Sections for (e,2e) process

The results obtained in an (e, 2e) experiment are typically expressed in terms of differen-
tial cross sections. While Chapter 1 introduced the general concept of differential cross
sections, this chapter focuses on their application in the context of single and double ion-
ization ionization. A subsequent section will address differential cross sections in the case
of double ionization.

2.4.4.1 Triply Differential Cross Section (TDCS)

The Triply Differential Cross Section (TDCS) provides theimost detailed descriptioniof
the kinematics ofisingle ionization. Iticorresponds to the coincidentidetection of both out-
goingielectrons, namely, theiscatterediand the ejected. Theseielectrons are characterized
byitheir respectiveienergies Es, E1, and momenta ~ks, ~k1, as they emerge into the solid
angles dΩs = sin θs dθs dφs and dΩ1 = sin θ1 dθ1 dφ1 after a singleiionization induced byian
incident electron ofienergy Ei.

The TDCS isimathematically expressed as:
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σ(3) =
d3σ

dΩs dΩ1 dE1

=
ks k1

ki
|Tfi|2 (2.24)

where Tfi is the transition matrix elementibetween the initial and final states.
We considerisingle active electron (SAE) approximation [13]. In the second Born

approximation, the TDCS (Eq. 2.24) can be written as:

σ(3) =
d3σ

dΩsdΩ1dE1

=
ksk1

ki
|fB1 + fB2|2 (2.25)

where first Born term fB1 is expressed as:

fB1 = − 1

2π

〈
ei
~ks·~r0Ψ−(~k1, ~r1) |V | ei~ki·~r0Φi(~r1)

〉
(2.26)

and the second Born term fB2:

fB2 =
1

8π4

∑
n

∫
d~q

q2 − k2
n − iε

〈
ei
~ks·~r0Ψ−(~k1, ~r1) |V | ei~q·~r0Φn(~r1)

〉
〈
ei~q·~r0Φn(~r1) |V | ei~ki·~r0Φi(~r1)

〉 (2.27)

where Φi(~r1) is the exact waveifunction of the initial stateiof the target and Ψ−(~k1, ~r1)

is the exact waveifunction for the continuumistate of the target.
The potential V representsithe Coulomb interactionibetween the incomingielectron

and the target andiis written as:

V =
1

r01

− 1

r0

(2.28)

For fB2, ε→ 0+ with k2n
2

=
k2i
2
− (En − Ei).

We neglectithe exchange effectsiby considering the scatteredielectron as the fast elec-
troniand the ejectedielectron as the slow electron. Itishould be noted that if weido not
employ the single activeielectron (SAE) approximation, weimust take intoiaccount allithe
electronsiof the target in theicalculation (a multi-electron treatment) [27].

2.4.4.2 Doubly Differential Cross Section (DDCS)

If bothithe emissioniangle and energy of one detectedielectron can be measured, theicross
section is referreditoias the Doubly Differential Cross Section (DDCS). Comparedito the
Singly DifferentialiCross Section, the DDCS providesimore specific information about the
angular and energyidistributions of the scattered oriejected electrons following ionization.

The DDCS is obtained by integratingithe TDCS over the solidiangle of the unde-
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tectedielectron. If the interest liesiin the scattered electron:

d2σ

dΩs dE1

=

∫
dΩ1

d3σ

dΩs dΩ1 dE1

(2.29)

And if the focus is on the ejected electron:

d2σ

dΩ1 dE1

=

∫
dΩs

d3σ

dΩs dΩ1 dE1

(2.30)

2.4.4.3 Singly Differential Cross Section (SDCS)

When onlyione of the outgoingielectrons is selectivelyidetected (typically atia fixed an-
gle or with fixed energy), the measurediquantity is the SinglyiDifferential Cross Section
(SDCS). This can be angular:

dσ

dΩ
=

∫
dE

d2σ

dΩ dE
(2.31)

or energy-resolved:
dσ

dE
=

∫
dΩ

d2σ

dΩ dE
(2.32)

The angular SDCS, dσ/dΩ, provides directionaliinformation about theiscattered or
ejectedielectron and is usefuliin structural investigationsiof atomic and molecular targets.

On theiotherihand, the energy-resolved SDCS, dσ/dE, dependsion the energies ofithe
incident and ejectedielectrons and representsithe energy distributioniof the detected elec-
troniintegrated over all emissioniangles. This quantityiplays a significant role inimany
fields, such as atmosphericiphysics, especiallyiin studies related toielectron energy lossiin
the Earth’s ionosphere.

2.5 The Process of Double Ionization

2.5.1 Description of the (e,3e) process

the kinematically complete double ionization experiments process is commonly called
(e,3e) reaction by analogie with the (e,2e) process described in Section 2.4.1. It involves
thei ejection of two boundielectrons fromithe target by aniincident monoenergeticielectron
of momentum ~ki and energy Ei. The finalistate consists ofithe scattered projectile with
momentum ~ks and energy Es, two ejectedielectrons with momenta ~k1 and ~k2 (energies E1

and E2), and theiresidual ion X2+ carrying aimomentum ~q andienergy Erec (Figure 2.3).
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Theireaction can be schematicallyiexpressed as:

e−(Ei, ~ki) +X −→ X2+(Erec, ~q) + e−(E1, ~k1) + e−(E2, ~k2) + e−(Es, ~ks)

These experimentsiare particularlyichallenging to perform due to theiextremely smallicross
section associatediwith double ionization (DI), asiwell as the requirementiof detecting a
tripleicoincidence signal involvingithe three electronsiin the final state. To circum-
ventithese difficulties, a less demanding experimentaliapproach is ofteniemployed, referred
to as the (e, 3e − 1) configuration, in whichionly two out of the three electronsiare de-
tected in coincidence. Theiconservation of energy and momentumifor the system, involv-

Figure 2.3: Diagram of an (e,3e) reaction in coplanar geometry.

ing allithree final-state electrons is:

Einitial = Efinal ⇐⇒ Ei = Es + E1 + E2 + IP++ + Erec (2.33)

~ki = ~ks + ~k1 + ~k2 + ~q (2.34)

Here, Einitial and Efinal are the total initialiand finalistate energiesiof the (projectile-
target) system. IP++ = EX2+ − EX is the double ionizationienergy of the target, where
EX is the energyiof theiground state of the target X and EX2+ is the energy of an arbi-
traryistate of the doubly ionized residual ion X2+. As in the single ionization case, Erec

is neglected in the energy balance.
The momentum transfer, defined by ~K = ~ki−~ks, is a kei parameter in determining the

collisioniregime and the type ofiinformation accessible: small K values probeithe collision
dynamics, whereasilarge K values provideiinsight into the targetistructure [28].
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2.5.2 Geometries and kinematics of the (e, 3e) process

The geometries of the (e, 3e) process areisimilar to those of the (e, 2e) process, with
someidifferences, which areisummarized in Table 2.2. Note that planeiof collision is
defined by the two vectors ~ki and ~ks.

Tableau 2.2: Classification of possible geometries for the (e, 3e) processes.

Geometry
Coplanar

~k1 and ~k2 in the collision plane,
ϕ = |ϕ1 − ϕ2| = 0 or π

Non Coplanar
~k1 and ~k2 lie outside the

collision plane,
Φ =

∣∣ϕ1 − ϕ2 − π
∣∣

Symmetric
E1 = E2,

θ1 = 2π − θ2

Asymmetric

E1 6= E2,

θ1 6= θ2

2.5.3 Differential Cross Section for (e,3e) process

The determination of the scatteringicross section in the caseiof a double ionizationicollision
can be obtained by considering the transitionirate from an initiallyistate to a specificifinal
state. This final state isicharacterized by a density of states written as d3k1 d

3k2 d
3ks.

Theiratio between thisitransition rate and theiincident flux densityigives the correspond-
ingicross section (see chapter 1). It can be expressed as:

dσ(ks, k1, k2; ki, ψi) =
(2π)4

ki
δ(Ef − Ei) |Tfi|2 d3k1 d

3k2 d
3ks (2.35)

where Tfi = 〈ψf |V |ψi〉 is the transition matrix element from the initial state to the
final state.

2.5.3.1 Five-fold Differential Cross Section (FDCS)

In double ionization (DI) experiments, theifinal state involves three electrons, which
iniprinciple requires nine kinematiciparameters to fully describeitheir motion. By re-
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strictingithe measurement toia coplanar geometry andiapplying energy conservation, this
number reduces toifive independent parameters. Whenithese five parameters areifully
determined, the experiment is considered ’complete,’ and the corresponding differential
cross section is referred toias the fivefold differential cross section (FDCS):

σ5 =
d5σ

dE1 dE2 dΩ1 dΩ2 dΩs

=
k1k2ks
ki

|Tfi|2 (2.36)

where dΩs, dΩ1, and dΩ2 are the solid-angle elementsiof the scattered and the two
ejected electrons, while E1 and E2 denote the energies of the ejected electrons.

If weiconsider the case where theiprojectile electron has airelatively high velocity, it
can be conveniently described byia plane wave, wich Allows toiuse the first Born approxi-
mation (FBA) [29]. By consideringilow momentum transfer andiemploying the frozen-core
approximation, the many-electron targetiproblem can be reduced toia two-active-electron
model [13], where only the electrons that will be ionized areiexplicitly considered. Inisome
cases, the FBA is notisufficient, and it becomesinecessary to include theiSecond Born Ap-
proximation(SBA) [27].

The five-fold differential cross section (FDCS) for a two electron system (helium-likes)
can be expressed as:

d5σ

dΩs dΩ1 dΩ2 dE1 dE2

=
ksk1k2

ki
|fB1 + fB2|2 (2.37)

where
fB1 = − 1

2π

〈
Ψ−(~k1, ~k2;~r1, ~r2) ei

~ks·~r0
∣∣∣V ∣∣∣ei~ki·~r0 Φi(~r1, ~r2)

〉
, (2.38)

and

fB2 =
1

8π4

∑
n

∫
d~q

(q2 − k2
n − iε)

〈
ψ−
(
~k1, ~k2;~r1, ~r2

)
ei
~ks·~r0 |V |Φn (~r1, ~r2) ei~q·~r0

〉
×
〈

Φn (~r1, ~r2) ei~q·~r0 |V | ei~ki·~r0Φi(~r1, ~r2)
〉

(2.39)

The interaction potential V is given by:

V = − 2

r0

+
1

r01

+
1

r02

(2.40)

Here, Φi(~r1, ~r2) denotes the initial-state wavefunction of the target, while Ψ−(~k1, ~k2;~r1, ~r2)

represents the final-state wavefunction of the two ejected electrons. The coordinate ~r0

correspondsito the position of theiincident electron.
The summationiover n incorporates the full contributionifrom all n discrete and con-
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tinuumistates of the ionizeditarget (which containsithe two active electrons) [30].

2.5.3.2 Four-fold Differential Cross Section (4DCS)

The four-fold differential cross section (4DCS) isiobtained byiintegrating the five-fold dif-
ferential cross section (FDCS) overithe solidiangle of one of the outgoing electrons (either
the scatteredielectron or one of the two ejected electrons). This quantity isimeasured in
an (e, 3e− 1) experiment:

σ4 =
d4σ

dE1 dE2 dΩs dΩ1

=

∫ (
d5σ

dE1 dE2 dΩ1 dΩ2 dΩs

)
dΩ2 (2.41)

Or
σ4 =

d4σ

dE1 dE2 dΩ1 dΩ2

=

∫ (
d5σ

dE1 dE2 dΩ1 dΩ2 dΩs

)
dΩs (2.42)

Since oneielectron is not fullyicharacterized, the 4DCS isiconsideredian incomplete mea-
surement. It describesiinstead the angularicorrelation between twoiselected electrons
among the threeiemitted in the double ionization process [3].

2.5.4 The Mechanisms of Double Ionization

Over theipast two decades, both theoryiand experiment haveisignificantly advanced our
understanding of the four-body problemiinvolved in double ionization (DI).

A completeicharacterization of suchia four-body system can beiachieved experimen-
tallyiby simultaneously measuringithe momentum vectorsiof all final-state particles. This
type of multi-coincidence measurement [31], whileiextremely powerful, suffersifrom in-
trinsically low countingirates, making itsirealization technically challenging. Recent de-
velopments in multi-detectionitechniques have greatlyiimproved these measurements, and
various experimentaliapproaches to study electron-impact double ionizationihave been
established, eachiwith its own advantagesiand limitations.

On the theoreticaliside, the description ofisuch four-body systemsifaces challenges typ-
ical of many-body correlated iroblems. First, as the number of interactingiparticles and
degrees of freedomiincreases, the directinumerical evaluation of the four-body Green’s
function, which contains the completeispectrum of the system, becomesiincreasingly dif-
ficult. Second, because interacting many-particle systems areigenerally non-integrable,
analytical treatments can onlyiprovide approximate solutions.

Various theoreticalimethods have beenideveloped to address theseichallenges and to
identifyiqualitatively the possibleimechanisms of DI, ranging fromiperturbative many-
body treatments (first- and second-order theories) to non-perturbativeiand fully numeri-
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caliapproaches.
A very usefuliway to identify theidominant physicalipathways that contribute to the

measured cross sections is a multiple-scatteringiexpansion of the full scatteringioperator.
Individualiterms of this expansionican be associated with pictorial scattering mecha-
nismsiand with characteristicikinematic signatures inithe measured spectra [8].

Broadly, the mechanismsileading to DI can be classified intoiindirect and direct pro-
cesses. Indirectimechanisms involve more elaborateisequences of interactions, often medi-
ated by the residual ionior involving multipleiscatterings beyond the two activeielectrons.
These can includeiprocesses such as projectile–ion scatteringifollowed by electron emis-
sion, recoil effects, andiinterference between competingipathways. Other mechanismsiof
this type have been reported in the literature [32], but they areigenerally more system
specificiand play a secondaryirole under typical high-energy collision conditions.

In contrast, directimechanisms are those in which doubleiionization results primar-
ilyifrom one or two dominantiinteractions involving theiprojectile and theitarget electrons.
Among these, Shake-Off (SO), Two-Step 1 (TS1) (first-order process), and Two-Step
2 (TS2) (second-order process) areirecognized as the principalimechanisms responsible
forielectron double ionizationiof atoms and moleculesniin many experimentaliand theoret-
ical studies, especiallyiat intermediate toihigh projectileienergiess, [33, 34]. The FDCS
correspondingito them can be expressed as:

d5σ

dΩsdΩ1dΩ2dE1dE2

=
k1k2ks
ki

|MSO +MTS1 +MTS2|2 (2.43)

where theitransision amplitudesMSO, MTS1 andMTS2 correspond respectively to the SO,
TS1 and TS2 processes.

In whatifollows, we will focus onithese three direct mechanisms, asithey are the most
relevantito our study. A moreicomprehensive discussioniof all double ionizationimechanisms,
including these three, can be found in Berakdar et al. [35].

2.5.4.1 Shake-Off (SO)

The shake-off (SO)imechanism wasitheifirst pathwayiproposed for double ionization [34].
It is describediwithin the first-order Born approximation, whereithe corresponding tran-
sition amplitude MSO for a helium-like atom is given by:

MSO = − 1

2π

〈
Ψ−(~k1, ~k2;~r1, ~r2) ei

~ks·~r0
∣∣∣∣− 2

r0

+
1

r01

+
1

r02

∣∣∣∣ei~ki·~r0 Φi(~r1, ~r2)

〉
(2.44)
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Figure 2.4: Diagram illustrating the Shake-Off mechanism of double ionization (DI).

In theiSO mechanismithe projectileiremoves (or strongly perturbs) oneielectron and
is emitted into theidirection of ~K soirapidlyithat the second electron, seeing effectively
theisudden changeifrom a neutral core to a doubly chargedicore, is projected into the
continuum withoutifurtheriinteraction with the projectile.

2.5.4.2 Two-Step 1 (TS1)

TS1 is a doubleibinaryicollisioniprocess in which theiprojectile (incident electron) first hits
aniactive electron. In a subsequent electron–electron collision, energy isitransferred to
the second electron, causingiitsiejection. This sequential mechanismileadsito the stepwise
emission of theitwo electrons, hence the designation Two-Step 1 (TS1).

Figure 2.5: Diagram illustrating the Two-Step 1 mechanism of double ionization (DI).

For this mechanism, the contribution MTS1 for helium-likes is written as:

MTS1 =
1

8π4

∑
n

∫
d~q

(q2 − k2
n − iε)

〈
ψ−
(
~k1, ~k2;~r1, ~r2

) ∣∣∣∣ 1

r12

∣∣∣∣Φn (~q;~r1, ~r2)

〉
×
〈

Φn (~q;~r1, ~r2) ei
~ks·~r0

∣∣∣∣− 2

r0

+
1

r01

+
1

r02

∣∣∣∣ ei~ki·~r0Φi(~r1, ~r2)

〉
(2.45)

36



CHAPTER 2. SINGLE AND DOUBLE IONIZATION PROCESSES

Typical TS1ikinematicsiinclude almost perpendiculariemission directions for the two
electrons (~k1 ⊥ ~k2) and aismall recoil ion momentum (q ≈ 0) initheisimplest cases.

Both SOiand TS1 processesiare of theifirst order inithe projectile-target interactioniand
show axialisymmetry with respect to ~K [36].

2.5.4.3 Two-Step 2 (TS2)

TS2 is anotherisequential (two-step) mechanismibut with aidifferent ordering of the bi-
nary collisions, iniwhichithe incident electron undergoes twoisuccessive interactionsiwith
distinct target electrons (Figure 2.6). In the multiple-scattering series [32, 37], TS2 arises
from second-order termsiinithe scatteringipotential [35]. A signature of a second or higher
order processesiis a break up of the symmetryiof the cross section with respect to ~K [36].

Figure 2.6: Diagram illustrating the Two-Step 2 mechanism of double ionization (DI).

A variantiof thisiTS2 mechanism can also be considered. It differsifromithe stan-
dard process in that theifirst stepiinvolvesia collision (elastic or inelastic)iwithout ioniza-
tionibetween the incident electroniandithe target. The second step then consistsiof double
ionizationiof the target, resultingifrom theiredistribution of energy and momentum im-
parted to theitargetiduring the first collision. The corresponding transition amplitude for
the double ionization of the helium-like atom, MTS2, is written as [30]:
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MTS2 = − 1

8π4

∑
n

∫
d~q(

k2
i − q2 − k2

1 − 2In
) 〈ψ(−)(~k2, ~r2)ei

~ks·~r0
∣∣∣∣ 1

|~r02|

∣∣∣∣ψn(~r1, ~r2)

〉
×
〈
ψ(−)
n (~q;~r1, ~r2)ei

~ki·~r0
∣∣∣∣ 1

r0

+
1

|~r01|
+

1

|~r02|

∣∣∣∣ψi(~r1, ~r2)

〉
− 1

2π

∑
n

∫
d~q

(2π)3
(
k2
i − q2 − k2

2 − 2In
) 〈ψ(−)(~k1, ~r1)ei

~ks·~r0
∣∣∣∣ 1

|~r01|

∣∣∣∣ψn(~r1, ~r2)

〉
×
〈
ψ(−)
n (~q;~r1, ~r2)ei

~ki·~r0
∣∣∣∣ 1

r0

+
1

|~r01|
+

1

|~r02|

∣∣∣∣ψi(~r1, ~r2)

〉
(2.46)

where the summation over n meansithat we takeiinto account all the contributionsiof
the n discrete and continuum states ofi the target.

According to Eq. 2.46, interferenceieffects between differentimechanisms can arise in
the calculationiof FDCS [34]. Popov and co-workers [38] investigatedihelium double ion-
ization at highiimpact energiesiand showed that TS1 dominates at smallimomentum trans-
fer when the ejected electronsicarry high energies (around 500 eV each). Their analysis
includediinterference by adding theiamplitudes of SO and TS1. Later, El Mkhanter et
al. [29] and Dal Cappello et al. [33] confirmed theirole of TS2 in heliumidouble ioniza-
tion atihigh energy, considering interferenceibetween SO and TS2, as well as combined
contributionsifrom SO, TS1, and TS2 simultaneously [39].

2.6 Theoretical models

The theoretical andiexperimental study of ionization processes induced byielectron impact
has attracted considerable attention. Both single ionization (e, 2e) and double ionization
(e, 3e) provide valuable insight into theidynamics ofiatomic and molecular collisions. Over
theiyears, a numberiof theoretical modelsihave been proposedito interpret the information
containediin differential cross sections. Weibriefly introduceisome of them here, as they
represent the most basic and accurate frameworks for describingiionization processes.

2.6.1 Brauner, Briggs, and Klar (BBK) model

Thisitheoreticaliapproach, named after its original developersiBrauner, Briggs, and Klar
in their study of theisingleiionization of hydrogen atom, provides theiexact waveifunction
for three Coulomb-interactingiparticles (the scattered electron, theiejected electron, and
the residual ion) above their total break-upithreshold and at infinite separations [21].
In their formulation, the final state isidefinedias the product of three Coulomb waves:
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twoiCoulombiwaves describing the interaction of the outgoingielectronsiwith the residual
ion, and the thirdidescribingithe post-collisionaliinteraction (PCI) between the two elec-
trons. Althoughithis type of wavefunction had already been proposediearlier by Garibotti
et al. [40] in theicontext of ion–atom collisions, it hadinot beeniimplemented until Brauner
and colleaguesiapplied it to theielectron-impact problem [41].

Over time, thisiframework hasibeen extended to investigate a wideirange ofiionization
processes: for instance, electron-impact single ionization of rare gases from heliumito
krypton [42], as well asidouble ionizationiof helium, where Joulakian et al. [43] devel-
oped aimethodifor calculationiof the five-fold differential cross-section (FDCS) using,
forithe firstitime, correlated wavefunctionsito describeithe initial and finalistates of the
colliding systemiwithin a first Born approach [39]. This BBK wavefunction satisfies
the Coulomb boundary conditions exactly in the asymptoticiregioniby representing each
ejectedielectron by a Coulomb waveiandithe mutual repulsionibetween them by a third
Coulomb wave. To render suchiproblems tractable, theicomplex N -electron dynamicsiare
simplified by invoking theifrozen-core approximation (two activeielectron approximation),
whereby the tightly bound innerielectrons are assumed to remainiunchanged during the
collision. The active spaceiis then reduceditoithe electrons directly involved in the ioniza-
tioniprocess. For single ionization, thisileadsito the single-active-electron (SAE) approx-
imation [44], where only oneielectroniis treated dynamically (the one that isieventually
ejected). In both cases, the residualiion is representediby an effective potential arising
from the nuclei and the frozen core electron density.

Later, in 1993, DaliCappelloiand collaborators proposedithe 2CWG model [45], in
which the two ejectedielectrons are represented by Coulomb waves, whileitheir mutual
repulsion isiincorporated through a Gamowifactor. This approach simplifies the calcu-
lations and reduces computation time, providing a more accurate description of double
ionization processes such as (e, 3e) and (γ, 2e) [41], although the post-collision interaction
(PCI) is not treated exactly.

2.6.2 Distorted Wave Born Approximation (DWBA) model

TheiDistorted WaveiBorn Approximation (DWBA) model takesiinto account the distor-
tions in the wavefunctions of bothitheiincident electron and those inithe outgoing channel
(scatterediand ejected electrons). Inithis approach, the incident electroniisidescribed by a
distorted wave calculatediin theistatic-exchange potential of the atom, whileithe scattered
and ejected electrons are representediby distortediwaves obtained from the exchange po-
tential of the residual ion. The distorted wavefunctions used in this modeliare discussed
in detail in [46].
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At low projectile energies, distortion can no longer be neglected, as assumed in the
standard Born approximation. The projectile then experiences a distortion potential in
both the entrance and exit channels [41], representing a short-range plus Coulomb inter-
action between each electron and the target in its initial and final states. Consequently,
the incident and outgoing electrons are described by distorted waves, while the influence
of the potential becomes negligible beyond a certain distance.

At veryihighiincident and scattered energies, distortion andiexchange effects become
weakifor the incidentiand scatteredielectrons, which makes it useful toireplaceithe dis-
torted waves for these electronsiwithiplane waves, giving rise to the Plane Wave Born
Approximation (PWBA) [47].

Inithe context ofisingle ionization (SI), several variantsiof the Distorted Wave Born
Approximation (DWBA) haveibeeniproposed inithe literature. For instance, the hybrid
DWBA-R model, introduced by Bartschat, describesithe interaction between the ejected
electroniandithe residualiion using an R-matrix formalism [48]. Its first-order and second-
order formulationsiare commonly referredito as DWB1-RM and DWB2-RM, respectively
[49, 50].

Among the most advanceditheoreticaliapproaches developedito overcome the limita-
tions of the DWBA is the Three-Distorted-Wave (3DW) model,iproposed by Prideaux
and Madison [51]. This model incorporatesipost-collision interactions (PCI) to more ac-
curately describeithe dynamicsiof the ionizationiprocess. The 3DW model, alongiwith
its moleculariextension M3DW, is consideredione of the mostiaccurate and sophisticated
frameworks currentlyiusedifor studying electron-impact single ionization.

2.7 Conclusion

Thisichapter provided a comprehensiveioverview of single and doubleiionization, detailing
bothitheir physical mechanismsiand the theoretical frameworks usedifor their description.
The discussioniemphasized theicritical role of electronicorrelation and wavefunction-based
methods in understandingimany-bodyieffects on ionization dynamics.

The rich (e, 2e) processiserved to illustrate single ionization,iwhere analyzing cross sec-
tions, geometries, andiincident energies yields detailed insightsiinto electronic structure
and scattering dynamics. In contrast, the (e, 3e) processihighlighted theiinherent com-
plexity of double ionization, whereistrongericorrelation effects and multiple interaction
mechanisms are key.

Variousitheoretical models, rangingifrom BBK and DWBA to the more advanced
3DW/M3DW approaches, were discussed.iThese models demonstrateidifferent strategies
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foridescribing few-body interactionsiand underscore the necessity of accurately accounting
foriboth electronicorrelation and post-collision effects.
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Chapter 3

Double Ionization of Beryllium Atom
by Electron Impact

3.1 Introduction

The beryllium atom (Be) is the simplest alkaline earth metal; however, the strong interac-
tions between its electrons make it an excellent system for studying complex many-body
effects, particularly electron correlation. When investigating the double ionization of a
beryllium atom that has the electronic configuration 1s22s2, different ionization pathways
may be considered. In the present work, we consider the possibility of simultaneously
removing two electrons from the L-shell, which is more favorable than other pathways,
such as double ionization (DI) of K-shell electrons or mixed-shell ionization (one from
the K-shell and one from the L-shell). This process requires an ionization energy of
I++ = 27.51 eV. The aim of this chapter is to provide the theoretical framework for
studying the double ionization of beryllium at high incident energy (1500 eV). This en-
ergy is sufficiently large to induce double ionization of almost any atom or molecule.
Energies in the range of 750–5500 eV are commonly used by researchers to investigate
the dynamics and cross sections of this complex process [1–4]. Furthermore, studying the
high-energy electron-impact double ionization of beryllium is essential for understanding
fundamental atomic processes, testing theoretical models, and providing valuable data for
plasma physics applications.

In this study, the BBK model and its approximate versions, namely the 2CWG model
(two Coulomb waves with Gamow factor) and the 2CWWM model (two Coulomb waves
with Ward and Macek factor), are employed to present various results for the five-fold
differential cross section (FDCS) of beryllium as a function of different experimental
parameters of the collision system, such as the energies and angular distributions of the
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incident, scattered, and the two ejected electrons. Furthermore, a comparison is made
between these models, along with the 2CW model, to highlight the role of post-collision
interactions (PCI).

3.2 The (e,3e) Double Ionization of Beryllium

The double ionization of the Be atom by electron impact, in which the two ejected elec-
trons are detected in coincidence with the scattered electron, is schematically represented
as follows:

e−(Ei, ~ki) + Be −→ Be2+ + e−(Es, ~ks) + e−(E1, ~k1) + e−(E2, ~k2) (3.1)

where ~ki(Ei), ~ks(Es), ~k1(E1), and ~k2(E2) denote the momenta (energies) of the incident
projectile, the scattered projectile, and the two ejected electron, respectively, as required
by the conservation laws:

Ei = Es + E1 + E2 + I++ and ~ki = ~ks + ~k1 + ~k2 + ~q

I++ and ~q are respectively the ionization potential and the recoil momentum.
The momentum transfer to the target is defined by:

~K = ~ki − ~ks

The magnitude and direction of the momentum transfer depend on the nature of the
collision (see Chapter 2).

3.2.1 Initial state

The incident electron is described by a plane wave due to its relatively high energy, which
allows the study of the (e,3e) process of the beryllium atom within the framework of
the first Born approximation. It should be noted that, under this approximation, the
theoretical models can only describe first-order processes such as shake-off (SO) and two-
step 1 (TS1) (see chapter 2 ). In this case, the initial state of the collision can be expressed
as:

Ψi = ei
~ki·~r0 φi(~r1, ~r2, ~r3, ~r4) (3.2)

where φi(~r1, ~r2, ~r3, ~r4) is the wavefunction of beryllium atom in its ground state.
The beryllium atom in its 1S ground state, with two shells , can be expressed within

the Hartree–Fock method, where it is described by a single determinant constructed
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from suitable spin–orbitals. In this work, we employ the Slater-type orbitals provided
by Clementi and Roetti [5]. Thus, the function φi(~r1, ~r2, ~r3, ~r4) reduces to a simple prod-
uct of Hartree–Fock orbitals, written as:

φi(~r1, ~r2, ~r3, ~r4) = u1s(~r1)u1s(~r2)u2s(~r3)u2s(~r4) (3.3)

The orbitals defined by Clementi for the case l = 0 take the form:

uns(r) =
∑
i

aniNsie
−αsirrµsiY 0

0 (3.4)

where each orbital uns is described as a linear combination of i basis functions, with
the corresponding parameters αi and µi given in Table 3.1, taken from [6]. The term
Y 0

0 = 1√
4π

represents the spherical harmonic corresponding to the quantum number l = 0.
The normalization factors Nsi is defined as:

Nsi =
(2αsi)

µsi+
3
2√

[2(µsi + 1)]!
(3.5)

Tableau 3.1: Parameters of the HF 1s and 2s orbitals of Be [6]

Basis of i terms αsi a1i (1s) a2i (2s)
i µsi
1 0 3.4703 -0.91792 -0.17065
2 0 6.3681 0.08742 -0.01469
3 1 0.7516 0.00147 0.11551
4 1 0.9084 -0.00267 -0.67835
5 1 1.4236 0.00222 0.30265
6 1 2.76163 0.00597 -0.09232

3.2.2 Final state

The two atomic electrons, once ejected, are found beyond the double ionizationithreshold
but still within theiCoulomb field of theiion and under their mutual interaction. The quan-
tumidescription of this electroniciCoulomb double continuumirepresents one of the funda-
mentaliproblems of atomic physics [7]. In our case, we willitreat this doubleicontinuumias
a three-body problem, consisting of one heavyiparticle (the ion) and twoiejected elec-
trons, with the scattered electroniassumed not to interactiwith them and is describediby
a plane wave. The double continuum is effectivelyidescribed by a three-body Coulomb
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(3C) wave function (BBK wave function) [8], where two wave functions representithe
ejectedielectrons, while the third one is represents the repulsion of these two laters (post
collision interaction). The final state of the collision is then given by:

Ψf = ei
~ks·~r0 φf (~k1, ~r1, ~k2, ~r2) (3.6)

The wavefunction for the double continuum state of the beryllium atom φf (~k1, ~r1, ~k2, ~r2)

can be written (taking into account the possible exchange between the two ejected elec-
trons) as follows:

φf (~k1, ~r1, ~k2, ~r2) =
1√
2

[
φc(~k1, ~r1)φc(~k2, ~r2)± φc(~k1, ~r2)φc(~k2, ~r1)

]
C(a12, ~k12, ~r12) (3.7)

with

φc(~kj, ~rj) =
ei
~kj ·~rj

(2π)3/2 1F1

(
−iαj, 1, −i(~kj · ~rj + kjrj)

)
e
παj
2 Γ(1 + iαj) , j = 1, 2 (3.8)

The term C(a12, k12, ~r12) describes the PCI in the final state, and it is expressed as:

C(α12, ~k12, ~r12) = exp
(
−πα12

2

)
Γ (1− iα12) 1F1

(
−iα12, 1,−i(~k12 · ~r12 + k12r12)

)
(3.9)

where αj = − Z
kj

with Z = 2, and α12 = 1
2k12

with ~k12 = 1
2

(
~k1 − ~k2

)
.

Two Coulomb Waves (2CW) model

This model, introduced by Byron and Joachain [9, 10], simplifies the final state of the
reaction, by taking into account theiCoulomb interaction between the two ejected elec-
trons andithe residualiion, and neglects the interactionsibetween these two electrons, so
The wavefunction for the double continuum state is represented by two non-correlated
Coulomb waves, written as follows:

φf (~k1, ~r1, ~k2, ~r2) =
1√
2

[
φc(~k1, ~r1)φc(~k2, ~r2)± φc(~k1, ~r2)φc(~k2, ~r1)

]
(3.10)

The Coulomb wave φc(~kj, ~rj)j=1,2 is given by the expression in Eq. (3.8).

Two Coulomb Waves with Gamow factor (2CWG) model

In order to simplify the calculations while maintaining physical accuracy, we employ the
two Coulomb Waves with Gamow factor (2CWG) model. In this model, the incident and
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the scattered particles are described by plane waves, while the two ejected electrons are
described by Coulomb waves with a Gamow factor to take into account the repulsion
between them. Hunce, the term in Eq. 3.9 will be approximate to the Gamow factor [11]:

ϕG(k12) =
π exp(−π/k12)

k12 [1− exp(−π/k12)]
(3.11)

Two Coulomb Waves with Ward and Macek factor (2CWWM) model

Another way to simplify the calculation and achieve a shortericomputation time with-
outilosing the physical aspect of theiCoulomb repulsion between theitwo continuum elec-
trons is by using the 2CWWM model. It is well established in the literatureithat the
Gamow factor leadsito a significantireduction in the amplitude ofithe cross sections [12].
For this reason, the 2CWWM model was developed to partially correct theieffect of the
Gamow factor. This model, proposed by Ward and Macek [13], is based on evaluating
the distortion C(α12, ~k12, ~r12) at a fixed, nonzero distance. The Ward and Macek factor
is given by:

ϕWM(k12, r312ave) =
π exp(−π/k12)

k12 [1− exp(−π/k12)]
|1F1(−iα12, 1, −2ik12r12ave)|2 (3.12)

The distance r12ave obtained by Ward and Macek [13] is given by:

r12ave =
π2

16ε

(
1 +

0.627

π

√
ε ln ε

)2

(3.13)

Where ε = 1
2
(k2

1 + k2
2)

3.3 Five-Fold Differential Cross Section (FDCS)

The expression of the five-fold differential cross section (FDCS) in the first Born approx-
imation (FBA) takes the form:

d5σ

dΩs dΩ1 dΩ2 dE1 dE2

=
ksk1k2

ki

∣∣fB1

∣∣2 (3.14)

where dΩs, dΩ1, and dΩ2 are the solid angle elements of the scattered and the two ejected
electrons, respectively.

The scattering amplitude fB1 is:

fB1 = − 1

2π
〈Ψf |V |Ψi〉 (3.15)
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where V , the interaction potential between the incident electron and the beryllium atom,
is giving by:

V =
4∑

k=1

1

|~rk − ~r0|
− Z

|~r0|
(3.16)

with Z = 4, where ~r0 denotes the position vector of the incident electron relative to the
nucleus, and ~rk denotes the position vectors of each of the four target electrons relative
to the nucleus.

Approximation method

We assume that only the 2s2 valence electrons are ionized, while the tightly bound 1s2

electrons remain unaffected (frozen-core approximation [14]). Thus, Eq. (3.15) can be
written as:

fB1 = − 1

2π

〈
φf (~k1, ~k2, ~r1, ~r2) ei

~ks·~r0
∣∣ V ′ ∣∣ ei~ki·~r0 φi(~r1, ~r2)

〉
(3.17)

where the Coulomb interaction potential between the incident electron and the two active
electrons (which will be ejected subsequently) is:

V ′ = − 2

r0

+
1

|~r0 − ~r1|
+

1

|~r0 − ~r2|
(3.18)

The calculation of FDCS using the BBK model hasialready been appliediin several
studies for different targets. In particular, we note theiwork of Joulakian et al. [15], who
used thisiapproach to investigate the double ionization ofihelium. However, thisiprocedure
involves a large numberiof derivatives. An alternativeimethod is based on the dou-
bleiFourier transformiaccording to Kornberg and Miraglia [16], which reducesithe six-
dimensionaliintegral to three dimensionsiwhile avoiding the use of 1F1. This makesiit
possible to employ moreisophisticated initial wavefunctions, such as those ofiClementi
and Roetti [5] or configuration–interaction wavefunctions. However, this methodirequires
the introductioniof a parameter β (via the factor e−βr12, see Appendix A), which must ap-
proachizero. In our calculations, we adopted the value β = 0.005, as it provides an optimal
balance between computational cost and numerical accuracy. The detailedicalculation of
the scatteringiamplitude (Eq. 3.17) by BBK, 2CWG and 2CWWM models is giving in
Appendix A.
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3.4 Results

The present study is carried out in the context of the first Born approximation, where
the initial state of the bound electrons in the beryllium atom is represented by a HF
function (Table 3.1). The three-Coulomb-wave model (BBK), 2CWG, 2CWWM, and
2CW are used to describe the final state of the electrons emerging into the continuum.
To our knowledge, no (e,3e) experiments on beryllium have been performed so far. In this
work we aim to determine optimal energies and angular conditions for the experimental
realization of the double ionization of the beryllium atom, comparable to those widely used
in experimental studies of atomic double ionization, such as the experiments performed
in France (Orsay group) [17] and in Germany (Max Planck Institute in Heidelberg) [18].

We propose to study the double ionization process at a high impact energy of 1500
eV, which was found by Becher et al. [2] to exhibit remarkable FDCS features in the
study of the double ionization of the L shell of beryllium in coplanar geometry, and for
relatively low ejection energies E1, E2 ≤ 40 eV. The experimental detection characteristics
of the scattered and the two ejected electrons are obtained through the analysis of the
plots describing the variation of the Five-fold differential cross section (FDCS) with the
different system parameters (energies and directions of the scattered or ejected electrons).

3.4.1 Variation of the (e,3e)-Be FDCS with the scattering angle

θs

Among all possible scenarios, we consider the case where the two ejected electrons have
the same energy E1 = E2 = 10 eV, in which one of them is parallel to the momentum
transfer ~K Figures 3.1(a) and 3.1(b).

Indeed, as θs increases, the vector ~K passes through a situation where it’s magnitude
becomes equal to that of the ejected electron, ~K = ~k1. Momentum conservation then
leads to the equality ~q = ~k2. This particular situation corresponds graphically to the
peak observed on the Figure 3.1 (a) with (~k1 = −~k2) located around θs = 0.2◦−0.3◦ , and
on the Figure 3.1 (b) with (~k1 ⊥ ~k2) located at θs = 0.2◦ .

3.4.2 Variation of the (e,3e)-Be FDCS as function of θ2 (with

θ1 = 2π + 2θK − θ2)

We will start by discussing the binary and recoil peaks using BBK, 2CWG and 2CWWM
models. We consider in Figures 3.2 and 3.3, the vareation of the FDCS with θ2, where θ1

and θ2 areivaried simultaneously around the momentumitransfer direction ~K, that is, by
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Figure 3.1: FDCS for the double ionization of the Be by 1.5 keV electron impact as a function
of the scattering angle, with E1 = E2 = 10 eV. The first electron is ejected along the direction of
the momentum transfer ~K, while the second is ejected: a) along − ~K,b) at an angle perpendicular
to the direction of− ~K.

taking the direction ~K as aniaxis of symmetry for the vectors ~k1 and ~k2 of the two ejected
electrons (θ2 = 2π+ 2θK − θ1). The momentum transfer of the reaction is nearly 0.17 a.u.
This discussion was already carried out by Becher et al. [2] using the BBK model, with
all electrons of the beryllium atom included in the initial state.

It is clear from Figures 3.2 and 3.3 that two peaks appear. The first, known as the
binary peak, occurs when ~K = ~k1 +~k2 (~q = 0). The second, referred to as the recoil peak,
corresponds to the symmetric situation where ~k1 + ~k2 = − ~K (~q = 2 ~K).

Tableau 3.2: Positions of the binary and recoil peaks for theoretical and graphical results

Binary peak position Recoil peak position
K = 0.17 θK = 347.86◦ K = 0.17 θK = 347.86◦

Classically calculated [6] θ1b,t = 72.2◦, θ2b,t = 263.6◦ θ1b,t = 83.6◦, θ2b,t = 252.2◦

Graph Figure 3.2
(BBK results) θ1b,g = 60.6◦, θ2b,g = 275.7◦ θ1b,g = 91.4◦, θ2b,g = 244.5◦

Graph Figure 3.3
(2CWG and 2CWWM results) θ1b,g = 37.2◦, θ2b,g = 298.8◦ θ1b,g = 104◦, θ2b,g = 230.4◦

Graph
(BBK CI results [2]) θ1b,g = 55− 60◦, θ2b,g = 280◦ θ1b,g = 90◦, θ2b,g = 246◦

When comparing our BBK results with those of Becher et al. [2] (see Table 3.2), we
find that the results are generally similar, with some minor differences. The position of the
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Figure 3.2: Variation of the FDCS with θ2 and θ1 = 2π + 2θK − θ2 for E1 = E2 = 10 eV ,
Ei = 1.5 keV and θs = 0.2◦. Red solid line represents theoretical results of BBK model. The
dashed vertical lines indicate the momentum transfer ~K and its opposite direction− ~K. K = 0.17
a.u. and θk = 347.86◦.

binary peak is closer to the classical theoretical prediction [6] than the result obtained by
Becher et al., while in the recoil region, the opposite behavior is observed. Furthermore,
we observe that the 2CWG and 2CWWM models (Figure 3.2) exhibit similar shapes,
with peaks located at the same angular positions, although the 2CWWM model predicts
a higher FDCS intensity than 2CWG model. However, these results differ significantly
from our BBK calculations, from Becher et al. results [2], and from the classical theoretical
predictions [6]. This leads to the conclusion that the BBK model provides a more accurate
description of the double-ionization process for this particular kinematic condition. In
addition, Becher [6] highlights The difference between the results obtaind from the classical
theory and graphs of BBK model to that quantum phenomena can only be described
approximately using a classical approach.

3.4.3 Variation of the (e,3e)-Be FDCS with the ejection angles θ1
and θ2

3.4.3.1 Case E1 = E2 = 10 eV

We present in this section (Figure 3.4), the Variation of the FDCS for the double ionization
of Be as function of ejection angles θ1 and θ2 (Ei = 1500 eV , θs = 0.2◦ , E1 = E2 = 10 eV).
Figure 3.4 highlight the spatial regions where experimental detection would be most fa-
vorable. The distribution exhibits a symmetric pattern, which is a direct consequence of
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Figure 3.3: same as in Figure 3.2, with theoretical 2CWG results are represented by a bleu
dashed line and the theoretical results of 2CWWM results are represented by a magenta solid
line. The vertical dashed line represents the momentum transfer ~K and its opposite direction− ~K
with K = 0.17 and θk = 347.86◦

the choice E1 = E2. In fact, the diagonal corresponding to θ1 = θ2 defines a forbidden
region, where the cross section vanishes since both electrons cannot be ejected in the same
direction with identical energies (Coulomb repulsion) [19].

We observe three lobes. The first one extends over θ1 ∈ [0◦, 75◦] and θ2 ∈ [260◦, 335◦],
with a maximum characterized by |θ1 − θ2| ≈ 260◦ corresponding to a forward scattering
mainly due to the TS1 mechanism, in which the incoming electron collides with a target
electron that is ejected along the direction of the momentum transfer ~K (or symmetrically
in the opposite direction). This ejected electron then collides with another target electron.
This second collision is not purely elastic (quasi-elastic) [20], and the strong electrostatic
repulsion leads to an angle |θ1 − θ2| = 100◦ > 90◦. We also observe two secondary
lobes with less pronounced maxima. The first extends over θ1 ∈ [140◦, 188◦] and θ2 ∈
[334◦, 358◦], with a maximum characterized by |θ1 − θ2| = 180◦. The second extends over
θ1 ∈ [88◦, 114◦] and θ2 ∈ [216◦, 243◦], with a maximum characterized by |θ1 − θ2| = 130◦

associated to a backward emission of the TS1. The remaining three lobes are obtained
directly through symmetry considerations.

3.4.3.2 Case E1 = 5 eV and E2 = 15 eV

Figure 3.5 represents the same situation as in Figure 3.4, but for different ejection energies
(E1 = 15 eV, E2 = 5 eV).

The results obtained here show four lobes: two large lobes with maximum amplitudes
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Figure 3.4: color-scale representation of the FDCS in a.u., for L-shell double ionization, as a
function of the ejection angles θ1 and θ2 and for equal asymptotic energiesE1 = E2 = 10 eV. The
energy of the incident electron is fixed at Ei = 1.5 eV and the scattering angle is θs = 0.2◦.

on the order of 1.59 a.u., characterized by |θ1 − θ2| ≈ 175◦. This indicates that the SO
mechanism is the main process involved in the double-ionization. The first lobe extends
over θ1 ∈ [0◦, 30◦] and θ2 ∈ [100◦, 260◦], with a maximum centered around (θ1, θ2) =

(0◦, 176◦), while the second extends over θ1 ∈ [298◦, 356◦] and θ2 ∈ [66◦, 263◦], with a
maximum centered around (θ1, θ2) = (341◦, 165◦). The SO mechanism is identified by the
emission of one electron along the momentum transfer + ~K, which induces a rearrangement
of the target electrons and leads to the ejection of a second electron in the opposite
direction.

The other two lobes are characterized by |θ1 − θ2| ≈ 130◦. One extends over θ1 ∈
[298◦, 356◦] and θ2 ∈ [66◦, 263◦], with a maximum centered around (θ1, θ2) = (141◦, 270◦),
while the other extends over θ1 ∈ [158◦, 222◦] and θ2 ∈ [28◦, 102◦], with a maximum
centered around (θ1, θ2) = (194◦, 63.8◦). These two lobes are associated with the TS1
mechanism.
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Figure 3.5: color-scale representation of the FDCS in a.u., for L-shell double ionization, as a
function of the ejection angles θ1 and θ2 and for ejection energies E1 = 15 and E2 = 5 eV. The
energy of the incident electron is fixed at Ei = 1.5 eV and the scattering angle is θs = 0.2◦. The
dashed lines are the direction of the transfert momentum.

3.4.4 Variation of the (e,3e)-Be FDCS with one ejection angle θ1
(with θ2 fixed)

In Figures 3.6-(a) and 3.6-(b), the FDCS is plotted as a function of θ2 for θ1 = θk = 347.86◦

by 1.5 keV impact energy, with θs = 0.2◦ in coplanar geometry. We compared the BBK
results with the 2CW, 2CWG, and 2CWWM models. The data obtained from BBK
model are cross normalized to 2CWWM model to establish an absolute scale, as well
as for 2CW and 2CWG models. We observe for both cases (a) and (b) that the shape
of the 2CW result is different from the others, and the peak is not pronounced. This
may be attributed to the neglect of the post-collision interaction (PCI), unlike in the
BBK, 2CWG, and CWWM models, where it is included either through the Coulomb
wave (BBK), the Gamow factor (2CWG), or the Ward and Macek factor (2CWWM).

Figure 3.6-(a) corresponds to the energy case E1 = 15 and E2 = 5 eV, where the
faster ejected electron is detected along the momentum transfer direction. The maximum
is observed at θ2 = 168◦ ≈ −θK for BBK, 2CWG, and 2CWWM models. This angular
position corresponds to the condition of minimum recoil ion momentum, where ~q = ~K.
This behavior can be interpreted in terms of the SO mechanism. Such a back-to-back
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Figure 3.6: Variation of the FDCS with θ2 for L-shell double ionization, with θ1 = θk, Ei =
1.5 keV, and θs = 0.2◦. BBK theoretical results are represented by a red solid line. 2CW
(multiplied by 0.02 in (a) and by 0.27 in (b)), 2CWG (multiplied by 2.7 in (a) and (b)) and
2CWWM theoretical results are represented by a bleu dashed line, magenta dashed dotted line,
and green dotted line,respectively. The vertical dashed line represents the momentum transfer
~K and its opposite direction− ~K with K = 0.17 a.u. and θk = 347.86◦. (a) E1 = 15 , E2 = 5 eV.
(b) E1 = 5 , E2 = 15 eV.

emission of the two outgoing electrons has been previously reported in many studies (such
as [18, 21]).

Figure 3.6-(b) corresponds to the same configuration as Figure 3.6-(a), but with E1 =

5 eV and E2 = 15 eV. In this case, the slower ejected electron is detected along the
momentum transfer direction, and the angular position of the maximum (θ2 = 167.6◦ ≈
−θK) remains consistent across the BBK, 2CWG, and 2CWWM models. However, the
2CWG and 2CWWM models exhibit a larger peak compared to the BBK model.

The slow electron (5 eV) is ejected along + ~K, and the second electron (15 eV) is
ejected along − ~K. This corresponds to the back-to-back emission (the SO mechanism).

We now consider another situation corresponding to equal energy sharing, where E1 =

E2 = 10 eV (Figures 3.7-(a) and 3.7-(b)). The present analysis is performed within the
framework of the BBK model (red solid line), and the obtained results are compared with
those reported by Becherer et al. [2], who employed the BBK model with the Jastrow fully
correlated function for the Be initial state where the influence of the inner electrons has
been also effectively considered (green dashed dotted line). The choice of the kinematical
conditions are also taking from [2]. In this context, our primary objective is to simplify the
computational procedure in order to reduce the overall calculation time while maintaining
a satisfactory level of accuracy with the existence theoratical results. Our results are
normalized to the maximum value of those obtained by Becher et al. [2], to provide the
best visual comparison. In Figure 3.7-(a) (θ1 = 285◦), two distinct peaks are clearly
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Figure 3.7: Variation of the FDCS with θ2 for L-shell double ionization, for different values of
θ1, with Ei = 1.5 keV, and θs = 0.2◦. Our theoretical BBK results are represented by a red
solid line and the theoretical results of Becher et al. are represented by a green dashed dotted
line. (a) θ1 = 285◦. (b) θ1 = 50◦.

observed around θ2 = 70◦ (binary peak) and θ2 = 130◦ (recoil peak) in our results, and
around θ2 = 64◦ and θ2 = 134◦ in those of Becherer et al. [2]. It is evident that the two
sets of results exhibit a similar shape, with a slight shift in the position of both peaks (6◦

for binary peak and 4◦ for recoil peak). Here, the binary lobe is more pronounced than
the recoil lobe for both models. It should be noted that there is an interference between
the TS1 and SO mechanisms. The same analysis can be applied to the case θ1 = 50◦

shown in Figure 3.7(b). Once again, both results exhibit a similar shape, with a slight
shift in the position of the recoil peak. It should be noted that the lobe with the highest
amplitude here corresponds to the recoil peak. Furthermore, an interference between the
TS1 and SO mechanisms can be observed. In general, there is a good agreement between
the two theoretical models in terms of shape, with only a small shift in the positions of
the peaks, most likely caused by the correlation effects of the initial-state wave function
used.

3.5 Conclusion

In this chapter, the L–shell double ionization of beryllium by electron impact was investi-
gated using the BBK model and its approximation 2CWG and 2CWWM models, in which
the post-collision interaction (PCI) is included and treated exactly. The analysis of the
five-fold differential cross sections (FDCS) revealed a strong dependence on the scattering
geometry, as well as on the ejected electron energies and directions. The results exhibited
distinct binary and recoil structures with a pronounced forward–backward asymmetry,
which is most prominent at small momentum transfer. Moreover, a comparison between
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our results and those obtained by Becherer et al. [2] (Figure 3.7), show a reasonable con-
sistency between the two theories, confirming the reliability of our simplified approach
and its effectiveness in reducing computational time.
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Chapter 4

Single and Double Ionization of Water
Molecule

4.1 Introduction

As water is the main constituent of biological matter, studying the ionization of water
molecules is essential for understanding the damage caused to living tissues by ionizing
radiation [1, 2]. It is now well established that there are strong correlations between
exposure to ionizing radiation and the biophysical processes that lead to complex DNA
damage, as well as gene and chromosomal mutations. In particular, the production of low-
energy secondary electrons resulting from the primary ionization of water is important to
elucidate the mechanisms that lead to cellular damage.

In this chapter, we will study the single ionization (SI) of the water molecule1 and the
double ionization (DI) of the oriented water molecule by electron and positron impact.

For single ionization (SI), we investigate the influence of the projectile charge. While
electron-impact ionization has been extensively studied [3–5], positron-impact ionization
remains relatively unexplored, offering new insights into charge-related effects. The cal-
culations are carried out using the M3CWZ model, which incorporates a variable charge
approximation within the BBK framework [6, 7]. This model has already been applied
in our previous works on nitrogen and water molecules [3, 8]. The continuum particles
for positron impact are represented by Coulomb waves with position-dependent charges
Z(r).

For double ionization (DI), we investigate the influence of the initial-state wavefunction
1This part of the chapter (in particular sections 4.2 and 4.4) is reproduced from: I. Khiat, S. Houamer,

I. Kada, S. Mekhalfa, A. Tamin, and C. Dal Cappello, “Projectile charge effects in ionization of water
molecule by positron and electron impact.” Eur. Phys. J. D 79, 68 (2025), with the permission of
Springer Nature.

62



CHAPTER 4. SINGLE AND DOUBLE IONIZATION OF WATER MOLECULE

on the (e,3e) differential cross sections of H2O at a fixed molecular orientation. Using
the 2CWG model within the framework of the first Born approximation (FBA) (see
Chapter 3), we calculate the six-fold differential cross sections (6DCSs) and compare
our results with previous studies [9, 10].

4.2 Description of the target

In this work, we investigate the single ionization (SI) of the water molecule induced by
electron and positron impact, as well as its double ionization (DI) caused by electron im-
pact. To model the target, the H2Omolecular wave functions are represented following the
approach of Hafied et al. [11], in which the bound state is expressed as a linear combina-
tion of single–center atomic orbital–molecular orbital (LCAO-MO) functions localized on
the oxygen atom. The resulting symmetry properties are essential for data interpretation,
theoretical calculations, and for averaging the target wavefunctions over all orientations
prior to the collision. Representing the molecular states with single-center orbitals is par-
ticularly convenient for systems of the type XHn, such as H2O (see [7, 12, 13]). Below,
we outline the procedure used to construct the single-center wave functions.

The first step consists of calculating the molecular orbitals using the Gaussian 03 pack-
age [14] within the Hartree–Fock framework. The accuracy of these orbitals is verified
by comparing selected computed molecular properties with available experimental data
(see [11] and references therein). In the second step, the multicentered orbitals obtained
from these calculations are transformed into single–center expansions of Slater–type func-
tions centered on the oxygen nucleus, by means of a partial–wave expansion technique [15],
namely:

φi(~r) =

Ni∑
k=1

aik Φξik
niklikmik

(~r) (4.1)

where Ni denotes the number of Slater functions employed in the expansion of the ith

orbital, and aik represents the weight of each atomic component.
In Eq. 4.1, the basis function Φξik

niklikmik
(~r) is given by:

Φξik
niklikmik

(~r) = Rξik
niklik

(r)Y ′likmik(r̂) (4.2)

with the radial part expressed as:

Rξik
niklik

(r) = r nik−1e−ξikr (4.3)

The accuracy of the single–center molecular orbitals employed in this work can be
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assessed through structural investigations using electron momentum spectroscopy (EMS)
in (e,2e) process, typically carried out in noncoplanar geometry at high impact energies
(1–2 keV, see chapter 2). The theoretical framework of EMS is detailed in [12].

In EMS experiments, the reaction mechanism is simple enough that continuum parti-
cles can be described by plane waves, allowing the triple-differential cross section (TDCS)
to be evaluated within the plane–wave impulse approximation (PWIA) [11, 16]. Previous
EMS studies of H2O have validated the molecular orbitals used here [11]. Figure 4.1 shows
theoretical TDCSs for the 1b1, 1b2, 2a1, and 3a1 orbitals in comparison with measure-
ments at 1200 eV [17]. The ionization energies required for removing one electron from
each molecular orbital of water are as follows: 32.2 eV(2a1), 18.5 eV(1b2), 14.7 eV(3a1),
and 12.6 eV(1b1). The results demonstrate very good agreement, confirming that the
adopted single-center molecular orbitals provide a reliable description of the target for
dynamical studies (see chapter 2).

Figure 4.1: EMS momentum profile reported in a noncoplanar symmetric geometry at an
impact energy of 1200 eV, as a function of the recoil momentum. The outgoing electrons are
detected at 45◦, sharing the same energy. Theoretical PWIA results (red solid line) are compared
with experimental data (black solid circles) taken from [17]. The experimental results have been
normalized to the theoretical result for optimal visual comparison.

For further validation, we compare this wave function with the older Moccia or-
bitals [18], which are constructed as expansions of Slater-type orbitals (STOs) combined
with real spherical harmonics. These orbitals were obtained using the variational method
to optimize the orbital parameters and coefficients in order to minimize the total molecular
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energy, and have been extensively used in several studies involving both (e,2e) and (e,3e)
processes [3, 9, 19, 20]. Table 4.1 reports ground state properties, including the bound
length dOH, the angle αHOH , dipole momentµ, and the ionization potential IP, computed
with both sets of orbitals and compared to experiment [21–23]. The results clearly show
that the present wave function yields a more accurate description, supporting its use in
this work.

Tableau 4.1: Geometrical parameters as well as dipole moment µ and ionization potential (IP)
of the equilibrium configuration of H2O

dOH (a.u.) αHOH (deg.) µ (a.u.) IP (eV)
Moccia wave function [18] 1.814 106.54 0.82 13.47
Present wave function [11] 1.812 104.3 0.731 12.9
Exp. 1.809 [21] 104.5 [21] 0.728 [22] 12.6 [23]

4.3 Laboratory Frame and Molecular Frame

It is important to note that the wavefunction describing the ground state of the water
molecule in our work is defined in a coordinate system (OXY Z) attached to the molecule.
However, in the laboratory frame the wavefunction is defined in a fixed coordinate system
(Oxyz). Therefore, it is necessary to transform the molecular wavefunctions into the
laboratory frame, which is done by applying the rotation operator according to the usual
Euler angles (α, β, γ) [20].

A rotation about a point O is a displacement of all points in space such that O remains
fixed. Let (Oxyz) be a fixed right-handed trihedron and (OXY Z) the trihedron obtained
when the rotation R(α, β, γ) is applied to (Oxyz). Let (O,u) be an axis perpendicular to
the plane (O, z, Z) (see Figure 4.2). The Euler angles are defined as follows:

α = (Oy,Ou), β = (Oz,OZ), γ = (Ou,OY ).

The rotation R(α, β, γ) is the result of three successive rotations:

• rotation Rz(α) by an angle α around Oz (bringing Oy to Ou).

• rotation Ru(β) by an angle β around Ou (bringing Oz to OZ).

• rotation RZ(γ) by an angle γ around OZ (bringing Ou to OY ).

Thus, the rotation R(α, β, γ) [24] can be written as

R(α, β, γ) = RZ(γ)Ru(β)Rz(α) (4.4)
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where

Rz(α) =

cosα − sinα 0

sinα cosα 0

0 0 1

 ; Ru(β) =

 cos β 0 sin β

0 1 0

− sin β 0 cos β

 ; RZ(γ) =

cos γ − sin γ 0

sin γ cos γ 0

0 0 1



Figure 4.2: Representation of the Euler angles (α, β, γ) linking the laboratory frame (Oxyz)
to the molecular framE (OXYZ).

The wave function of the target molecule is expressed as a function of the Euler angles:

φi(lab)(~r, α, β, γ) =

Ni∑
k=1

aikR
ξ
nik

(r)

lik∑
µ=−lik

Dlik
µ,mik

(α, β, γ)Ylik,µik(r̂) (4.5)

where D lk
µ,mik

(α, β, γ) is the Wigner rotation matrix that rotates the molecular frame
to the laboratory frame. The Wigner D-matrix is defined as:

Dj
m′,m(α, β, γ) =

〈
j,m′

∣∣e−iαJz e−iβJy e−iγJZ ∣∣ j,m〉 (4.6)

or in its explicit form:

Dj
m′,m(α, β, γ) = e−im

′α d jm′,m(β) e−imγ (4.7)

where d jm′,m(β) is the Wigner small d-matrix for rotation about the y-axis.
The indices µ and mik are the projections of angular momentum in the molecular and

laboratory frames, respectively.
The operators Jy and Jz are the components of the angular momentum operator J .
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4.4 Projectile Charge Effects in Single Ionization of

H2O Molecule by Positron and Electron impact

We consider the single ionization of H2O in its ground state by electron e− (or positron
e+) impact, which can be represented as:

e−/e+(Ei, ~ki) + H2O −→ H2O+ + e−/e+(Es, ~ks) + e−(E1, ~k1), (4.8)

where ~ki(Ei) ~ks(Es), and ~k1(E1) denote the momenta (energies) of the incident projec-
tile, the scattered projectile, and the ejected electron, respectively, as required by the
conservation laws:

Ei = Es + E1 + I+ and ~ki = ~ks + ~k1 + ~q

I+ and ~q denote, respectively, the ionization potential and the recoil momentum.
The momentum transfer to the target is defined as:

~K = ~ki − ~ks,

The magnitude and direction of the momentum transfer depend on the nature of the
collision (see Chapter 2).

4.4.1 The M3CWZ model

For high incident energies, the ionization process can be reasonably described by the first
Born approximation, provided that the interaction between the ejected electron and the
residual ion is taken into account. One of the models developed under this framework
is the BBK model, which includes post-collision interaction (PCI) and is generally used
for such studies. Although the BBK model performs well in high to intermediat energy
cases, it often fails at lower incident energies, as it neglects distortion effects and fails
to consistently reproduce experimental results, particularly for molecular targets. More
sophisticated approaches, such as the 3DW and M3DW models, improve accuracy by
representing the projectile and ejected electrons with distorted waves and by accounting
for molecular orientation effects. Yet, even these models may exhibit discrepancies for
certain systems and require complex numerical procedures. In the present work, we
propose the M3CWZ model, an approximate approach in which distortion is represented
by Coulomb waves with a variable charge Z(r).

The M3CWZ model was developed through the continued efforts of our research group.
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The idea originated from enhancing the BBK model by introducing the variable charge
approximation [7]. This modification laid the foundation for a series of theoretical devel-
opments that culminated in the formulation of the Three Coulomb Waves with a Variable
Charge (3CWZ) model for atomic target, first proposed by our group for electron-impact
ionization [25] and later extended to positron-impact ionization [26]. The approach was
ultimately extended to molecular targets, leading to the establishment of the Molecular
Three Coulomb Waves with a Variable Charge (M3CWZ) model [3, 8, 27].

4.4.1.1 Approximation of Variable Charge

Distortion is a widely recognized concept underlying many advanced theoretical ap-
proaches [28]. This purely numerical method starts by solving the Schrödinger equation
with a distortion potential (see chapter 1). In this work, distortion is approximated by
Coulomb Waves with a Variable Charge Z(r) [7].

The variable charge Z(r) is evaluated using the spherically averaged potential Ui,
which is given by:

Ui(r1) =
1

4π

∫
Vi(~r1, ~Ri)dΩ1 = −Z(r1)

r1

(4.9)

where Vi(~r1, ~Ri) is the standard Hartree potential (or static potential), defined for molecules
by:

Vi(~r1, ~Ri) = −
M∑
N=1

ZN

|~r1 − ~RN |
+

N0∑
j=1

Nij

∫
|ϕj(~r)|2

|~r1 − ~r|
d~r (4.10)

N0 is the number of occupied orbitals, Nij the number of electrons in the orbital, M is the
number of nuclei, ZN their charges and ~RN their positions with respect to the molecular
center of mass. ϕj(~rj) are the molecular orbitals that describe the target. The variable
charges used in the M3CWZ model are called Zi(r), Zs(r) and Z1(r) for the incident,
scattered and ejected electron, respectively.

The calculation of matrix elements generally requires multicenter integrals, which
makes the task quite complex. In the present work, we use single center molecular orbitals
[11], as a result all calculations are performed with respect to one common center and
the molecular problem is reduced to a quasi-atomic one. For the water molecule, the
molecular orbitals are centred on the oxygen atom, and Eq. (4.10) becomes:

Vi(~r1, ~R1, ~R2) = − 8

r1

− 1

|~r1 − ~R1|
− 1

|~r1 − ~R2|
+

5∑
j=1

Nij

∫
|ϕj(~r)|2

|~r1 − ~r|
d~r (4.11)

where R1 = R2 = R = 1.812 a.u., R1 and R2 represent the bond lengths.
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After averaging over dΩ1, the spherically potential Ui(r) given by Eq. 4.9, is written
as:

Ui(r1) =
1

4π

∫ − 8

r1

− 2

1/r1 if r1 > R

1/R if r1 < R
+

5∑
j=1

Nij

∫
|ϕj(~r)|2

|~r − ~ri|
d~r

 dΩ1 (4.12)

In the present study, since the molecular orbitals are centered on the oxygen atom,
both the projectile and the ejected electron experience a charge Z = 8 at the molecular
center (the oxygen nucleus). As the projectile (electron or positron) moves far from the
target, it asymptotically experiences a charge Z = 0, while in the exit channel, the two
outgoing electrons encounter a charge of Z = 1. As an example, Figure.4.3 shows the
variable charges for ionization of the 2a1 orbital. It can be seen that the charges decrease
from Z = 8 at r = 0 to their asymptotic values: Zs(r) and Z1(r) approach Z = 1 for
the outgoing electrons, whereas Zi(r) approaches Z = 0 for the incident particle. These
asymptotic values are reached rapidly, at a distance around r0 ≈ 3 a.u. Additionally, a
pronounced peak is observed at r = R, where R corresponds to the O–H bond length;
this feature is not present in atomic targets.

To justify the use of the Coulomb wave model with a variable charge, we refer to
the comparative analysis presented by Tamin [29], where the distorted wave function was
compared with a spherical Coulomb wave of variable charge. The study demonstrated
that the variable charge model reproduces the essential distortion effects with reasonable
accuracy, particularly for higher angular momentum values, while significantly reducing
computational cost. This supports the validity of using the Coulomb wave with a variable
charge as an efficient and accurate approximation in our model.

4.4.1.2 Calculation of The Triply Differential Cross Section (TDCS)

The Molecular Fully Differential Cross Section (FDCS) for the ionization of water molecule
by electron and positron impact, for a particular orientation of the molecule and consid-
ering the ionization process as a pure electronic transition, is given by:

σ(4)(α, β, γ) =
d4σ

dΩEulerdΩsdΩ1dEs
= (2π)4ksk1

ki

(
|Tdir|2 + |Texc|2 + |Tdir − Texc|2

)
(4.13)

Tdir and Texc are the direct and exchange transition amplitudes respectively. For the
positron impact ionization reaction, there is no exchange so that we take Texc = 0, in
Eq. (4.13).

In the frozen core and the single approximation picture [30], Tdir and Texc are respec-
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Figure 4.3: Variable charge Z(r) felt by (a) the incident electron and (b) the outgoing particles
during the ionization process for the 2a1 molecular orbital of H2O.

tively expressed as:

Tdir = 〈φZ(−)
c (~ks, ~r0)φZ(−)

c (~k1, ~r1)C(a01, ~k01, ~r01)|V |φZ(+)
c (~ki, ~r0)φnlm(~rj)〉 (4.14)

and

Texc = 〈φZ(−)
c (~ks, ~r1)φZ(−)

c (~k1, ~r0)C(a01, ~k01, ~r01)|V |φZ(+)
c (~ki, ~r0)φnlm(~rj)〉 (4.15)

For the interaction potential V , we adopt the purely Coulomb form:

V =
1

r01

− 1

r0

(4.16)

The functions φZ(+)
c and φZ(−)

c represent the incoming and outgoing Coulomb waves,
respectively (see chapter 1), and are expressed as [31]:

φZ(+)
c (~k, ~r) =

exp(i~k · ~r)
(2π)3/2 1F1

(
iα(r), 1, i(kr − ~k · ~r)

)
exp

(
πα(r)

2

)
Γ(1− iα(r)) (4.17)
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and

φZ(−)
c (~k, ~r) =

exp(i~k · ~r)
(2π)3/2 1F1

(
−iα(r), 1, −i(~k · ~r + kr)

)
exp

(
πα(r)

2

)
Γ(1+iα(r)) (4.18)

The functions φZ(+)
c and φ

Z(−)
c represent Coulomb wave solutions corresponding to

hydrogen-like systems characterized by an effective continuum charge Z. For single-
ionization processes, this parameter is generally set to Z = 1. Within the framework
of the M3CWZ model, instead of employing a fixed effective charge, we use a variable
charge Z(r) in Eqs. 4.17 and 4.18, which consequently modifies the Sommerfeld parameter
into a spatially varying form, α(r).

The term C(a01, ~k01, ~r01) represents the Coulomb interaction in the final state (PCI). It
should be noted that the post-collision interaction (PCI) term in single ionization refers to
the interaction between the scattered and ejected electrons, whereas in double ionization
it corresponds to the interaction between the two ejected electrons (see chapter 3). It
takes the form:

C(α01, ~k01, ~r01) = exp
(
−πα01

2

)
Γ (1− iα01) 1F1

(
−iα01, 1,−i(~k01 · ~r01 + k01r01)

)
(4.19)

For electron impact reaction, we have:

α(r) =
Z(r)

k
and α01 =

1

2k01

where ~k01 =
1

2

(
~k1 − ~ks

)
1F1 is a confluent hypergeometric function and Γ is the gamma function.

For positrons, the potential will be V = −1
r01

+ 1
r0

and α(r) and α01 given above for
electrons are changed as follows:

α(r)→ −α(r) and α01 → −α01.

The initial bound state φnlm(~r) has been introduced in the preceding section (see
section 4.2).

Since molecular targets are randomly oriented in space, the expressions given in
Eqs 4.14 and 4.15 must be averaged over the Euler angles. The triply differential cross
section (TDCS) is therefore defined as:

σ
(3)
molecule =

1

8π2

∫
σ(4) dΩEuler (4.20)

Within our theoretical approach, this integration is performed analytically [12] by
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applying the following property of the rotation matrix:

1

8π2

∫
dΩEulerD

l
µ,m(α, β, γ)Dl′∗

µ′,m′(α, β, γ) =
1

2l + 1
δll′δmm′δµµ′ (4.21)

The TDCS is calculated by means of the M3CWZ model in which the continuum
states are represented by Coulomb waves with variable charges, including the mutual in-
teraction between the particles in the exit channel (positron–electron or electron–electron
interactions). The evaluation of the matrix elements in the M3CWZ model involves the
evaluation of a 6D integral, which is not an easy task because of the presence of the relative
distance r01 = |~r0 − ~r1|, approximations are generally used to simplify calculations.

Within our modelling, matrix 4.14 and 4.15 are evaluated by using a Fourier transform
scheme, according to the method of Kornberg and Miraglia [32]. To this end, we use the
Fourier transform definition:

f̃(~p) =
1

(2π)3/2

∫
e−i~p·~rf(~r)d~r, f(~r) =

1

(2π)3/2

∫
ei~p·~rf̃(~p)d~p (4.22)

so that we finally write the function f(~r) as follows:

f(~r) =
1

(2π)3

∫∫
ei~p·~re−i~p·~r

′
f(~r′)d~r′d~p (4.23)

As an example, let’s consider the first term of Eq. 4.14:

I = 〈ϕZ(−)

c (~ks, ~r0)ϕZ
(−)

c (~k1, ~r1)C(α01, ~k01, ~r01)| 1

r01

|ϕZ(+)

c (~ki, ~r0) Φnlm(~r1)〉 (4.24)

By using Eq. 4.23, the matrix elements Eq. 4.24 is finally written in a more convenient
form as follows:

I =
1

(2π)3

∫
I1(~p) I2(~p) I3(~p) d~p (4.25)

where I1(~p), I2(~p) and I3(~p) are, respectively, given by:

I1(~p) =

∫
φZ∗c (~k1, ~r1) e−i~p·~r1 Φnlm(~r1) d~r1 (4.26)

I2(~p) = lim
λ→0+

∫
φZ∗c (~ks, ~r0) ei~p·~r0 ϕZc (~ki, ~r0)e−λr0 d~r0 (4.27)

I3(~p) = lim
β→0+

∫
C∗(α01, ks1, ~r01) e−i~p·~r01

e−βr01

r01

d~r01 (4.28)

72



CHAPTER 4. SINGLE AND DOUBLE IONIZATION OF WATER MOLECULE

where λ and β are two parameters approaching 0 (it was found that by taking λ =

β = 0.005 we obtain a good compromise between the computer time and the accuracy).

We areiable to express the quantities I1(~p), I2(~p) and I3(~p) in a practically analytical
form soithat the matrix element given by Eq. 4.24 is reduced to simple three-dimensional
numericaliintegrations, enabling aiconsiderable economy oficomputing time. To check
theiaccuracy of the method, comparisoniwas made between resultsiobtained within the
method of Kornberg and Miraglia [32] with those within the method of Brauner et al. [6]
for variousitargets (hydrogen atom, neon, argon and methane). Whenicompared to the
well-knownisophisticated M3DWmodel, ouritheoretical approach allowsia huge advantage
initerms of computational time as one point in the TDCS isifinally obtained in a few hours
instead of a few days within the M3DW [33] model.

4.4.2 Results and discussion

We examine in this part how the projectileicharge affects the triple differential cross sec-
tions (TDCS) by analyzing the ionization ofithe water molecule inducediby both electron
andipositron impacts. Theoretical calculationsiwere carried out usingithe M3CWZ model
for incidentienergies of 250, 81, and 65 eV. The computed results areicompared with avail-
ableiexperimental measurements and other theoreticalipredictions. Initially, weifocus on
the experiments for electron impacts reported by Milne Brownlie et al. [34], conducted
at 250 eV with a scattering angle of 15◦; the corresponding TDCS results are displayed
in Figures 4.4 and 4.5. The angular distributions of the TDCS are presented for the
1b1, 3a1, 1b2, and 2a1 moleculariorbitals as a function ofithe ejection angle, settingithe
ejected electronienergy to E2 = 10 eV foriall orbitals except for 3a1, where E2 = 8 eV.
The associatedimomentum transfer is approximately 1.11 a.u. As shown in Figure 4.4,
the M3CWZ calculationsifor electron impactiexhibit a double-peakistructure in the binary
regionifor the outer orbitals 1b1, 1b2, and 3a1, with aiminimum near the directioniof the
momentumitransfer ~K, in agreement with the experimental data.

The observedidouble-peak structure isiattributed to the dominant p-character of these
orbitals, particularly in kinematiciconditions close to the Betheiridge regime, where the
ejected electron absorbsimost of the transferredienergy. In the recoiliregion, the experi-
mentalidata show a significantirecoil peak for the 1b2 orbital, which is accuratelyicaptured
by the M3CWZicalculations. For the 2a1 orbital, dominated by s-character, the M3CWZ
model predicts aisingle peak in the binaryiregion that aligns welliwith the experimentsibut
fails to reproduce theipronounced recoil peakiobserved experimentally.

Examining theiposition-impact TDCSs, theioverall shapes are similarito those for
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Figure 4.4: The triple differential cross section (TDCS) for ionization of the 1b1, 1b2, 2a1, and
3a1 molecular orbitals of H2O is presented for both positron and electron impact at a projectile
energy of 250 eV. The projectile is scattered at a fixed angle of θ1 = 15◦ and detected in
coincidence with the ejected electron, which has an energy of E2 = 10 eV for all orbitals except
3a1, where E2 = 8 eV. Experimental electron-impact data (full circles) are taken from [34]. The
M3CWZ theoretical predictions are shown as a red solid line for electrons and a blue dashed line
for positrons. Results from the (TS,1) model [35] are plotted as a green dash-dot line for electrons
and a wine-colored short-dash line for positrons. All experimental and theoretical results have
been normalized to the M3CWZ data in the binary region. The dashed vertical lines mark the
direction of the momentum transfer ~K and its opposite, − ~K.

electroniimpact, although theimagnitudes differisubstantially. In the binaryiregion, the
first peak isimore intense for positroniimpact than for electroniimpact (the second peak
showsithe opposite trend), whileiin the recoil region, the electron impact produces a
stronger peak. Additionally, theipeak positions areishifted: for electrons, the binaryipeaks
are displaceditoward the forward directionirelative to the momentumitransfer ~K, while for
positrons they shiftibackward; the recoil peaks exhibit the reverse behavior. Theseitrends
were previouslyipredicted by DuBois and de Lucio [36] and recently confirmed for ar-
gon [37]. The differences between electron and positron impact TDCSs are attributed
to post-collision interaction (PCI) effects in the exit channel. In the binary region, PCI
enhances the probability of electron ejection for positron impact compared to electron
impact. Conversely, in the recoil region, the residual ion elastically attracts the ejected
electron, reducing its ejection probability. Peak position shifts are also interpreted in
terms of PCI: in the binary region, the ejected electron is pulled backward for positron
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Figure 4.5: Same as 4.4 but for the summed TDCS (1b1 + 3a1) of H2O

impact, whereas in the recoil region it is pulled forward. Figure 4.5 illustrates the TDCS
for the combined (1b1 + 3a1) orbital, demonstrating good agreement with experimental
observations.

Overall, the M3CWZ model reproduces the angular distributions observed in (e,2e)
experiments across all regions. The binary peak amplitudes are enhanced for positron
impact, whereas in the recoil region, enhancement is observed for electron impact. The
peak positions are consistent with the trends discussed in Figure 4.4. For instance, for the
2a1 orbital, the momentum transfer ~K is located at approximately 63.2◦, while the binary
peaks appear at 59◦ and 72◦ for positron and electron impact, respectively, illustrating
the forward and backward shifts.

For a more comprehensive analysis, we perform a comparative study with the the-
oretical (TS,1) model [35], which is based on a full distorted-wave Born approximation
(DWBA). In this approach, the distorted wave of the ejected electron is determined using
an averaged nuclear field screened by the potential of the residual electrons. It is impor-
tant to note that our results are presented on an absolute scale, whereas the (TS,1) results
and experimental data have been normalized to our calculations in the binary region.

The first observation is that the (TS,1) model reproduces the angular distributions for
the inner 2a1 orbital fairly well for electron impact, in contrast to M3CWZ, which fails
to capture the recoil peak intensity accurately. For positron impact, the binary peak is
shifted backward, while the recoil peak moves forward, in line with expectations. For the
outer orbitals (1b1, 3a1, and 1b2), however, M3CWZ provides a much better description.
In particular, the (e,2e) data display a double-peak structure in the binary region, with
the second peak being larger than the first for electron impact. (TS,1) fails to reproduce
this feature, and the discrepancy is even more pronounced for the 3a1 orbital, where the
binary double-peak structure is entirely absent. Additionally, for positron impact, the
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Figure 4.6: Polar plot of the summed TDCS for the ionization of the 1b1 and 3a1 orbitals of
H2O by positron and electron impact at 81 eV impact energy as a function of the ejection angle
θ2. The projectile is scattered at a fixed scattering angle θ1 = 6◦ and detected in coincidence
with the ejected electron having an energy E2 = 5 eV (panel a) and E2 = 10 eV (panel b).
ALSO The projectile is scattered at a fixed scattering angle θ1 = 10◦ and detected in coincidence
with the ejected electron having an energy E2 = 5 eV (panel c) and E2 = 10 eV (panel d). The
cross-normalized experimental data (see text) are black circles for electron impact taken from
Ref. [37]. M3CWZ theoretical results are represented by a red solid line for electron impact and by
a blue dashed line for positron impact. The green dash-dotted line and the wine dashed-dot line
correspond to the CDW-EIS model [38] for electron impact and positron impact, respectively.
The arrows indicate the directions of the momentum transfer ~K and the momentum of the
scattered projectile ~k1.

recoil region peaks predicted by (TS,1) are overestimated compared to electron impact,
which disagrees with experimental observations and theoretical expectations. Overall,
M3CWZ is more effective in describing the ionization dynamics under these kinematics,
except for the 2a1 orbital where the recoil peak remains inadequately reproduced.

We next consider a scenario with a projectile energy of 81 eV in four different kine-
matics: scattering angles of θ1 = 6◦ and 10◦ and ejected electron energies of E2 = 5

and 10 eV. The TDCSs are reported for the combined (1b1 + 3a1) orbitals, because the
1b1 and 3a1 orbitals are not resolved as highlighted above at 250 eV impact energy, this
limitation is a common experimental challenge faced by molecular targets. This investiga-
tion employs the M3CWZ model, and the results are compared with recent experimental
measurements [37] as well as with theoretical predictions from the sophisticated CDW-
EIS model [38]. The CDW-EIS model is a fully distorted-wave approach in which the
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projectile-target interaction is described using eikonal functions. In this framework, the
projectile differentiates between the Coulomb fields of the target ion and the active elec-
tron as it approaches the target. It is worth noting that the current experiments were
conducted using a COLTRIMS reaction microscope (C-REMI) [39], a technique that
provides high-efficiency measurements. The experimental data are cross-normalized to
establish an absolute scale, applying a common factor to align theory and experiment.
In this study, the global normalization factor was determined by fitting the data to our
M3CWZ results for θ1 = 10◦ and E2 = 10 eV, yielding a scaling factor of 3.09, which was
then applied across all other kinematics.

The present kinematics correspond to dipole-dominated regimes, where a recoil peak is
observed in all cases. In these conditions, the ejected electron experiences elastic scattering
from the residual ion and backscatters opposite to the momentum transfer direction,
producing a recoil peak. Figure 4.6 (panels a and b) presents TDCS results for a scattering
angle of θ1 = 6◦ and ejection energies E2 = 5 eV and E2 = 10 eV, corresponding to
momentum transfers of 0.39 and 0.47 a.u., respectively. For clarity, the results are shown
in polar plots to facilitate visual comparison with previous CDW-EIS results by Acebal
and Otranto [38]. Numerical TDCSs calculated with both M3CWZ and CDW-EIS models
are presented for electron and positron impact, alongside experimental electron-impact
data [37]. All theoretical results are provided on an absolute scale, while the experimental
data are cross-normalized as described above. For electron impact, the data exhibit a
pronounced recoil peak in both kinematic cases, which is generally well reproduced by
M3CWZ. However, M3CWZ slightly overestimates the recoil intensity in the ejection
angle range of approximately 210◦–255◦. Comparison with CDW-EIS shows that both
models produce similar TDCS shapes for electron impact, though M3CWZ predicts a
somewhat broader binary peak at 5 eV (panel a). The agreement between M3CWZ and
CDW-EIS improves at 10 eV (panel b), although CDW-EIS reproduces the recoil region
slightly more accurately.

For positron impact, both theoretical models predict a double-peak structure in the
binary region, with higher intensities compared to electron impact. In the recoil region, a
single peak is observed in both models, though the intensities are lower than for electron
impact. These trends are consistent with the theoretical predictions discussed previously
for the 250 eV impact energy kinematics, confirming the reliability of the models across
different energies.
Considering theikinematics shown in Figure 4.6 (panels c and d) for a scatteringiangle
of θ1 = 10◦ and the same ejection energies, similar overall trendsiare observed. Both
theoretical models exhibitireasonable agreement with the electron-impact experimental
data. For positron impact, two prominent peaks appear in the binary region, while
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for electron impact at E2 = 5 eV (panel c), M3CWZ predicts a double-peak structure
in the binary region. This feature is attributed to kinematics close to the Bethe ridge
regime, where the momentum transferred to the target is nearly fully absorbed by the
ejected electron. Indeed, at θ1 = 10◦ and E2 = 5 eV, the momentum transfer K and the
momentum of the ejected electron k2 are comparable (k1 = 0.51 and k2 = 0.61 a.u.). It is
worth noting that, under these conditions, the CDW-EIS model does not reproduce the
double-peak structure observed in M3CWZ for electron impact.

For positron impact, the binary region consistently displays a double-peak structure,
while a single recoil peak is predicted by both theoretical models. The amplitudes of
the binary peaks increase with both ejection energy and momentum transfer, whereas
the recoil region exhibits the opposite trend. The positions of the peaks in the binary
region for positron impact also deserve attention. As previously predicted by the CDW-
EIS model [38], the first binary peak is located near the momentum transfer direction ~K,
while the second aligns with the scattered projectile momentum ~k1 (approximately θ1 = 6◦

in Figure 4.6 (panels a and b) and θ1 = 10◦ in Figure 4.6(panels c and d)). This behavior is
not observed for electron impact, as the ejected electron is repelled by the projectile. The
observed trends for positron impact are explained by post-collision interactions, which
attract the ejected electron along ~k1, enhancing ejection in this direction, in agreement
with prior CDW-EIS predictions [38].

The study is further extended to lower incident energies. Recent COLTRIMS experi-
ments at 65 eV provide absolute TDCS data [4], allowing comparison with our theoretical
predictions. Previous investigations using Moccia’s wave function showed good agreement
for electron impact [3]. In the present work, we focus on two kinematic conditions within
the M3CWZ framework, where the target is described using the updated wave function
introduced in [11], considering a scattering angle θ1 = 10◦ and ejection energies E2 = 5

and 10 eV within the scattering plane. The primary objective of this study is to investi-
gate in detail the ionization process by electron and positron impact, aiming to elucidate
the influence of the projectile charge on the TDCS at these lower incident energies. In
Figure 4.7, the summed TDCS for the combined (1b1 + 3a1) orbitals is presented as
a function of the ejection angle for a scattering angle of θ1 = 10◦ and ejection energies
E2 = 5 eV (panel a) and E2 = 10 eV (panel b), for both positron and electron impact. Also
included are the experimental measurements and M3DW theoretical results for electron
impact. The experimental data display a single peak in both regions, with the recoil peak
notably more pronounced for both ejection energies. M3CWZ predictions for electron im-
pact show good agreement with the absolute measurements, accurately reproducing both
the shape and magnitude of the TDCS. Comparison with the more sophisticated M3DW
model indicates even better agreement in the binary region, although discrepancies re-
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Figure 4.7: Polar plot of the absolute summed TDCS for the ionization of the 1b1 and 3a1

orbitals of H2O by positron and electron impact at a projectile energy of 65 eV, as a function
of the ejection angle θ2. The projectile is scattered at a fixed angle θ1 = 10◦ and detected in
coincidence with the ejected electron (E2 = 5 eV in panel a, E2 = 10 eV in panel b). Absolute
experimental data for electron impact (black circles) are taken from [4]. M3CWZ theoretical
results are shown as a red solid line for electrons and a blue dashed line for positrons. Results
from the M3DW model [4] for electron impact are shown as a green dash-dotted line. Arrows
indicate the directions of the momentum transfer ~K and scattered projectile momentum ~k1.

main in the recoil region. For positron impact, a double-peak structure is evident in the
binary region, while a single, less pronounced peak appears in the recoil region for both
ejection energies. The binary peak magnitudes exceed those for electron impact, whereas
the opposite trend is observed in the recoil region. The positions of the peaks for positron
impact are consistent with prior observations: the first peak aligns approximately with
the momentum transfer ~K, and the second with the scattered projectile momentum ~k1.
These features, already discussed at 81 eV impact energy, are directly associated with
post-collision interaction (PCI), which is incorporated in the M3CWZ calculations. No-
tably, to our knowledge, no theoretical results for positron impact are available at these
kinematics. It should also be noted that the distinctive positron-impact features observed
at lower energies (65 and 81 eV) are not present at the higher intermediate energy of
250 eV.

Finally, we discussithe strengths andilimitations of the M3CWZ model. The method
approximatesidistortion effects using a variable charge Z(r), ratherithan solving the full
second-order differentialiequation for a true distortediwave. However, PCI is treated ex-
actly within M3CWZ, allowing the model to beiapplied even at low impact energies,
as demonstrated here for Ei = 65 eV. The computationaliefficiency of M3CWZ is also
an advantage, providing aisingle TDCS point withinia few hours compared toiseveral

79



CHAPTER 4. SINGLE AND DOUBLE IONIZATION OF WATER MOLECULE

0 6 0 1 2 0 1 8 0 2 4 0 3 0 0 3 6 0
0

2

4

6

0 6 0 1 2 0 1 8 0 2 4 0 3 0 0 3 6 0
0

1

2

3

4

0 6 0 1 2 0 1 8 0 2 4 0 3 0 0 3 6 0
0

1

2

3

4

0 6 0 1 2 0 1 8 0 2 4 0 3 0 0 3 6 0
0

1

2

θ2 ( d e g . )

e VE 5
6

2

1
=

°=�

TD
CS

 (a
.u.

)

 � � � � � � �

 M O C C I A
 E X Pe VE 1 0

6
2

1
=

°=�

e VE 5
1 0

2

1
=

°=�

e VE 1 0
1 0

2

1
=

°=�

Figure 4.8: Summed TDCS for the ionization of the 1b1 and 3a1 orbitals of H2O as a function
of the ejection angle at 81 eV in coplanar asymmetric geometry. The projectile is scattered at
θ1 = 6◦ or 10◦ in coincidence with the ejected electron (E2 = 5 or 10 eV). Theoretical results are
shown as a red solid line (M3CWZ with new MO) and a blue dashed line (M3CWZ with Moccia
MO). Cross-normalized experimental data (black circles) are from [37].

days required byiother models. The resultsiindicate that the modeliaccurately repro-
ducesithe TDCS for the outermostiorbitals of H2O but fails toifully capture the inten-
sityidistribution in the recoiliregion for the inner 2a1 orbital. This limitationilikely arises
from the single-electron approximation, whichitreats inner electronsias part of a frozen
core, excludingitheir contributionito the reaction. Extendingithe model toiinclude these
electrons wouldisignificantly increase computational demands. An alternativeiapproach
would be to describeithe ejected electron with aitrue distorted waveirather than a Coulomb
wave with variable charge.

We nowiperform aicomparative analysis between theimolecular orbitalsiemployed in the
present workiand those of Moccia [18] to assess theiriimpact on the computed TDCSs.
For this purpose, weifocus on the same kinematicsiconsidered above at projectile energies
of 81 eV and 65 eV in coplanar asymmetric geometries, with the corresponding results
shown in Figures 4.8 and 4.9. In Figure 4.8, experimental measurements at 81 eV impact
energy [37] are presented foriscattering angles of θ1 = 6◦ and 10◦ and ejection energies of
E2 = 5 and 10 eV; theidata are cross-normalized asipreviously described foriFigure 4.6.
Overall, both sets of molecular orbitals produceangular distributionsithat are very similar
in shapeiand magnitude, and bothireproduce the experimental trends comparably well. A
slightienhancement in the binary-region intensity is observed when using the new molec-
ular orbitals, although this differenceiis minor, indicating that neither set of bound states
significantly affects the TDCS calculations. Figure 4.9 presents the TDCSs calculated
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Figure 4.9: Summed TDCS for the ionization of the 1b1 and 3a1 orbitals of H2O as a function
of the ejection angle at 65 eV in coplanar asymmetric geometry. The projectile is scattered at
θ1 = 10◦, 15◦, or 20◦ in coincidence with the ejected electron (E2 = 5, 10, or 15 eV). Theoretical
results are shown as a red solid line (M3CWZ with new MO) and a blue dashed line (M3CWZ
with Moccia MO). Absolute experimental data (black circles) are from [4].

with M3CWZ compared to absolute measurements [4] at 65 eV for three scattering angles
(θ1 = 10◦, 15◦, and 20◦) and three ejection energies (E2 = 5, 10, and 15 eV). The trends
observed are consistent with those shown in Figure 4.8, with the binary peak slightly en-
hanced for the new molecular orbitals. This indicates that the TDCS predictions within
the M3CWZ model are largely insensitive to the choice of molecular orbitals, whether
Moccia’s [18] or the new orbitals employed here. Differences between these bound states
are mainly reflected in the molecular properties of H2O, where the new orbitals provide
improved agreement with experimental data (Table 4.1).
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4.5 Influence of the Initial-State Wavefunction on the

(e,3e) Differential Cross Sections of H2O at a Fixed

Molecular Orientation

We consider the double ionization of H2O in its ground state by electron impact, which
can be schematically represented as:

e−(Ei, ~ki) + H2O −→ H2O++ + e−(Es, ~ks) + e−(E1, ~k1) + e−(E2, ~k2), (4.29)

where ~ki(Ei), ~ks(Es), ~k1(E1) ~k2(E2) denote the momenta (energies) of the incident
projectile, the scattered projectile, first ejected and second ejected electrons respectively.
For an (e, 3e) reaction, energy conservation requires:

Ei = Es + E1 + E2 + I++ and ~ki = ~ks + ~k1 + ~k2 + ~q

I++ and ~q are respectively the ionization potential and the recoil momentum.
It should be noted that in the case of double ionization of multicentric targets, the

two ejected electrons may originate from the same molecular orbital or from two different
molecular orbital. In the present work, we consider the double ionization of single-oriented
water by electron impact, where both electrons are ejected from the same molecular orbital
(see table 4.2 taken from [20]).

Tableau 4.2: Double ionization energies I++ (eV) for the various states of the water molecule.

Molecular orbitals Theoretical data Experimental data
1b−2

1 39.7 41.3
3a−2

1 44.4 46.1
1b−2

2 52.2 53.2
2a−2

1 83.3 82.2

4.5.1 Description of the initial state

In this work, we focus on the double ionization of the four orbitals of H2O (1b1, 1b2, 2a1,
and 3a1) in its ground state as in the SI part. The initial state of the collisional system
is represented as the product of a plane wave, describing the incident electron, and the
wavefunction of the H2O molecule:

Ψi = ei
~ki·~r0 φij(~r1, ~r2, . . . , ~r10) (4.30)
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We adopt the description of Hafied et al. [11] for the wavefunctions of the initial
state of the water molecule φij(~r1, ~r2, . . . , ~r10) (Section 4.2). It should be noted that the
exchange effects between the incident electron and the ejected electrons is neglected, since
the incident and scattered electrons move much faster than the ejected ones.

4.5.2 Description of the final state

In the final state of the ollisional system, three electrons are emitted. In the full six-
Coulomb-wave (6C) model, each electron interacts with the residual ion and with the other
two electrons, leading to extremely high-dimensional integrations for molecular targets
(see chapter 3). In the first Born approximation, the scattered electron is treated as a plane
wave, while the two ejected electrons are described by Coulomb waves interacting only
with the residual ion [40]. In this work, we employ the 2CWG models; the formalism and
computational approach were already presented in Chapter 3 for atomic double ionization,
and here we extend it to the molecular case, where the main modification concerns the
calculation of the differential cross section. The final state is given by

Ψf = ei
~ks·~r0 Φij(~k1, ~k2, ~r1, . . . , ~r10)ϕG(k12) (4.31)

Where Φij(~k1, ~k2, ~r1, . . . , ~r10) is the wave function for the double continuum state of the
water molecule.

4.5.3 Six-Fold Differential Cross Section

Within the first Born approximation, the six-fold differential cross section (6DCS) for a
given molecular orientation defined by the Euler angles (α, β, γ), is expressed as:

σ(6)(α, β, γ) =
d6σ

dΩEuler dΩ1 dΩ2 dΩs dE1 dE2

=
k1k2ks
ki

∣∣fB1

∣∣2 (4.32)

where dΩEuler = sin β dβ dα dγ, dΩs, dΩ1, and dΩ2 are the solid angle elements of the
scattered and two ejected electrons, and dE1 and dE2 denote the energy intervals of the
ejected electrons.

The scattering amplitude, which depends on the target orientation, is expressed for
the process as:

fB1 = − 1

2π
〈Ψf |V |Ψi〉 (4.33)

where |Ψi〉 denotes the wavefunction of the initial state of the system, |Ψf〉 corresponds
to the final state, and V represents the interaction between the incident electron and the
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target and is written as

V = − 8

r0

− 1

|~r0 − ~R1|
− 1

|~r0 − ~R2|
+

10∑
i=1

1

r0i

(4.34)

where R1 = R2 = ROH = 1.812 a.u., ri is the position vector of the i-th bound
electron relative to the oxygen nucleus, r0 is the coordinate of the incident electron, and
r0i = |~r0 − ~ri|.

Furthermore, the reduction of this ten-electron target problem to a two-electron system
is carried out within the frozen-core approximation [30, 41]. Therefore, the scattering
amplitude simplifies to (see Chapter 3):

fB1 =
−2
√

2

K2

〈
ϕ(~k1, ~r1)ϕ(~k2, ~r2)

∣∣∣ei ~K·~r1 + ei
~K·~r2 − 2

∣∣∣φij(~r1, ~r2)
〉
ϕG(k12) (4.35)

with ~K = ~ki − ~ks being the momentum transfer.

4.5.4 Results

In this section, we study the variation of the sixfold differential cross sections as a function
of the ejection directions for the ionization of the four outer molecular orbitals of an
oriented water molecule, referred to as 1b1, 3a1, 1b2, and 2a1 by electron impact using
single–center molecular orbitals [11], at both low and high incident energies, for three
particular orientations. Theseiorientations are defined by the Euler angle triplets (0, 0, 0),
(0, π/2, 0), and (0, π/2, π/2), as previously used by Champion et al. [9] and Dal Cappello
et al. [10] in their studies on the double ionization of the water molecule, employing the
molecular orbitals of Moccia [18].

In this context, the first configuration corresponds to a water molecule located in the
yz plane with its bisector along the z-axis, whereas the second and third configurations
correspond to a water molecule lying, respectively, in the xy and xz planes, with its
bisector along the x-axis. Note that, in all cases, the incident momentum ~ki is collinear
with the z-axis (see Table 4.3 [9]).

Furthermore, we consider the kinematic conditions reported in Refs. [9, 10], where
E1 = E2 = 10 eV, θs = 0◦, and the scattered electron energy is Es = 250 eV for the low
energy case, while the incident electron energy is Ei = 1000 eV for the high energy case.
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Tableau 4.3: Schematic representation of the three particular water molecule orientations:
(0, 0, 0), (0, π/2, 0), and (0, π/2, π/2).

(α, β, γ) = (0, 0, 0)

H2O in the yz plane
(α, β, γ) = (0, π/2, 0)

H2O in the xy plane
(α, β, γ) = (0, π/2, π/2)

H2O in the xz plane

4.5.5 Low Impact Energy (Es = 250 eV)

In Figure 4.10, we first examine the case (α, β, γ) = (0, 0, 0), and we analyze the 6DCSs for
an (e,3e) experiment as a function of the ejected angles θ1 and θ2 in a coplanar geometry
(ϕs = ϕ1 = ϕ2 = 0◦). The ejected electron energies are E1 = E2 = 10 eV, and the
scattered polar angle is θs = 0◦.

In Figure 4.10 (a), we first report the results obtainedifor the 1b1 molecular orbital. We
clearly observeifour hills: a first oneiextending from θ1 = 77◦ to θ1 = 151◦ (with θ2 rang-
ing from θ2 = 207◦ to θ2 = 281◦), and a second one (with a less pronounced maximum)
extending from θ1 = 18◦ to θ1 = 140◦ (with θ2 ranging from θ2 = 220◦ to θ2 = 340◦),
the two other hills beingisimply obtained byisymmetry. We find results close toithose
already reportedibyiDal Cappello et al. [10] for oriented 1b1 water orbitaliin the direction
(0, 0, 0) and for the same kinematiciconditions. Thus, these four hills may be classifiediinto
twoigroups ofimaxima characterized by |θ1− θ2| ≈ 120◦ and |θ1− θ2| ≈ 240◦, respectively,
identifying the signature of the two-step1 (TS1) mechanism, in which an incoming elec-
tron collidesiwith a target electronithat isifirst ejectedialongithe directioniofithe momen-
tumitransfer or in the oppositeidirection, symmetrically. In aisecond step, thisifirst ejected
electronicollides with a second targetielectron and ejects it during a quasi-elastic” collision
characterizediby a strong electrostaticirepulsion, leading to a |θ1 − θ2| angle greater than
90◦.

Considering now Figure 4.10 (b), which presentsithe predicted 6DCSs for the 2a1

orbital, we observe both SO and TS1 mechanisms. The maxima are not localized at a
singleiangle butiappear asilobes extendingifrom 150◦ to 220◦, centerediaround 180◦. This
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Figure 4.10: (Color online) Sixfold differential cross sections (expressed in (a.u.) for the double
ionization of the water molecule oriented in the direction (α, β, γ) = (0, 0, 0) for θs = 0◦. The
ejected energies are E1 = E2 = 10 eV and Es = 250 eV. (a) 1b1 orbital; (b) 2a1 orbital; (c) 3a1

orbital; and (d) 1b2 orbital.

indicatesithe presence of SO–TS1 interferences.
Figure 4.10 (c) shows the results for the 3a1 molecular orbital. Once again, the TS1

features are evident, particularly for |θ1 − θ2| ≈ 130◦, leading to forward scattering with
maxima at (θ1, θ2) = (60◦, 190◦) and backward scattering with maxima at (θ1, θ2) =

(168◦, 298◦), along with two other symmetric hills.
For the 1b2 molecular state, Figure 4.10 (d) , shows that the 6DCS is very small (on

the order of 10−10). This result is consistent with those reported by Champion et al. [9]
and Dal Cappello et al. [10].

When rotations of the molecular target are applied, corresponding to (α, β, γ) =

(0, π/2, 0) and (α, β, γ) = (0, π/2, π/2) (see Figures 4.11 and 4.12, respectively), we obtain
the following rules [9], which are consistent with the observations reported by Champion
et al. [9].

D0(0, π/2, 0) :


PX → PZ ,

PY → PY ,

PZ → PX ,
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Figure 4.11: Same as Figure 4.10, but for (α, β, γ) = (0, π/2, 0). (a) 1b1 orbital; (b) 2a1 orbital;
(c) 3a1 orbital; and (d) 1b2 orbital.

D0(0, π/2, π/2) :


PX → PY ,

PY → PZ ,

PZ → PX .

Thus, for example, in the case (α, β, γ) = (0, π/2, 0), the 3a1 molecular orbital, orig-
inallyidominated by a PZ atomicicomponent, displays anioverall “PX”-like behavior [Fig-
ure 4.11(c)] and exhibitsia TS1 feature, closelyiresembling that previouslyiidentified for
the 1b1 molecular orbital( Figure 4.10(a)). For the 1b1 and 2a1 orbitals (Figures 4.11(a)
and 4.11(b), respectively), which are primarily characterized by PX and s atomic compo-
nents, the double ionizationimechanisms are clearlyimanifested. This indicatesithat the
SO mechanismiplays a significant role.

It should be noted that for the 1b2 molecular state in the configuration (α, β, γ) =

(0, π/2, 0), the 6DCSs are very small (on the order of 10−10), while for the 1b1 state in the
configuration (α, β, γ) = (0, π/2, π/2), the 6DCSs are negligible (on the order of 10−15).
These results are also consistent with those reported by Champion et al. [9] and Dal
Cappello et al. [10].

To further evaluate the reliabilityiof the theoretical description, a comparative analysis
is carried out between the molecular orbitals employed in the present work and those of
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Figure 4.12: Same as Figure 4.10, but for (α, β, γ) = (0, π/2, π/2). a)1b2 orbital; b)2a1 orbital;
c) 3a1 orbital; and (d) 1b1 orbital.

Moccia [18], in order to investigate their influence on the calculated 6DCSs. The study
is performed for a projectile energy of Es = 250 eV in a coplanar geometry, with a
scattering angle of θs = 0◦ and equal ejected electron energies E1 = E2 = 10 eV, for the
double ionization of the water molecule oriented along the direction (α, β, γ) = (0, 0, 0).
The corresponding results are presented in Figure 4.13.

For the 1b1 orbital (Figures 4.13(a) and 4.13(b)), it is observedithat the two bound
states yieldiangular distributions ofisimilar shape; however, newimaximum with an in-
teressetingimagnitude appear on theisecond lobe when using theinew function (the am-
plitudeicorresponding to forwardiscattering is reduced, whileithat associated withiback
scattering isienhanced). In general, bothidistributions exhibit theicharacteristic signa-
ture ofithe two-step 1 (TS1) mechanism. In contrast, forithe 2a1 orbital (Figures 4.13(c)
and 4.13(d)), the angular distributionsiand magnitudes differisignificantly. The calcu-
lationiusing Moccia’s molecular orbital structure [18] yields higherimagnitudes and re-
vealsithe TS1 mechanism with aiback to back emission if weiconsidere the center of
theimaximum lobe in additioniof a dominant TS1 contributionifor the middel lobe(60◦ −
300◦), whereas theiuse of the new molecular orbital [11] indicatesitheipresence of SO–TS1
interferences. Similarly, for the 3a1 orbital (Figures 4.13(e) and 4.13(f)), it is observedithat
the maxima obtainediusing Moccia’s molecular orbital [18] occur at |θ1−θ2| ≈ 180◦, which
correspondsito the signature ofithe SO mechanism. In contrast, the results obtained with
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Figure 4.13: (Color online) Sixfold differential cross sections (expressed in a.u.) for the double
ionization of the water molecule oriented in the direction (α, β, γ) = (0, 0, 0) for θs = 0◦. The
ejected energies are E1 = E2 = 10 eV and Es = 250 eV. Panels (a), (c), and (e) represent 2CWG
theoretical results using the new MO [11], while (b), (d), and (f) represent 2CWG theoretical
results using the Moccia MO [18].

theinew molecular orbital [11] show that the TS1 mechanism can intervenediin an inter-
ferenceiphenomena, with a noticeably lower amplitude.

4.5.6 High Impact energy (Ei = 1000eV )

Here, we consider only the case (α, β, γ) = (0, 0, 0) to examine the difference between
intermediate and high energies. The kinematic conditions are the same as in Figure 4.10,
except that the incident energy here is Ei = 1000 eV.

We observe in Figure 4.14 for the four orbitals an increase in the magnitude of
the 6DCS (The 1b2 orbital still exhibits a small 6DCS magnitude). In Figures 4.14(a)
and 4.14(c), corresponding to the 1b1 and 3a1 orbitals, respectively, we obtained results
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Figure 4.14: (Color online) Sixfold differential cross sections (expressed in (a.u.) for the double
ionization of the water molecule oriented in the direction (α, β, γ) = (0, 0, 0) for θs = 0◦. The
ejected energies are E1 = E2 = 10 eV and Ei = 1000 eV. (a) 1b1 orbital; (b) 2a1 orbital, (c) 3a1

orbital, and (d) 1b2 orbital.

similar to those shown in Figures 4.10(a) and 4.10(c). Hence, the TS1 mechanismiis iden-
tified asithe main contributing mechanismiin thisicase. For the 2a1 orbital Figure 4.14(b),
the structure of the 6DCS changes withiaparition of a large hillicontaining two lobes of
maximaiindicating an interferenceiprocess between SO and TS1 with a propable domi-
nance of SO emission.

4.6 Conclusion

In this chapter, we have conductedia detailed theoreticaliinvestigation of the ionization
of the water molecule byielectron and positron impact. The first part focused onisingle
ionization, where the M3CWZ model wasiapplied to study the influenceiof the projec-
tile charge over a range of low to intermediate energies. The resultsishowed that for the
outeriorbitals, the model reproduces the experimental data well, whereas for theiinner
2a1 orbital, the recoilipeak is noticaptured, reflecting the limitationsiof the single-particle
approximation in the molecular case . At lower energies (65–81 eV), post-collision in-
teractions were found to play a crucial role, givingirise to a double-peak structureiin the
binary region foripositron impact—a feature absentiat higher energies.

In the second part, weiextended the study to the double ionizationiof oriented wa-
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terimolecule by electron impactiusing 2CWG model. The first Born approximation was
employed togetheriwith a single-center molecular wave function [11] to describe the ini-
tial state. This waveifunction significantly affect theitransition amplitudesicompared with
earlier theoretical studies and modified theishape of the 6DCS byipresenting new peaks
favorating interventioniof added processes. Thisieffect highlights theistrong sensitivity
ofidouble ionization to the description of the initialistate. Moreover, our analysisirevealed
clear signatures of the Shake-Off (SO) and Two-Step 1 (TS1) mechanisms, as well as
aipronounced dependence of the cross sections on moleculariorientation under the specific
(e,3e) kinematical conditions investigated.

Overall, the present work demonstrates both the capabilitiesiand the limitationsiof
current theoretical models in describing ionizationidynamics in water—one of the most
relevant molecular targets iniphysics, chemistry, and biology. While the M3CWZ model
providesireliable results for outer-shell single ionizationiand offers valuable insight into
projectile chargeieffects, further refinementiis still required for inneriorbitals. In the
case of doubleiionization, the 2CWG and BBK models capture the essentialimechanisms
and structuralifeatures but emphasize theiimportance of employingiaccurate initial-state
waveifunctions and incorporatingielectron–electronicorrelation effects. These findings high-
light theineed for continueditheoretical and experimentaliefforts, particularly since exper-
imental data for molecular double ionization remainiscarce and are currently limited to a
few systems such as hydrogen and methane.
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General Conclusion

This thesis has provided a detaileditheoretical analysis of single andidouble ioniza-
tion processes in atomic and molecularisystems, with particular focus on beryllium atom
andiwater molecule under electron and positron impact. The core of our study was to ap-
ply Coulomb-wave-based models in ionizationiprocesses, namely, 2CWG, 2CWWM, and
BBK for double ionization and M3CWZ for single ionization. These models incorporate
post-collision interactions (and charge variability in the case of M3CWZ)to account for
correlation effects and long-range Coulomb potential.

The first part of the work established the fundamental theoretical framework of scatter-
ing theory theory, introducingidifferential and totalicross sections, and explored theiformal
solution of the Schrödinger equation using Green’s functions. This frameworkithen pro-
vided the foundation forithe detailed studies ofiionization processes.

Our studyithen turned to the mechanisms ofisingle and double ionization, with par-
ticulariattention to electron correlation and wavefunction-based approaches. In the case
ofisingle ionization, the (e,2e) process revealediits richness through theidependence of cross
sectionsion geometry, energy, and projectileitype. Double ionization, onithe other hand,
underscoredithe essential roleiof correlation and the coexistenceiof differentimechanisms,
suchias shake-off and two-stepiprocesses. To account forithese dynamics, theoretical
frameworks like BBK and DWBA wereiexamined, highlighting theiimportance of post-
collision interactions and distortionieffects in achieving aniaccurate description ofithe elec-
tron motion.

Building onithis theoretical framework, ouriinvestigation extended toipractical appli-
cationsiin atomic and moleculariionization, within the First BorniApproximation (FBA).
The studyiof double ionization of theiberyllium atom using the BBK, 2CWG and 2CWWM
modelsirevealed the crucial roleiof post-collisioniinteractions and electronicorrelation in
shaping the Five-fold differential cross sections (FDCSs). Hence, two dominant mecha-
nisms were clearly identified: the shake-off (SO) and two-step 1 (TS1) processes. Com-
parisonsiwith existing theoretical results highlighted both the strengthsiand limitations of
currentitreatments and underscored the challenges of accurately describing two-electron
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ejection processesiin few-body systems. Notably, while shake-off and TS1 mechanisms
were clearlyiidentified, the TS2 contributioniwas absent in our results, reflecting the con-
straints ofithe employed first Born approximation models.

For the doubleiionization of the orientediwater molecule, the study wasirestricted to
the 2CWG modelidue to the long computationalitime required for theicalculations using
BBK model, andibecause the main objectiveiwas to examine theiinfluence of molecu-
lariorientation. Here, the analysisialso demonstrated clear signatures of the shake-off
(SO) and two-step 1 (TS1) mechanisms, asiwell as a pronouncedisensitivity of sixfold
differential cross sections (6DCS) to molecular orientation. The use of the LCAO-MO
wavefunction significantly affected theitransition amplitudes andithe shapes of the 6DCS,
emphasizing the critical roleiof accurate initial-state descriptions in molecular ionization.
Notably, while the SO and TS1 mechanisms were clearly identified, the two-step 2 (TS2)
contribution was absent from our results, reflecting the inherent limitations of the em-
ployed the FBA framework. Finally, it should be noted that, at this stage, no direct
comparison with experiment is possible; however, we hope that in the near future, these
theoretical predictions will be confirmed by experimental observations.

For the singleiionization of the water molecule, calculations performediwithin the
M3CWZ framework successfully reproduced the experimentalifeatures for the outer or-
bitals, especially for positron impact. However, discrepanciesiwere observed for the in-
ner 2a1 orbital at 250 eV, where a recoil peak reported iniexperiments was absent in
bothielectron and positron impact cases. It is worth noting thatithe use of the LCAO-
MO wavefunction in this context had onlyia minor effect comparedito the case of double
ionization.

Overall, thisithesis demonstrates that Coulomb-wave-based models, when combined
with post-collision interactions and charge variability, provide a realistic and reliable
framework for studying single ionization processes at low and intermediate energies. While
substantial progress has been achieved, certain challenges remain, particularly in the treat-
ment of inner orbitals in molecules for both single and double ionization. Moreover, the re-
liance on the First Born Approximation (FBA) imposes inherent limitations in describing
both processes, such as the absence of TS2 contributions and discrepancies in inner-shell
ionization. Future work should therefore focus on incorporating higher-order treatments
such as the Second Born Approximation (SBA), improving target descriptions, extending
the models to full double-ionization calculations for molecules, and enabling systematic
comparisons with experimental measurements.
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Appendix A

The Scattering Amplitude fB1 in BBK,
2CWG, and 2CWWM Models for
Double Ionization

We consider the two active electron, where the fB1 is given by:

fB1 = − 1

2π

〈
φf (~k1, ~k2, ~r1, ~r2) ei

~ks·~r0
∣∣ V ′ ∣∣ ei~ki·~r0 Ψnlm(~r1, ~r2)

〉
(A.1)

where the Coulomb interaction potential between the incident electron and the two active
electrons is given by:

V ′ = − 2

r0

+
1

|~r0 − ~r1|
+

1

|~r0 − ~r2|
. (A.2)

A.1 The Scattering Amplitude fB1 in BBK model

In BBK model, the final state is given by:

φf (~k1, ~r1, ~k2, ~r2) =
1√
2

[
φ−c (~k1, ~r1)φ−c (~k2, ~r2) + φ−c (~k1, ~r2)φ−c (~k2, ~r1)

]
C(a12, ~k12, ~r12) (A.3)

The integration over the projectile coordinates ~r0 can be performed analytically using the
Bethe transformation: ∫

ei
~k·~r0

|~r0 − ~ri|
d~r0 =

4π

k2
ei
~k·~ri (A.4)

Then expression A.1 will be:

fB1 =− 2
√

2

K

〈
φ−c (~k1, ~r1)φ−c (~k2, ~r2)C(a12, ~k12, ~r12)

∣∣ − 2 + ei
~K·~r1 + ei

~K·~r2
∣∣ Ψnlm(~r1)Ψnlm(~r2)

〉
= I0 + I01 + I02. (A.5)
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where ~K = ~ki − ~ks. We use the version introduced by Miraglia that applies the Fourier
transform, given by:

f(~r) =
1

(2π)3

∫
ei~p·~rd~p

∫
e−i~p·~r

′
f(~r′)d~r′ (A.6)

The application of A.6 to the PCI term C(α12, ~k12, ~r12) gives:

C(α12, ~k12, ~r12) =
1

(2π)3

∫
ei~p·~r12d~p

∫
e−i~p·~r

′
12C(α12, ~k12, ~r

′
12)d~r′12 (A.7)

hence the term I0 in Eq. A.5 becomes:

I0 =
4

K2

〈
φ−c (~k1, ~r1)φ−c (~k2, ~r2)C(a12, ~k12, ~r12)

∣∣ Ψnlm(~r1)Ψnlm(~r2)
〉

=
4

(2π)3K2
lim
λ→0

∫ [ ∫
φc(~k1, ~r1)ei~p·~r1ψnlm(~r1)d~r1

×
∫
φc(~k2, ~r2)e−i~p·~r2ψnlm(~r2)d~r2

×
∫
ei(

~k12−~p)·~r′12e−i
~k12·~r′12C∗(α12, ~k12, ~r

′
12)e−λr

′
12d~r′12

]
d~p

=
4

(2π)3/2K2
lim
λ→0

∫ [ ∫
φ−c (~k1, ~r1)ei~p·~r1ψnlm(~r1)d~r1

×
∫
φ−c (~k2, ~r2)e−i~p·~r2ψnlm(~r2)d~r2

×
∫
φ−c (α12, ~k12, ~r

′
12)ei(

~k12−~p)·~r′12e−λr
′
12d~r′12

]
d~p (A.8)

The same calculation will be applying to I01 and I02:

I01 =
2

(2π)3/2K2
lim
λ→0

∫ [ ∫
φ−c (~k1, ~r1)ei(

~K+~p)·~r1ψnlm(~r1)d~r1

×
∫
φ−c (~k2, ~r2)e−i~p·~r2ψnlm(~r2)d~r2

×
∫
φ−c (α12, ~k12, ~r

′
12)ei(

~k12−~p)·~r′12e−λr
′
12d~r′12

]
d~p (A.9)

I02 =
2

(2π)3/2K2
lim
λ→0

∫ [ ∫
φ−c (~k1, ~r1)ei~p·~r1ψnlm(~r1)d~r1

×
∫
φ−c (~k2, ~r2)e−i(

~K+~p)·~r2ψnlm(~r2)d~r2

×
∫
φ−c (α12, ~k12, ~r

′
12)ei(

~k12−~p)·~r′12e−λr
′
12d~r′12

]
d~p (A.10)
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A.2 The Scattering Amplitude fB1 in 2CWG model

In 2CWG model, the final state is given by:

φf (~k1, ~r1, ~k2, ~r2) =
1√
2

[
φ−c (~k1, ~r1)φ−c (~k2, ~r2) + φ−c (~k1, ~r2)φ−c (~k2, ~r1)

]
φ(~k12) (A.11)

where φ(~k12) is the Gamow factor φG(k12) (see chapter 3).
The integration over the projectile coordinates ~r0 in Eq. A.1 gives:

fB1 =− 2
√

2

K

〈
φ−c (~k1, ~r1)φ−c (~k2, ~r2)

∣∣ − 2 + ei
~K·~r1 + ei

~K·~r2
∣∣ Ψnlm(~r1)Ψnlm(~r2)

〉
φ(~k12)

= I0 + I01 + I02 (A.12)

The calculation here is simpler and does not require applying the Fourier transform; hence,
the expressions for I0, I01, and I02 are given by:

I0 =
4
√

2

K2
φ(~k12)

∫
φ−c (~k1, ~r1)ψnlm(~r1)d~r1 ×

∫
φ−c (~k2, ~r2)ψnlm(~r2) (A.13)

I01 =
2
√

2

K2
φ(~k12)

∫
φ−c (~k1, ~r1)ei

~K·~r1ψnlm(~r1)d~r1 ×
∫
φ−c (~k2, ~r2)ψnlm(~r2) (A.14)

I02 =
2
√

2

K2
φ(~k12)

∫
φ−c (~k1, ~r1)ψnlm(~r1)d~r1 ×

∫
φ−c (~k2, ~r2)ei

~K·~r2ψnlm(~r2) (A.15)

For the calculation of fB1 using the 2CWWM model, the procedure is the same as in
the 2CWGmodel, except that here we multiply by theWard–Macek factor φWM(k12, r12ave)

instead of the Gamow factor.
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