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Abstract

In this work, both single and double ionization of atoms and molecules were studied.
For single ionization, the M3CWZ model was employed to investigate the effects of the
charge on the ionization of the water molecule by electron and positron impact. For
double ionization, the 5DCS for atoms and 6DCS for molecules were calculated for the
beryllium atom and the oriented water molecule. The calculations were performed within
the Born approximation and using the BBK model and its approximations. This study
emphasizes the importance of accounting for electron correlation and long-range interac-
tions in reproducing differential cross sections and elucidating the underlying ionization

mechanisms.

Keywords: ionization, correlation, molecule

Résumé

Dans ce travail, l'ionisation simple et double d’atomes et de molécules a été étudiée.
Pour T'ionisation simple, le modéle M3CWZ a été utilisé afin d’étudier les effets de la
charge du projectile sur I'ionisation de la molécule d’eau par impact d’électrons et de
positrons. Pour 'ionisation double, les 5DCS pour les atomes et 6DCS pour les molécules
ont été calculés pour I'atome de béryllium et la molécule d’eau orientée. Les calculs ont
été réalisés dans le cadre de ’approximation de Born et en utilisant le modéle BBK et ses
approximations. Cette étude souligne I'importance de prendre en compte la corrélation
électronique et les interactions a longue portée pour reproduire avec précision les sections

efficaces différentielles et clarifier les mécanismes fondamentaux de 1’ionisation.

Mots Clée : ionisation, corrélation, molécule
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(zeneral Introduction

A significant part of our understanding of the structure of matter has been derived
from the study of scattering phenomena. Without such investigations, the microscopic
nature of the physical world would have remained largely inaccessible. Through scattering
experiments, fundamental constituents of matter, such as the atomic nucleus, nucleons,
and quarks have been discovered, providing essential insights into the interactions gov-
erning atomic and subatomic systems. Among the various scattering processes, ionization
stands out as a fundamental inelastic mechanism, playing a vital role in elucidating the
dynamics of atomic and molecular systems. The investigation of ionization induced by
electron impact occupies a prominent position in modern atomic and molecular physics, as
it leads to the formation of ions and provides an effective means of probing the electronic
structure of matter. Moreover, ionization studies offer valuable insights into electron cor-
relation and collision dynamics, which are essential for understanding chemical bonding,
predicting reactivity, and characterizing molecular behavior.

Single ionization, in which a single bound electron is removed by an incident projec-
tile, has been extensively investigated, as it represents the most fundamental ionization
process. Among the various measurable quantities, the triple differential cross section
(TDCS), obtained through coincidence (e,2e) measurements, provides highly detailed in-
formation about both the electronic structure of the target and the underlying collision
dynamics. For this reason, electron-impact ionization has been studied most intensively,
with significant efforts devoted to atomic targets [1, 2]. These studies were later ex-
tended to molecular systems. The first coincidence measurements were performed for the
(e,2e) ionization of the hydrogen molecule (Hz) [3] and were subsequently applied to more
complex molecular targets under a variety of kinematic conditions [4-9].

Experimental studies of double ionization are typically conducted through coincidence
detection of the scattered electron along with the two ejected ones, in what are known
as (e,3e) experiments. These measurements are extremely sensitive to subtle features
of collision dynamics but are limited by very small cross sections. Consequently, most

investigations have focused on noble gases, particularly helium, due to its simple elec-
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tronic structure and suitability for theoretical modeling [10-13]. A related experimental
approach, known as the (e,3-1e) measurement, involves the simultaneous detection of
only two outgoing electrons—either the scattered and one ejected electron or the two
ejected electrons only [14]. While resembling single-ionization (e,2e) experiments, these
measurements still provide valuable insights into the mechanisms of double ionization [15].

For positron impact, experimental data remain scarce, mainly due to the inherent
limitations of positron beams, including their low intensities, and the complex nature of
positron—matter interactions, which involve competing processes such as annihilation and
positronium formation [16, 17|. The first investigation of ionization induced by positron
impact was conducted by Roy and Etienne in the 1960s, employing a Wilson cloud cham-
ber to measure the specific ionization of nitrogen and argon. Subsequent research ef-
forts expanded upon this pioneering work. For instance, Spicher et al. [18] reported the
first measurements of positron-impact ionization of atomic hydrogen in the energy range
17.6-600 eV. Earlier studies had also been carried out on helium targets by Sueoka [19],
Diana et al. [20], and Fromme et al. [21].

In recent years, the growing scientific interest in positron-impact ionization has led to
significant progress in both experimental techniques and measurement accuracy. Notably,
the implementation of triple-coincidence detection systems has enabled precise determi-
nation of the double differential cross section (DDCS) and the triple differential cross
section (TDCS). Furthermore, the development of advanced reaction microscopes, such
as the COLTRIMS (Cold Target Recoil lon Momentum Spectroscopy) apparatus, has
markedly improved experimental resolution, allowing for a more detailed exploration of
the underlying collision dynamics and electron—positron correlation effects [22].

On the theoretical side, the description of ionization processes remains a major chal-
lenge due to the complexity of electron—electron interactions in the final state. For single
ionization known as (e,2e) reaction, numerous perturbative and non-perturbative models
have been developed. These developments have led to satisfactory agreement with exper-
imental data across many energy regimes and geometrical configurations. In contrast, the
double ionization process, denoted as (e,3e), is even more complex to model, as it con-
stitutes a four-body problem in which two ejected electrons and the scattered projectile
evolve within the residual ionic field 23], explicitly involving stronger electron—electron
correlation effects [24].

Furthermore, the study of ionization by both positrons and electrons in molecular sys-
tems is inherently more complex than in atomic systems, due to the multicenter nature of
molecular targets, the orientation dependence of their orbitals, and the additional chal-
lenges associated with both experimental measurements and theoretical modeling. Nev-

ertheless, several theoretical approaches have been developed to address these difficulties.
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Among them, the molecular three-distorted-wave (M3DW) model has been widely used
to describe molecular ionization. This model was later refined by Ali et al. [25], who in-
troduced the multicenter molecular three-body distorted-wave (MCM3DW) approach, in
which the continuum electron wave functions explicitly depend on the molecular orienta-
tion at the time of ionization. However, in many cases, the inclusion of higher-order Born
terms remains essential to achieve better agreement with experimental data, particularly
in noncoplanar geometries. More advanced frameworks, such as the continuum-distorted-
wave eikonal-initial-state (CDW-EIS) model, explicitly account for higher-order effects
and have been successfully applied to calculate TDCS for orbitals such as 1b; and 3a; of
H,O [26].

Double ionization induced by charged particle collisions provides even deeper insights,
as it involves the creation of Coulomb four-body excited states, From a theoretical per-
spective, double ionization is far more complex than single ionization, since it explicitly
involves electron correlation and the interplay of multiple interaction channels. The chal-
lenge is twofold: (A) as the number of interacting particles increases, the direct evaluation
of the full four-body Green’s function becomes computationally prohibitive; (B) the non-
integrable character of interacting many-particle systems means that analytical treatments

are necessarily approximate [23].

Our work is organized as follows:

e Chapter 1 provides the theoretical framework essential for understanding scat-
tering processes. It establishes the connection between theoretical concepts and
experimental observations, beginning with the Schrodinger equation, which governs
the scattering phenomenon. The integral form of this equation is then formulated
using Green’s functions, leading to its general solution and to the derivation of
key quantities such as the scattering amplitude, and the differential and total cross
sections. The chapter further examines the Born approximation and its various ex-
tensions. In the final section, the Schrodinger equation is solved using the partial

wave method, which is applied to different scattering scenarios.

e Chapter 2 is devoted to single and double ionization processes. It introduces the
concept of electron correlation in atomic and molecular systems, along with the main
wavefunction methods such as Hartree—Fock, and configuration interaction. We then
detail single ionization (e,2e) process, emphasizing the structural and dynamical
information that can be extracted, as well as double ionization (e,3e) process and
its fundamental mechanisms. Finally, the most widely used theoretical models are

presented, including the BBK model and the distorted-wave Born approximation

(DWBA).
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e Chapter 3 focuses on the double ionization of the beryllium atom by electron im-
pact. The initial and final states are analyzed, and the five-fold differential cross
sections are computed using the 2CWG, 2CWWM, and BBK models. This study
of the simplest two-valence-electron atom provides a fundamental testbed for un-

derstanding electron correlation effects in complex atomic processes.

e Chapter 4 is dedicated to the ionization of the water molecule. First, we study
the effect of the projectile charge (electron or positron) on single ionization using
the M3CWZ model. Then, we analyze orientation effects in the double ionization
of oriented water molecules by electron impact. Additionally, we investigate how
the choice of the target wave function affects both the triple and six-fold differential

cross section calculations.
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Chapter 1

Theoretical Elements

1.1 Introduction

Scattering theory is an important and fundamental part of quantum mechanics, which
plays a pivotal role in understanding several physical phenomena. Historically, the devel-
opment of scattering theory began in 1911 with Rutherford’s groundbreaking experiments,
which led to the discovery of the atomic nucleus through the scattering of alpha particles.
This marked the beginning of the formal study of scattering processes, which was later
extended within the framework of quantum mechanics.

In its present form, scattering theory describes how a target system interacts with an
incoming particle (such as an electron or photon), leading to the emission, absorption,
or deflection of particles. The primary purpose of scattering experiments and scattering
theory is to extract detailed information about the structure and dynamics of the target
through measurements of scattering cross sections.

Scattering theory can be classified into two types depending on whether the kinetic
energy of the system is conserved: elastic and inelastic. In elastic scattering, there is
no change in kinetic energy or internal states of the system, while in inelastic processes,
internal excitations or ionizations appear, which change the energy distribution among
the particles.

In this chapter, we present the theoretical foundation for studying scattering phe-
nomena. We begin with a description of scattering phenomena and its relation with the
differential cross sections. We proceed to formulate the scattering problem in the gen-
eral case using the integral form of the Schrédinger equation with Green’s functions, and
we examine the behavior of the wavefunction for short- and long-range potentials, high-
lighting the challenges posed by each. Finally, we introduce the Born approximation,

which provides a perturbative method for solving scattering problems under appropriate
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conditions.

1.2  Scattering Theory and Cross Sections

1.2.1 Description of the Scattering Phenomenon

In a scattering experiment, a beam of particles is directed at a target material to observe
how collisions occur. The total number of collisions depends on both the intensity of
the incoming beam and the number of target particles encountered per unit area of the
beam path. While some incident particles pass through unaffected, others are scattered
at various angles, as illustrated in Figure 1.1.

The distribution of these scattered particles across different directions is described by
the differential cross section, do (6, ¢), which represents the number of particles scattered
into a specific solid angle element d{2 per unit time and per unit incident flux Fj,.. The

solid angle element is defined as:
dQ) =sinfdf d¢

This leads to the formal definition of the differential cross section [1, 2|:

= (1.1)

dQ  Fie

Range of
- > potential Unscattered
Inc:]elnt particles
particles

Figure 1.1: Scattering of incident beam from a fixed target, with the scattered particles detected
within a solid angle in a specific direction.

The total cross section o represents the integrated probability of scattering into all

possible directions. It is obtained by integrating the differential cross section over the full
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solid angle:

o= [ a0 [ anoan [T, 02

Differential cross sections offer a deeper insight into scattering processes than total cross
sections, as they depend not only on the energy of the particles but also on the directions
in which these particles are ejected or scattered.

It should be noted that in experimental setups, measurements are typically carried out
in the laboratory (Lab) frame, where the target is at rest and the projectile is incident
with a given momentum. In contrast, theoretical calculations are often performed in
the center-of-mass (CM) frame, where the total momentum of the system is zero. This
characteristic makes the CM frame more convenient for analyzing scattering angles and

energy distributions [1, 2|.

1.3 Integral Form of the Schrodinger Equation Using

the Green’s Function

Let us consider the scattered of a two-particle system of masses m; and my. The time-

independent Schrodinger equation is given by:

<—h—2v§ h—2v§ + V(Fl,FQ)) O, 7)) = EO(7, ) (1.3)
2meo

where V(7,75) is the interaction potential between the two particles. We take the
case where the interaction between m; and ms depends only on their relative distance
r = |1y — 73|, then the problem reduces to solving the relative motion of two particles:
One describes the center-of-mass (CM) motion, which behaves as a free particle of total

mass M = my + my. The other corresponds to a fictitious particle of reduced mass

= M, moving under the influence of the potential V(7). Then Eq. 1.3 will be:
my + Mo

One way to solve the previous equation is to look for a solution of the wavefunction
®(R,7) in the form:
(7, R) = (1) (7) (1.5)

Since our objective is to determine the differential cross section in terms of the scattering

amplitude of the scattered wave, the contribution associated with the center-of-mass (CM)
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motion will not be considered further in this context, then Eq. 1.4 will be:

h? .
- @V%(f') + V(P)Y(7) = Ep(r) (1.6)
Rewriting this equation by moving the potential term to the right-hand side, we obtain:

2uFE _2uV(7)

V() + () = L () (1.7
We define the following quantities:
2uE 2uV(7)
=2 g = 20,

which simplifies Eq. (1.7) into the Helmholtz-type form:

(V2 + 1)y (7) = Q(7), (1.8)

This is an inhomogeneous differential equation, where the source term Q(7) itself
depends on ¢(7), To solve it, we introduce the Green’s function G(7) obtained by solving
the point source equation:

(V2 + k%) G(7) = 6*(F) (1.9)

then, the solution to expression (1.8) can be written as:
W) — / Er G — 7)) (1.10)
where Q(7) can be express as:
Q(F) = /d3r’63(F—F’)Q(F') = /d3r’(V2+k2)G(F—f’)Q(W) (1.11)

To compute G(7) , we switch to the Fourier space [3] by multiplying Eq. (1.9) by €™ and

integrating over all space:

/ (V2 4+ K2)G(F) e dr — / 5 (F) e Pr — 1 (1.12)

After integration by parts and using properties of the Laplacian in Fourier space, we

obtain:

(K — )G (@) = 1 (1.13)
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therefore, giving the following expression for G(§) gives:

I 1
—q¢  (k—q(k+q)

From Eq. (1.14) , and using the inverse Fourier transformation, G(7) reads:

. 1 6—iq"~F 5 1 e—iqrcos(e) ) )
G(r) = onp | 2o q2d q= Ok e q“dgsin(0)dfd¢

1 2T s q2 ) (9)
= do | db in(g)e @ g
Gy ), ), B
1 q2 & A
— d in()e r cos(0) do
)2 / qu 7 /0 sin(f)e ,
1 2 —iqru 1
_(27r)2 /qu?q— q> {e—iqu
1 2 iqr fiqr_l (115)
- 2 /dq 2q 2 : ; :
(2m) k? —q iqr
1 1 o0 q2 ) .
— . d wgr o —qr
i | e =)
1 0 q . )
— d w]gr o —qr
4m2r /0 qk‘2 —q? (e ™)

i e q wqr —iqr
:87r27’/_ qu2—q2<eq —e)

o0

G(q) = (1.14)

Finally giving G(7) in terms of two complex integrals from the above expression as

i 400 qeiqr +oo qefiqT
) = dq — d
=g | i | Fm]
i 400 qeiqr +oo qe*iqr
SR Y L A N i —
872r | J_oo (¢—Ek)(g+ k) oo (q—Fk)(q+ k)

The above integrals can be written as contour integrals. Then, G(7) evaluates to:

6 = o [75; ] ] (117)

where the contours C (anti-clockwise orientation) and C_ (clockwise orientation) are

follows:

(1.16)

defined as in Figure 1.2.
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IM (g
I Ry : 4 TM(q)
c. g -\.\‘\ « U " @ g >
3 i RE(4)
.\: ‘..\
- \ Y P
R — s & Q. P (_\_ _,//
g2 = —k l RE (q) o VO

ikl v

fjfi'fr .
fg—— +——G(r)=-— - = igr
fg NEDIED) )= ){ dg 3
Jo. Mm@ +m

Figure 1.2: Definitions of the contours C'y and C_, to evaluate the contour integrals appearing
in the evaluation of the Green’s function G(7).

By using the residue theorem, G(7) can be calculated as follows:

L 7 » qeiqr L ) qef'iqr
G(r) = 2y [27?2 (q—l— k)q:k‘ (—2mi) (q — k>q:k]

. . (1.18)
= o (BT g (2
~ 8r2r 2k (—2k)
giving:
i A ekl
G(r) = 2mi)et = — 1.19
(™) 8WQT(M)G e (1.19)

Knowing G(7), the particular solution to equation 1.6 is given by:

_ / dsrf( g )2“22(%(7% (1.20)

As for the solution to the homogeneous part of Eq. 1.6, denoted by W,(7), it can be

obtained from:
(V2 4+ BT (7) =0 (1.21)

then, the total solution to Eq. 1.6 is given by:

ik|F—7|
5 u e
U(7) = Uy (F) — onr | o V(7)) d*r (1.22)
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This is the standard Lippmann—Schwinger equation in position space.

Short-Range Potentials

In what follows, we restrict our analysis to the case of elastic scattering, where the t otal
kinetic energy of the system remains constant and no internal excitation or ionization
takes place. This assumption is made for simplicity and is appropriate for a wide range
of scattering problems involving short-range interactions. Under elastic conditions, the
wave number k£ = 2;;—2E remains the same before and after the collision. This choice
simplifies the mathematical formulation and lays the groundwork for later introducing
the asymptotic behavior of the wavefunction and the definition of the scattering ampli-
tude.

In the context of scattering theory, a potential V(7) is considered short-range if it
becomes negligible as the distance from the scattering center increases [4]. More precisely,

a potential is short-range if it decays faster than 1/r as r — oo, that is:

lim 7"V (r) =0 for some n > 1 (1.23)

r—00

Asymptotic Behavior of the Wavefunction

Let us now analyze the behavior of the wavefunction W(7) at large distances, assuming
the potential is localized around the origin (i.e., significant only for small |7]).
Suppose 7 denotes the position of the detector (far away), and 7 is a point within the

interaction region. In the far-field limit, we assume |7] > |7’|. Then we can expand:
7= =" =27 4 |7~ r? =27 (1.24)
so that:
|F—7 | ~r—7-7 (1.25)
where 7 = 7/r is the unit vector in the direction of 7.
Now, if we define the wavevector of the scattered particle as k= k7, then:
eik|777f*‘ ~ eikrefikf-f" (1 26)
This approximation is called the far-field or asymptotic approximation. Thus, the

central term in the integral equation becomes:

I .
ezk\r 7| ikr

e (1.27)

|77 — | r
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Substituting this into the integral equation gives:

-, ikr

U(7) ~ Uy (7) + <_2:h2 /e_“” V()W (r) d3r') 67 (1.28)

which can be written as: "

. B el T
V() = Un(r) + f(0, )~ (1.29)

where f(0, ¢) is called the scattering amplitude.
In Dirac representation, this amplitude is:
H ik

f(0,9) = (V) (1.30)

k2

The scattering amplitude f(6, ¢) encapsulates how the incident wave is modified by
the potential.

1.3.1 Scattering Amplitude

The number dn(6, ¢) of particles scattered into a solid angle element df2 in the direction

(0, ¢), and passing through a surface element dA = r? dQ) per unit time, is given by [1, 5]:
dn = Fy. - r2dS) (1.31)

By substituting Eq. 1.31 into Eq. 1.1, we obtain:

do Fe
Q- T r (1.32)
The incident Fj,. and scattered Fy. flux densities are defined as follows [1, 5, 6]:
- h - - hk;
Fine = o [ Wine () V05 (7) = W37 V(7] = = (1.33)
L ik - . S hk
Fo= 50 [Wal?) VUL = W) V0] = T 16.0)F (13)
Substituting Eqgs. 1.33 and 1.34 into Eq. 1.32, we finally obtain:
dU kf 2
—(0,9) = — 0 1.

where f; is the transition amplitude from the initial state to the final state. The cal-

culation of this quantity can be straightforward in some cases, but it may become quite
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complicated in others, depending on the physical model used.

For an elastic collision (k; = ky):

do

700.0) = 1£(6,0)

1.4 Born Approximation

(1.36)

The Born approximation is an important method in quantum scattering theory, originally

introduced by Max Born in 1926 |7]. In this approach, the scattering potential is treated

as a weak perturbation [8], allowing the scattering amplitude to be obtained through a

perturbative expansion of the wave function. .

In this approximation, it is assumed that the scattering potential describing the

Coulomb interaction between the projectile and the target is small compared to the total

energy of the target and the incident electron, and can therefore be treated as a perturba-

tion (the free Hamiltonian dominates over the perturbation). Consequently, the incident

and scattered particles are represented by plane waves. In this case, Eq. 1.22 is defined

in terms of the Green’s function as follows:

—
/

U = s [ G- U )

where 20V ()
wV(r
U =+

in other hand W¥(r7) can be written as:

thus Eq. 1.37 becomes

U(r) = eia'F—l—/ d3r/G+(F—F)U(F)eiEi'ﬁ+/ d?’r'GJr(F—F')U(f') /d37"”G+(73—

And similarly for U(r) andW (1) ..., we can write then

U (7) :eiﬁi'F+/d3r’G+UeiEi’ﬁ —1—/d3T’G+U/d3r”G+U(F’/)e”€i"m

+ / dr'G.U / &' GLU / Er"G Ut 4

(1.37)
(1.38)

U (™) (r)
(1.39)
(1.40)
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This expansion is known as the Born series. In practice, only the first two terms
are typically retained (referred to as the first Born term (fp1) and the second Born term
(fB2)). The leading contribution is provided by the first Born term, while the second Born
term serves as a correction to account for higher-order effects. However, the computation
of the second term is significantly more complex and requires considerable numerical effort.
Terms of higher order are generally neglected, as their calculation becomes impractical

and their overall contribution is negligible.

1.4.1 Calculation of the First Born Term

The first Born approximation retains only the first term of the previous expansion, ne-
glecting the contribution of terms with powers higher than 1; that is U(7) is given by:

-

() = ¢4 / G (7 = 7)U () (L41)

Thus, we can write the scattering amplitude and the differential cross section in the first

Born approximation as follows:

fn(0.0) = 510 [ V()T (1-42)
2 RN
;l_g - 4M2h4' | /ei‘T‘FV(F)eiki"”l) &*r'? (1.43)
7

where hl% and Ak are the linear momenta of the incident and scattered particles, respec-

— —

tively; and hq is the momentum transfer ¢ = k; — k

1.4.1.1  Validity of the First Born Approximation

The first Born approximation remains reliable when the total wavefunction (7)) departs
only slightly from the incoming plane wave. In other words, the correction term to the

plane-wave solution must be much smaller than the leading term:

IR
ezk|r 7|

I
2h? | |7 — |

V(') e™7 d | < |7 (1.44)

Since the incident wave is ¢y, = €07, the criterion simplifies to:

o ==
ezkz|r 7|

w
2h? | |7 — 7|

V(r') ek Byl | < 1 (1.45)

10
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For elastic scattering (k; = k) and assuming the interaction potential is strongest near

the origin, one obtains:

<1 (1.46)

ﬂ/ Tleilcr’v(r/) d?“// eikr’ cos ¢’ sin 6'do’
hQ 0 0

or equivalently,

<1 (1.47)

H OO ikr’
m/o V(') (e** —1)dr!

Because the projectile’s kinetic energy is F; = h?k?/(2u), these expressions show that

the Born approximation applies when the incoming particle is fast and the potential is
weak. In practical terms, whenever the average interaction energy between the particle
and the scattering potential is much smaller than the particle’s incident kinetic energy,

the scattered wave can be regarded as a plane wave.

1.4.2 Calculation of the Second Born Term

For the calculation of the second Born approximation, we retain also the second term of

the expansion given in Eq. 1.39
U(7) = / &G (F = 7)U(F) / d*r" Gy (17 — U (7) U (r7) (1.48)

Then we can write the scattering amplitude and the differential cross section in the

second Born approximation as follows

0, 6) = / Y () [ / R G771V () df’} gF (1.49)

do /1/2 iR S = ik 7! e I\ 7= — 12
yoi 2h4‘ e V(7) e Gy (T =V (r) dr'| dr | (1.50)
v

In Born 2 The system undergoes two successive interactions. Under the effect of the
potential V(7), the initial state evolves into an intermediate state, which, under the
action of the potential V' (7), then evolves into the final state.

Thus, the first Born approximation is valid only when we consider a single interaction
of the projectile with the target, as in the case of ionizing collisions of atomic or molecular
targets by electrons whose velocity is much greater than that of the electrons bound to
the target [9-11].

11
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1.5 Partial Wave Solution of the Schrodinger Equation

In this section, we present the solution of the Schrédinger equation obtained using the
partial wave expansion method, which describes the wavefunction of an electron moving
in a radial potential field V' (r), either Coulombic or distorted.

The general solution ¢(k,7) of the Schrédinger Eq. 1.6, in spherical coordinates, is

expressed as a linear combination of partial waves [12, 13| as:

Y(k,7) = Cr Ry(k,r) P(cos ) (1.51)

where R;(k,r) is the radial part of the wavefunction, and Pj(cos ) is the Legendre
polynomial [14] that explicitly depends on the angle o between k and 7 It should be
noted that the partial wave expansion is particularly useful when the Schrédinger equation
for a particle in a potential V' (r) does not have an analytical solution, as it allows the

wavefunction to be separated into a radial part and spherical harmonics.

Case of a Free Particle

In this case, where the interaction potential vanishes (V' = 0), the solusion simplifies to
that of a free particle, which can be represented by a plane wave ,,:

1 ik

Wk, 7) = T (1.52)

Case of a Coulomb Potential

In the case of a Coulomb potential; during a collision between a nucleus of charge Z and

an electron located at a distance r, the solution 1.51 take the forme:
Yok, 7) = 4m Y " ile Yy (k) Vi () Fy (K, ) (1.53)

~

where Y,,(k) and Y},,(7) are complex spherical harmonics, and d; is the Coulomb phase
shift, which is the angular change in solution relative to a plane wave [15]. Here, T'
denotes the Gamma function, n = % is the Sommerfeld parameter for a purely Coulombic

potential, and Fj(k,r) is the radial hypergeometric function.

12
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Case of a Distortion Potential

The spherically symmetric distortion potential V' (r), representing the total interaction
composed of Coulomb and short-range terms, leads to the following form of the continuum
wavefunctions:

- 4

bl = it Xy (v ) (1.54)
lym

where « is the angle between k and 7, ¢; is the phase shift, and y;(k,r) is the radial

function.

1.6 Conclusion

In this chapter, we established the foundational framework of scattering theory, which
serves as the theoretical backbone for understanding ionization processe in atomic and
molecular systems. We began with a conceptual description of the scattering phenomenon
and introduced key observables such as the differential and total cross sections.

We then examined the formal solution of the Schrédinger equation using Green'’s
functions. The behavior of the wavefunction at large distances, particularly its asymptotic
form, was shown to be directly related to the scattering amplitude, and thus determines
the expression of the cross section. We also presented the Born approximation series,
emphasizing its perturbative nature and its range of validity. Finally, we introduced the
case of a particle moving in an arbitrary radial potential, presenting the corresponding
solution of the Schrédinger equation through the partial wave approach.

This theoretical framework will be the basis for more advanced models and practi-
cal applications in the following chapters, where we study the ionization of atoms and

molecules under various impact conditions and energy regimes.

13



BIBLIOGRAPHY

Bibliography
[1] N. Zettili. Quantum Mechanics: Concepts and Applications. Wiley, 2009.
[2] M. Le Bellac. Physique quantique — Fondements (Tome 1). CNRS Editions, 2013.
[3] M. Pinsky. Introduction to Fourier Analysis and Wavelets. Brooks/Cole, 2002.
[4] B. Najjari. PhD thesis, University of Lorraine, 1997.
[5] T. Khatir. PhD thesis, University of Setif 1, 2021.

[6] M. Le Bellac. Physique quantique, Tome I : Applications et exercices corrigés. CNRS
Editions, Paris, 2013.

[7] M. Born. Z. Phys., 38:803-827, 1926.

[8] T. A. van der Sijs, O. El Gawhary, and H. P. Urbach. Phys. Rev. Research, 2:013308,
2020.

[9] H. Ehrhardt, M. Fischer, and K. Jung. Z. Phys. A, 304:119, 1982.

[10] F. W. Byron Jr., C. J. Joachain, and B. Piraux. J. Phys. B: At. Mol. Opt. Phys.,
13:L673, 1980.

[11] M. J. Brother and R. A. Bonham. J. Phys. B: At. Mol. Opt. Phys., 17:4235, 1980.
[12] S. Weinberg. Lectures on Quantum Mechanics. Cambridge University Press, 2015.
[13] J. D. Griffiths. Introduction to Quantum Mechanics. Pearson Prentice Hall, 1995.
[14] M. L. Boas. Mathematical Methods in the Physical Sciences. Wiley, 3rd edition, 2006.

[15] K. Faezi. PhD thesis, University of Connecticut, 2020. Honors Scholar Theses, Paper
743.

14



Chapter 2

Single and Double Ionization Processes

2.1 Introduction

The study of ionization processes lies at the heart of atomic and molecular collision
physics. When an energetic electron collides with an atom or molecule, the resulting
removal of one or more electrons reveals fundamental aspects of electron correlation,
many-body interactions, and the dynamical mechanisms governing the process.

In this chapter, we begin by discussing the concept of electron correlation in atomic
and molecular systems, which plays a decisive role in determining the outcomes of both
single and double ionization. To describe these correlations, various wavefunction-based
methods are introduced, including the Hartree-Fock approximation (HFA) and configu-
ration interaction (CI).

We then address the processes of single and double ionization by electron impact.
Particular emphasis is placed on their description, the structural and dynamical infor-
mation they reveal, and the importance of differential cross sections in interpreting both
experimental and theoretical results. Different geometrical configurations, kinematical
conditions, and incident energy regimes are also examined, along with the mechanisms
underlying double ionization, such as shake-off and two-step processes.

Finally, we introduce two of the most important theoretical models that have proven
especially effective in analyzing ionization phenomena: the BBK model and the Distorted
Wave Born Approximation (DWBA). Together, these frameworks provide a solid founda-
tion for understanding the complexity of ionization processes, for accurately interpreting

experimental data, and for forming the basis of many other theoretical models.
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Atomic Units

In this chapter, we will use, as is customary, atomic units:
h=e=m.=qp=1

with:

h
h = e where h = 6.62 x 1073* J - s is Planck’s constant.
T

e ¢ =—1.60 x 107! C: the charge of an electron.

e m,=9.11 x 1073! kg: the mass of an electron.

ap = 0.53 x 1071 m: the Bohr radius.

2.2 Electron Correlations in Atomic and Molecular Sys-

tems

Electron correlations are fundamental to understanding ionization processes and are es-
sential for accurately describing the electronic structure and dynamics of atoms and
molecules. The concept first emerged in the 1930s with Wigner and Seitz [1], and a
more formal definition for atomic systems was introduced by Loéwdin in 1959 [2]. In
atomic and molecular physics, electron correlation refers to the interdependent motion of
electrons due to their mutual Coulomb repulsion. Any perturbation applied to one part
of a system inevitably affects all others, making the accurate description of correlated
electron behavior critical for both theoretical and experimental analysis [3].

The electron correlation energy is defined as the difference between the exact non-
relativistic energy and the Hartree-Fock energy. This missing energy, although small
in magnitude, plays a crucial role in accurately predicting chemical bonding, excitation
spectra, and ionization probabilities.

Electron correlation can generally be classified into two types: structural and dynam-
ical correlations. Structural correlation arises from the Coulomb interactions between
bound-state electrons in atoms or molecules, as well as between continuum electrons.
These interactions, typically expressed as 1/r;; potentials, make it impossible to solve the
Schrodinger equation exactly for systems with more than one electron. As a result, such
systems can only be described approximately, and ongoing research continues to develop

more accurate wave functions that account for this structural correlation.

16



CHAPTER 2. SINGLE AND DOUBLE IONIZATION PROCESSES

On the other hand, dynamical correlation emerges during time-dependent processes
such as ionization. During electron impact, for instance, the projectile perturbs the target,
polarizing it and altering the wave function of the incoming electron; this is referred to as
entrance-channel dynamical correlation. The Coulomb interaction between the outgoing
electrons must also be included in the final-state description, leading to exit-channel
dynamical correlation. These dynamical effects are typically incorporated using distorted-
wave models or more advanced quantum scattering techniques.

Over recent decades, advanced electron correlation methods such as Configuration
Interaction (CI), Coupled Cluster (CC), and related approaches have been developed,
using Hartree—Fock theory as a reference. Combined with increased computational power,
these methods enable highly accurate simulations of molecular structures, energies, and

electron correlation effects in complex systems.

2.3 Wave—function Methods

We consider an N-electron system (atom or molecule) within the Born-Oppenheimer and

non-relativistic approximations [4]. The Hamiltonian in the position representation is:
N (NN 1
H=D) i) +33 0wz 2.1)
i=1 i=1 j#£i 't J

where h is the one-electron Hamiltonian, given by:
. 1_, .
h(ri) = =5 Vi, + vne(7) (2.2)

with v, (77) = — 25 Ifi—%ﬁ\ representing the nucleus—electron interaction.

Stationary states satisfy the time-independent Schrédinger equation:
H\IJ(ZL‘hl'Q,...,ZL‘N):E\IJ(ZEhJZQ,...,ZEN) (23)
where W(zy, x9,...,2zy) is a wave function written in terms of the space-spin coordinates:

X, = (ﬁ)wi)7 FZ € R37 w; € {T;\L}

and FE is the associated energy.

Because electrons are fermions, the wave function must be antisymmetric with respect
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to the exchange of two space-spin coordinates:

Using Dirac’s bra—ket notation, we can write:
H|U) = E|T) (2.5)
The ground-state electronic energy FEj can be expressed by the variational principle:
Ey = min (U|H|W) (2.6)

where the minimization is taken over all N-electron antisymmetric wave functions ¥ nor-
malized to unity:

(UT) = 1 (2.7)

Properties such as dipole moments or optical spectra can be obtained as derivatives
of the ground-state energy with respect to an external perturbation. Among the main
strategies for electronic-structure calculations, wave-function methods play a central role.
In this context, we focus on two key approaches: the Hartree-Fock (HF) method [5],
which provides the mean-field approximation and serves as the reference for most corre-
lated methods, and the Configuration Interaction (CI) method [5], which systematically
incorporates electron correlation by considering excitations beyond the Hartree—Fock de-

terminant.

2.3.1 Atomic and Molecular Orbitals

Atomic orbitals (AOs) form the basic building blocks for constructing electronic wavefunc-
tions in atoms and molecules. For hydrogen, exact solutions of the Schrédinger equation
are possible, with orbitals expressed as a product of a radial function R,,;(r) and a spher-
ical harmonic Y}, (6, ¢):

Ui (7,0, 6) = Boa () Vi (6, 0), (2.8)

with energies F, = —i)’—f eV. For hydrogen-like atoms with nuclear charge +Ze, the

radial function depends explicitly on Z.

For multi—electron atoms, approximate solutions are often constructed from hydrogenic
orbitals [6].

These atomic orbitals can be represented using Slater-type or Gaussian-type func-

tions [7, 8], or alternatively by an orthogonal Laguerre basis, depending on the require-
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ments of the calculation:

ba0(T) = Z aij ¢;(7) (2.9)

where k is a characteristic parameter of the atomic orbital, and N; denotes the number
of atomic orbitals included in the expansion. The coefficients a;; specify the contribution
of each atomic orbital and are determined using the variational method. The functions
¢;(7) are expressed in terms of a basis of spherical harmonics Y}, (6, ¢).

Molecular orbitals (MOs) are then constructed as linear combinations of atomic or-
bitals (LCAO-MO) [8]:

M
Vi =Y Cixdn (2.10)
k=1

where ¢ are atomic orbitals and (7 are the coefficients defining their contribution
to the molecular orbital. Two conditions must be met for combination: similar orbital
energies and compatibl symmetries for nonzero overlap [9].

Molecular orbitals constitute the foundation for Hartree-Fock and Configuration In-
teraction calculations, as well as for a wide range of other theoretical methods in quantum

chemistry and atomic collision theory.

Molecular Orbital for Water molecule (H,O)
The H,O molecule has five occupied molecular orbitals, labeled 1a;, 2a;, 1bsy, 3aq,
and 1b; (HOMO). Using the LCAO-MO method, these MOs are constructed from linear

EA #2b,
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Figure 2.1: Energy diagram of HoO molecular orbitals.

combinations of the 1s orbitals of hydrogen and the 2s and 2p orbitals of oxygen [10]. The
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ground-state electronic configuration of HoO can be represented as:

(1&1)2(2&1)2(1b2)2(3(11)2(1b1)2

2.3.2 The Hartree Fock (HF) method

The Hartree-Fock (HF) method approximates the ground-state wave function ¥ of an N-
electron system by a single antisymmetrized product of N spin orbitals {x;(x)}, denoted
by (I)OI
Do(71, 2, - -y xn) = Alxa(zr)xa(r2) - - xn(7N)] (2.11)
where the antisymmetrizer operator A is defined as
;X

A= ﬁn:1<_1)pnpn (212)

with the sum running over the N! permutations P, of the space—spin coordinates {x1, .., zx},
and where p,, is the number of pair inversions associated with the permutation P,.

A central feature of the HF formalism is that the wave function ®y(z1,xs,...,zyN) can be

conveniently expressed as a Slater determinant:

xi(z1)  xe(w1) - xw(21)
Po(21,22,...,xN) = \/% Xl(,x2> XQ(.:@) XN@) (2.13)
xi(@n) xelzn) - xw(ow)
For brevity, one often adopts shorthand notation such as:
(o) = [X1x2° XN) (2.14)

Each spin orbital y;(z) is typically written as the product of a spatial orbital ¢;(7) and a

spin function a(w) or f(w):

with
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The spin orbitals are assumed to be orthonormal:
(o) = [ xi@sta) o =3 (215)

The Hartree—Fock electronic energy is expressed in terms of integrals over the spin orbitals

(using Slater’s rules [11] for evaluating expectation values over Slater determinants):

Enr[{xi}] = (®o| H|®y) (2.16)

The exact ground-state energy FEj is always lower than Eyp, and their difference E, =
Ey — Egr is known as the correlation energy (see Section 2.2).

The Hartree-Fock method is therefore a mean-field approximation: instead of describ-
ing the instantaneous electron—electron repulsion exactly, it treats each electron as moving
independently in the average field generated by all other electrons. This interpretation
leads to a set of self-consistent equations, solved iteratively until both the orbitals and
their associated energies converge [4].

Although this approach captures the average effects of electron—electron interactions
(typically around 99%), it neglects dynamic correlation effects beyond the mean-field pic-

ture.

2.3.3 Configuration Interaction (CI) Method

The Configuration Interaction (CI) method is a post-Hartree-Fock approach designed to
recover electron correlation. Whereas Hartree-Fock represents the ground state by a
single Slater determinant, CI expands the wavefunction as a linear combination of several

determinants constructed from excitations out of the HF reference state. It is typically

written as:
o r r rSs rs rst rst
“I!> - CO’(I)()) + § :Ca|q)a> + E Cab CDab> + E : Cabc|@abc> +oe (217>
r,a a<b,r<s a<b<c,r<s<t
Here, the coefficients cy, ¢, cl;, ... are variational parameters determined in the con-

figuration interaction procedure. |®g) isthe so-called reference determinant, typically
obtained from a Hartree-Fock self-consistent-field (SCF) calculation. The determinant
|®7) denotes a singly excited determinant obtained by substituting the occupied spin-
orbital a in the reference determinant |®q) with an unoccupied (virtual) spin-orbital r,
and similarly for higher excitations. The indices a, b, ¢ label occupied orbitals in the ref-

erence configuration, whereas r, s,t denote virtual orbitals.
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In this way, the CI wavefunction captures correlations between electrons that are ne-
glected in the mean-field picture of Hartree—Fock. Depending on the level of excitation
included—singles (CIS), doubles (CID), or higher—the method provides increasingly ac-
curate results. In practice, the most common truncation is Configuration Interaction with
Singles and Doubles (CISD), where only single and double excitations are considered rel-
ative to the reference state. For many small molecules near equilibrium geometries, CISD
recovers a large fraction (often around 95%) of the total correlation energy [5, 12].

In principle, a full CI calculation that includes all possible excitations within a given
basis set provides the exact solution of the nonrelativistic Schrédinger equation for that
basis. However, since the computational cost of full CI increases factorially with sys-

tem size, its use is limited to small systems.

2.3.4 Frozen Core Approximation

In many correlated electronic-structure methods (such as Configuration Interaction (CI),
many-body perturbation theory, or Coupled-Cluster theory (CC)) it is standard prac-
tice to employ the so-called frozen core approximation. In this approach, the innermost
molecular orbitals, which are occupied by tightly bound core electrons, are kept fixed as
doubly occupied in all configurations and are not allowed to participate in ionization.
For example, in atoms ranging from lithium to neon, the 1s orbital is usually consid-
ered part of the frozen core. For heavier atoms, such as those between sodium and argon,
the core typically includes the 1s, 2s, and 2p orbitals. When applied to molecules, the
frozen orbitals mainly correspond to combinations formed from these inner atomic shells.
This approximation is justified because core electrons are much less affected by the
surrounding chemical environment than valence electrons. As a result, neglecting their
correlation introduces an error that remains nearly constant across molecules containing
the same atomic species. Moreover, most commonly used basis sets in quantum chemistry
are not sufficiently flexible in the core region to capture electron correlation accurately.
For this reason, freezing the core is not only computationally convenient but often more

reliable than attempting to correlate all electrons [13].

Limitations: While the frozen core approximation works well for ground-state proper-
ties dominated by valence electrons, it can be inadequate for processes that involve core
electrons, such as core ionization, X-ray spectroscopy, or highly excited electronic states.
In such cases, explicit correlation of the core orbitals may be necessary to achieve accu-

rate results [14].

22



CHAPTER 2. SINGLE AND DOUBLE IONIZATION PROCESSES

2.4 The Process of Single Ionization

2.4.1 Description of the (e,2e) Process

Single ionization (SI) is a process in which one electron is removed from an atom or
molecule due to a collision with another particle, forming a positively charged ion. The
(e,2e) reaction is a specific complete electron-scattering experiment in which a mo-
noenergetic incident electron, possessing an initial momentum k; relative to the center
of mass of the target and energy F;, collides with an atom or molecule in its ground state
|¢pa). During this interaction, one electron is ejected from the target (typically from the
valence shell), emerging with momentum El and energy FEi, while the target becomes a
positively charged ion X with recoil momentum ¢ and recoil energy E,... Simultane-
ously, the incident electron is scattered, emerging with a new momentum Es and energy
E; ( the two outgoing electrons are measured in coincidence).

The two electrons in the final state are fundamentally indistinguishable in quantum
mechanics; however, it is common in experimental analysis to distinguish them by en-
ergy: the electron with higher energy is referred to as the scattered electron, and the less

energetic one as the ejected electron. The process can be represented schematically as:

€_<Ei7 EZ) + X — X+(EreC7 ij + €_<E17 ’I;;l) + €_<E87 IZS)

ks
. %
kl ‘-‘__.r HS‘

Figure 2.2: Diagram of an (e,2e) reaction in coplanar geometry.

This three-body process obeys the conservation of energy and momentum:
Einitial = Efina <= Ei = E,+ E1 + IP" + Epec (2.18)

ki=ks+k+q (2.19)

Here, IP™ = Ex+ — Ex is the single-ionization potential of the target, where Ey is

the ground-state energy of the neutral target and Fx+ is the ground-state binding en-
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ergy of the singly charged ion. The recoil energy FE.e. is usually neglected in the energy
balance because it is very small compared to the kinetic energies of the electrons.

The momentum transfer is defined as:

—

K=k —k, (2.20)

The magnitude of the momentum transfer determines the collision regime and, conse-
quently, the type of information that can be extracted. For low to moderate values
(K < 1-2 a.u.), the measurements primarily probe the collision dynamics. For larger
values (K > 2-3 a.u.), the results are more sensitive to the intrinsic structure of the
target [3].

2.4.2 Structural and Dynamical Studies

The direction of the momentum transfer plays a key role in distinguishing between struc-
tural studies by electron impact (referred to Electron Momentum Spectroscopy (EMS))

and studies of collision dynamics.
e Structural Studies:

Structural studies in single ionization are primarily concerned with probing intrinsic
electronic properties of the target, such as the ionization potentials of specific orbitals,
the spatial and momentum distributions of electrons, and the underlying electron—electron
correlations in the bound state. These investigations aim to minimize the complexity of
the ionization process, reducing it ideally to a binary electron—electron collision. In such a
regime, the incident electron acts merely as a probe, transferring energy and momentum
to a bound electron without significantly perturbing the residual ion.

To ensure dominance of the binary interaction and the suppression of many-body ef-
fects, kinematic parameters are chosen to yield relatively large momentum transfers (typ-
ically in the range of 4 to 7 atomic units) and to satisfy the Bethe condition. This condi-
tion ensures that nearly all the energy and momentum transferred from the projectile is
absorbed by the ejected electron, while the residual ion remains a passive spectator. In
this category, symmetric coplanar geometries [15] and non-coplanar geometries [16] are
the most suitable and are performed at high impact energies (1-2 keV), with the two
continuum electrons having equal energies (see section 2.4.3.2). In such conditions, the
reaction mechanism can be accurately described within first-order theories [17], and the
measured cross sections become directly proportional to the square of the wave function

in momentum space [17].
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One of the most direct methods used in this context is Electron Momentum Spec-
troscopy (EMS) [8, 18], which provides access to the momentum space wavefunctions of
the target’s valence electrons and use electron—electron coincidence technique. In EMS,
high incident energies and specific geometrical configurations are employed (such as the
symmetric non-coplanar geometry) to satisfy conditions that simplify the reaction mech-
anism. Under these conditions, the Plane Wave Impulse Approximation (PWIA) [19]
becomes valid, and the observed triple differential cross section (TDCS) is directly pro-

portional to the spherically averaged momentum distribution of the Dyson orbital [8]:

o= A/ (Fn_1 | ¥n)])* dQ (2.21)

where |p) is a plane wave of momentum p. ¢y and ©y_; are, respectively, the many-
electron wavefunction of the N electron initial state and the wavefunction of the (N —1)
electron final state describing the residual ion. The term A is a kinematic factor which is
essentially constant.

These structural measurements serve not only as experimental benchmarks for quan-
tum chemical calculations, but also as a means to evaluate the extent of electronic corre-

lation captured by the wavefunction models.
e Dynamical Studies:

In contrast to structural investigations, dynamical studies focus on the time-dependent
aspects of the ionization process, particularly the interactions that occur during and after
the collision between the incident electron and the target. These studies aim to under-
stand the detailed mechanisms by which energy and momentum are transferred within the
system, including the polarization of the target, excitation of residual ions, and interac-
tions among continuum electrons.

Dynamical correlation effects are typically divided into two classes: entrance-channel
and exit-channel interactions. In the entrance channel, the incident electron may dis-
tort the electronic cloud of the target even before ionization occurs. This dynamic polar-
ization alters the effective potential landscape and modifies the scattering wavefunction.
In the exit channel, additional correlations emerge between the ejected and scattered elec-
trons, particularly due to their mutual Coulomb repulsion. This post-collision interaction
(PCI) plays a crucial role in shaping the angular and energy distributions observed in
the final state.

To accurately describe these effects, more sophisticated theoretical models must be

used beyond the independent-particle picture. These include the Distorted Wave Born
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Approximation (DWBA) [20], Three-Coulomb-Wave (BBk) [21] models, and their im-
proved versions such as the Modified 3CW model [22], and 3CWZ model |23], which incor-
porate Coulomb distortions and PCI explicitly. These models allow for the construction
of more realistic final-state wavefunctions, which are essential for reproducing experimen-
tal Fully differential cross sections at low and intermediate energies.

Unlike structural studies, where the residual ion is treated as a passive spectator, dy-
namical studies recognize its potential influence on the scattering dynamics. This includes
recoil effects, target excitation, and long-range polarization fields. Therefore, the kine-
matic conditions are chosen to be more flexible or asymmetric in order to enhance sensi-

tivity to these dynamical features.

2.4.3 Geometries and Kinematics of the (e,2e) process

The kinematics of an (e, 2¢) reaction are defined by the energies of the incident and out-
going electrons, as well as the momentum transfer K. The kinematics used to mea-
sure the singly differential or fully differential cross sections are commonly classified into
distinct categories based on geometry: coplanar or non-coplanar, and symmetric or asym-
metric configurations (see table 2.1). Each of these configurations serves a specific purpose
in the study of ionization mechanisms and offers unique insights into collision dynamics.

A configuration is said to be in coplanar geometry when the scattered and ejected
electrons are detected within the same plane as the incident electron beam, typically re-
ferred to as the plane of incidence (plane of collision). In contrast, a non-coplanar geom-
etry arises when at least one of the outgoing electrons lies outside this plane. In general,
the three momentum vectors involved in the reaction (the incident electron k:, the scat-
tered electron Es, and the ejected electron /51) do not lie in the same plane, except in cases
where the azimuthal angle between the two outgoing electrons, defined as ¢ = ¢ — ¢,

takes values of 0 or 7.

2.4.3.1 Asymmetric geometry

In the asymmetric coplanar geometry, the two outgoing electrons are detected in different
directions and with significantly different energies. The scattering angle 6, is fixed to a
small value, typically between 0° and 12°, and generally less than 20° (¢s = 0 or 7), in
order to achieve high experimental resolution. Concurrently, the ejection angle 6, is al-
lowed to vary and is measured using a movable detector within the plane. This geometry is
particularly effective for exploring the dipole regime of ionization dynamics, which is char-
acterized by small momentum transfer. Experiments employing this configuration span a

wide range of incident electron energies, from low to intermediate and high, and have
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been extensively used in benchmark studies, such as those conducted by the group of
Lahmam-Bennani and by Ehrhardt’s team [24]. The asymmetric geometry allows for
a clear separation of collision mechanisms and provides valuable insight into the angular
and energy correlations in the ionized system.

Conversely, asymmetric non coplanar geometry is particularly valuable because it
enhances the sensitivity of the measured triple differential cross section (TDCS) to electron-
electron correlation and quantum interference effects. The spatial separation of the scat-
tering planes allows for clearer observation of interference patterns arising from different
quantum-mechanical pathways, which often manifest as pronounced minima or modula-
tions in the TDCS. Moreover, the asymmetric energy sharing leads to a more complex
post-collision interaction between the scattered and ejected electrons, providing a strin-
gent test for theoretical models. As such, asymmetric non-coplanar geometry serves as a
powerful diagnostic tool for probing the underlying dynamics of electron-impact ioniza-
tion and exploring correlation-driven processes that remain hidden in simpler geometrical

configurations.

2.4.3.2 Symmetric geometry

In this geometry, the scattered and ejected electrons are detected with equal angles 6, =
Ei — Lvion .
—————. This geometry allows for the study of the

0, = 6 and equal energies £, = F, = 5

target structure.
In the symmetric coplanar geometry, the two outgoing electrons are emitted within
the same plane. This geometry was first introduced by Amaldi et al. [25]. Under these

kinematic conditions, the magnitude of the recoil momentum ¢ can be expressed as
q=k; — 2ky cosf (2.22)

The magnitude of ¢ remains small for scattering angles 8 < 60° and reaches a minimum
near 6 = 45°. For 6 > 90°, however, ¢ increases significantly, indicating that the collision
is driven by large momentum transfers K [26]. The TDCS is measured as a function of
the angle 0. In this case, the exchange factor between the electrons must be taken into
account, as it is crucial for accurately describing the reaction mechanism.

In the symmetric non coplanar configuration, the two outgoing electrons are emit-
ted in different planes, with distinct non-zero azimuthal angles ¢, and ¢,. This geometry
is particularly suitable for probing electron momentum densities (Electron Momentum

Spectroscopy; see Section 2.4.2). The TDCS can be measured either as a function of the
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angle ® or as a function of the recoil momentum of the target, which is expressed as:

N\ 112
q = |(2k, cos @ — k;)* 4 4k? sin? § sin’ (§>] (2.23)

where ® = 7w — |5 — ¢1], and ¢ — ¢; representing the relative azimuthal angle between

the two continuum electrons.

Tableau 2.1: Classification of possible geometries for the (e, 2e) processes.

Non Coplanar

El and lgs lie outside the
collision plane

G i Coplanar
eometr - -
Y k1 and kg in the collision plane

X
*
1
1
i

Symmetric ‘.

81:95

Asymmetric
El 7£ EQa
91 7é 05

2.4.4 Differential Cross Sections for (e,2e) process

The results obtained in an (e, 2e) experiment are typically expressed in terms of differen-
tial cross sections. While Chapter 1 introduced the general concept of differential cross
sections, this chapter focuses on their application in the context of single and double ion-
ization ionization. A subsequent section will address differential cross sections in the case

of double ionization.

2.4.4.1 Triply Differential Cross Section (TDCS)

The Triply Differential Cross Section (TDCS) provides the most detailed description of
the kinematics of single ionization. It corresponds to the coincident detection of both out-
going electrons, namely, the scattered and the ejected. These electrons are characterized
by their respective energies Fy, E;, and momenta Es, /;1, as they emerge into the solid
angles df), = sin 6, dfs do, and d€); = sin 6, df, d¢; after a single ionization induced by an
incident electron of energy E;.

The TDCS is mathematically expressed as:
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d*o ks k1
dQ,d dE, ks

where TY%; is the transition matrix element between the initial and final states.

o® = Ty (2.24)

We consider single active electron (SAE) approximation [13]. In the second Born

approximation, the TDCS (Eq. 2.24) can be written as:

Ao _ kik
(3) — ! 2.25
fdds, & et el (2:25)
where first Born term fp; is expressed as:
1 ks 10 Do ik 7 -
1= 5 <€lks’r°‘1’_(kf1,7"1) V] e Oq’i(ﬁ)> (2.26)

and the second Born term fpo:

iks-Toyy— (T = iR o
fp2 = e 42/(] —k2 e <€ U (ki) [V € 0q’n(ﬁ)>
(0@, (77) [V] 5 ay(77) )

where ®;(r7) is the exact wave function of the initial state of the target and U~ (ky,77)

(2.27)

is the exact wave function for the continuum state of the target.
The potential V' represents the Coulomb interaction between the incoming electron

and the target and is written as:
V=—1-=— (2.28)

Tor To
2
For fgm, ¢ — 0F with &2 = & (B, — E)).
We neglect the exchange effects by considering the scattered electron as the fast elec-
tron and the ejected electron as the slow electron. It should be noted that if we do not
employ the single active electron (SAE) approximation, we must take into account all the

electrons of the target in the calculation (a multi-electron treatment) [27].

2.4.4.2 Doubly Differential Cross Section (DDCS)

If both the emission angle and energy of one detected electron can be measured, the cross
section is referred to as the Doubly Differential Cross Section (DDCS). Compared to the
Singly Differential Cross Section, the DDCS provides more specific information about the
angular and energy distributions of the scattered or ejected electrons following ionization.

The DDCS is obtained by integrating the TDCS over the solid angle of the unde-
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tected electron. If the interest lies in the scattered electron:

d*c Ao
S (g F— i — 2.2
dQ, dE; / L dQ, dQ, dE, (2.29)

And if the focus is on the ejected electron:

d*o o
— = | d)Yy— 2.
d$) dE, / " dQ, dQy dE,y ( 30)

2.4.4.3 Singly Differential Cross Section (SDCS)

When only one of the outgoing electrons is selectively detected (typically at a fixed an-
gle or with fixed energy), the measured quantity is the Singly Differential Cross Section
(SDCS). This can be angular:

do d*o

o) —/dE dE (2.31)
or energy-resolved:

do d*o

Fio) —/dQ O dE (2.32)

The angular SDCS, do/dS), provides directional information about the scattered or
ejected electron and is useful in structural investigations of atomic and molecular targets.
On the other hand, the energy-resolved SDCS, do/dE, depends on the energies of the
incident and ejected electrons and represents the energy distribution of the detected elec-
tron integrated over all emission angles. This quantity plays a significant role in many
fields, such as atmospheric physics, especially in studies related to electron energy loss in

the Earth’s ionosphere.

2.5 The Process of Double Ionization

2.5.1 Description of the (e,3e) process

the kinematically complete double ionization experiments process is commonly called
(e,3e) reaction by analogie with the (e,2e) process described in Section 2.4.1. It involves
the ejection of two bound electrons from the target by an incident monoenergetic electron
of momentum k; and energy F;. The final state consists of the scattered projectile with
momentum lgs and energy F, two ejected electrons with momenta k1 and Ky (energies E

and Ej), and the residual ion X?* carrying a momentum ¢ and energy Ei.. (Figure 2.3).
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The reaction can be schematically expressed as:
¢ (B k) + X — X (Bree, @) + ¢ (Br, k1) + ¢ (B, ko) + ¢ (Es, k)

These experiments are particularly challenging to perform due to the extremely small cross
section associated with double ionization (DI), as well as the requirement of detecting a
triple coincidence signal involving the three electrons in the final state. To circum-
vent these difficulties, a less demanding experimental approach is often employed, referred
to as the (e,3e — 1) configuration, in which only two out of the three electrons are de-

tected in coincidence. The conservation of energy and momentum for the system, involv-

Figure 2.3: Diagram of an (e,3e) reaction in coplanar geometry.

ing all three final-state electrons is:

Einitial = Eﬁna] < E1Z = ES + E1 + E2 + IP++ + Erec (233)

ki =ky+ ki + k47 (2.34)
Here, Epniia and Egn, are the total initial and final state energies of the (projectile-
target) system. [Pt = Ey2+ — Ey is the double ionization energy of the target, where
Ex is the energy of the ground state of the target X and Ex2+ is the energy of an arbi-
trary state of the doubly ionized residual ion X?*. As in the single ionization case, Eyec
is neglected in the energy balance.
The momentum transfer, defined by K=Fk— ES, is a ke parameter in determining the
collision regime and the type of information accessible: small K values probe the collision

dynamics, whereas large K values provide insight into the target structure [28].
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2.5.2 Geometries and kinematics of the (e, 3¢) process

The geometries of the (e,3e) process are similar to those of the (e,2e) process, with
some differences, which are summarized in Table 2.2. Note that plane of collision is

defined by the two vectors k; and k.

Tableau 2.2: Classification of possible geometries for the (e, 3e) processes.

Non Coplanar

l;:l and /22 lie outside the
collision plane,

¢ = ‘@1 — P2 — T |

Coplanar

Geometry K, and ks in the collision plane,
v =lpr = o =00rm

Symmetric
El = E27
61 =27 — 92

Asymmetric
El 7£ E27
01 # 02

2.5.3 Differential Cross Section for (e,3e) process

The determination of the scattering cross section in the case of a double ionization collision
can be obtained by considering the transition rate from an initially state to a specific final
state. This final state is characterized by a density of states written as d®k; d®ks d®ks.
The ratio between this transition rate and the incident flux density gives the correspond-

ing cross section (see chapter 1). It can be expressed as:
(2m)*
ki

where Ty; = (¢f|V|1;) is the transition matrix element from the initial state to the

do (ks ki, ko; ki, ;) = §(Ey — E) |Tr|* dky d®ky dPky (2.35)

final state.

2.5.3.1 Five-fold Differential Cross Section (FDCS)

In double ionization (DI) experiments, the final state involves three electrons, which

in principle requires nine kinematic parameters to fully describe their motion. By re-
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stricting the measurement to a coplanar geometry and applying energy conservation, this
number reduces to five independent parameters. When these five parameters are fully
determined, the experiment is considered ’complete,” and the corresponding differential

cross section is referred to as the fivefold differential cross section (FDCS):

5 d50' o ]{31]{32
 dE,dE5dQ; dQsdQs K
where df);, d€);, and df)y are the solid-angle elements of the scattered and the two

ks
Ty (2.36)

g

ejected electrons, while F; and E5 denote the energies of the ejected electrons.

If we consider the case where the projectile electron has a relatively high velocity, it
can be conveniently described by a plane wave, wich Allows to use the first Born approxi-
mation (FBA) [29]. By considering low momentum transfer and employing the frozen-core
approximation, the many-electron target problem can be reduced to a two-active-electron
model [13], where only the electrons that will be ionized are explicitly considered. In some
cases, the FBA is not sufficient, and it becomes necessary to include the Second Born Ap-
proximation(SBA) [27].

The five-fold differential cross section (FDCS) for a two electron system (helium-likes)

can be expressed as:

d°o kskiko
a0 A, dE R, Mt fel (2.37)
where ,
I =5y <‘1;_(E1’ by 7, 7) €70 | V7|0 ®i<F17F2)> ) (2.38)
and

1 dq 27 o o\ ik N &
fB2=—Z/%<¢_ (k17/€2;7’1,7"2>€ks VD, (71,75) e 0>

8 > — k2 —ie

x <c1>n (71, %) €770 | V| eiEi'FOQ)i(Fl,Fg)> (2.39)

The interaction potential V' is given by:

2 1 1
V=-—at—+— (2.40)
o To1  To2
Here, ®;(7,75) denotes the initial-state wavefunction of the target, while \If’(lgl, Eg; T1,73)
represents the final-state wavefunction of the two ejected electrons. The coordinate
corresponds to the position of the incident electron.

The summation over n incorporates the full contribution from all n discrete and con-
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tinuum states of the ionized target (which contains the two active electrons) [30].

2.5.3.2 Four-fold Differential Cross Section (4DCS)

The four-fold differential cross section (4DCS) is obtained by integrating the five-fold dif-
ferential cross section (FDCS) over the solid angle of one of the outgoing electrons (either
the scattered electron or one of the two ejected electrons). This quantity is measured in

an (e,3e — 1) experiment:

ot = d'o - / Lo dQ (2.41)
T dE,dBEydQ,dQy dE, dEy dQ; sy dS), 2 '
Or
d*o o
4_ _ 9, 9.42
7 T B, dB,dQ, dQs / (dEl By d0; A2 dQS) (242)

Since one electron is not fully characterized, the 4DCS is considered an incomplete mea-
surement. It describes instead the angular correlation between two selected electrons

among the three emitted in the double ionization process [3].

2.5.4 The Mechanisms of Double Ionization

Over the past two decades, both theory and experiment have significantly advanced our
understanding of the four-body problem involved in double ionization (DI).

A complete characterization of such a four-body system can be achieved experimen-
tally by simultaneously measuring the momentum vectors of all final-state particles. This
type of multi-coincidence measurement [31], while extremely powerful, suffers from in-
trinsically low counting rates, making its realization technically challenging. Recent de-
velopments in multi-detection techniques have greatly improved these measurements, and
various experimental approaches to study electron-impact double ionization have been
established, each with its own advantages and limitations.

On the theoretical side, the description of such four-body systems faces challenges typ-
ical of many-body correlated roblems. First, as the number of interacting particles and
degrees of freedom increases, the direct numerical evaluation of the four-body Green’s
function, which contains the complete spectrum of the system, becomes increasingly dif-
ficult. Second, because interacting many-particle systems are generally non-integrable,
analytical treatments can only provide approximate solutions.

Various theoretical methods have been developed to address these challenges and to
identify qualitatively the possible mechanisms of DI, ranging from perturbative many-

body treatments (first- and second-order theories) to non-perturbative and fully numeri-
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cal approaches.

A very useful way to identify the dominant physical pathways that contribute to the
measured cross sections is a multiple-scattering expansion of the full scattering operator.
Individual terms of this expansion can be associated with pictorial scattering mecha-
nisms and with characteristic kinematic signatures in the measured spectra [8].

Broadly, the mechanisms leading to DI can be classified into indirect and direct pro-
cesses. Indirect mechanisms involve more elaborate sequences of interactions, often medi-
ated by the residual ion or involving multiple scatterings beyond the two active electrons.
These can include processes such as projectile—ion scattering followed by electron emis-
sion, recoil effects, and interference between competing pathways. Other mechanisms of
this type have been reported in the literature [32], but they are generally more system
specific and play a secondary role under typical high-energy collision conditions.

In contrast, direct mechanisms are those in which double ionization results primar-
ily from one or two dominant interactions involving the projectile and the target electrons.
Among these, Shake-Off (SO), Two-Step 1 (TS1) (first-order process), and Two-Step
2 (TS2) (second-order process) are recognized as the principal mechanisms responsible
for electron double ionization of atoms and moleculesn in many experimental and theoret-
ical studies, especially at intermediate to high projectile energiess, [33, 34]. The FDCS

corresponding to them can be expressed as:

d50' o ]{51]62
dQ,dQdQedEdE, ks

ks
|Mso + Mrsi + Mrss|? (2.43)

where the transision amplitudes Mg, Mrg, and Mpgs correspond respectively to the SO,
TS1 and TS2 processes.

In what follows, we will focus on these three direct mechanisms, as they are the most
relevant to our study. A more comprehensive discussion of all double ionization mechanisms,

including these three, can be found in Berakdar et al. [35].

2.5.4.1 Shake-Off (SO)

The shake-off (SO) mechanism was the first pathway proposed for double ionization [34].
It is described within the first-order Born approximation, where the corresponding tran-

sition amplitude Mgp for a helium-like atom is given by:

1 DT =2 = ks
Mso = o <‘1’_(k1,k2;7’1,7“2)6k3 fl——+ —+ —
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o

Figure 2.4: Diagram illustrating the Shake-Off mechanism of double ionization (DI).

In the SO mechanism the projectile removes (or strongly perturbs) one electron and
is emitted into the direction of K so rapidly that the second electron, seeing effectively
the sudden change from a neutral core to a doubly charged core, is projected into the

continuum without further interaction with the projectile.

2.5.4.2 Two-Step 1 (TS1)

TS1 is a double binary collision process in which the projectile (incident electron) first hits
an active electron. In a subsequent electron—electron collision, energy is transferred to
the second electron, causing its ejection. This sequential mechanism leads to the stepwise

emission of the two electrons, hence the designation Two-Step 1 (TS1).

Figure 2.5: Diagram illustrating the Two-Step 1 mechanism of double ionization (DI).

For this mechanism, the contribution Mrg; for helium-likes is written as:

1 dq Y
MTS1:@;/W<¢ <k1,k2;7“1,7"2)

2 1 1
To To1 To2

12

eik'ihfoq)i(Fl, 772)> (245)

o, (7 a,fz>>

X <(I)n (q: 771, Fg) 67;];5.7?0
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Typical TS1 kinematics include almost perpendicular emission directions for the two
clectrons (k1 L k3) and a small recoil ion momentum (¢ ~ 0) in the simplest cases.
Both SO and TS1 processes are of the first order in the projectile-target interaction and

show axial symmetry with respect to K [36].

2.5.4.3 Two-Step 2 (TS2)

TS2 is another sequential (two-step) mechanism but with a different ordering of the bi-
nary collisions, in which the incident electron undergoes two successive interactions with
distinct target electrons (Figure 2.6). In the multiple-scattering series [32, 37|, T'S2 arises
from second-order terms in the scattering potential [35]. A signature of a second or higher

order processes is a break up of the symmetry of the cross section with respect to K [36].

Figure 2.6: Diagram illustrating the Two-Step 2 mechanism of double ionization (DI).

A variant of this T'S2 mechanism can also be considered. It differs from the stan-
dard process in that the first step involves a collision (elastic or inelastic) without ioniza-
tion between the incident electron and the target. The second step then consists of double
ionization of the target, resulting from the redistribution of energy and momentum im-
parted to the target during the first collision. The corresponding transition amplitude for

the double ionization of the helium-like atom, Mgy, is written as [30]:
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1 dq - |
M = — (_) k = lks~T0 » - =
TS2 87T4 ;/ (sz _ q2 _ k.% o 2]n> <1/} ( 25 T2>6 _|7?02| 77Z} (Tl, T2)>
X <¢7(z_)(61;7”1,7‘2)6 Rifo | — + = + = ¢i(T1,T2)>
ro ot [0l
1 dq - |
- (_) k TT’ elks-’l‘o - N F ’]?
2”;/ (2m)3 (k7 — ¢* — k3 — 21,,) <¢ (1.71) 701 ¥nlf1,72)
=01 1 1
(=) (7= =\,tkiTo oo
X T, T2)€ — — —— |V (77, T 2.46
<¢n (q 1 2) o ‘7,,01’ ‘7“02’ ¢( 1 2)> ( )

where the summation over n means that we take into account all the contributions of
the n discrete and continuum states of the target.

According to Eq. 2.46, interference effects between different mechanisms can arise in
the calculation of FDCS [34]. Popov and co-workers [38] investigated helium double ion-
ization at high impact energies and showed that TS1 dominates at small momentum trans-
fer when the ejected electrons carry high energies (around 500 eV each). Their analysis
included interference by adding the amplitudes of SO and TS1. Later, El Mkhanter et
al. [29] and Dal Cappello et al. [33] confirmed the role of TS2 in helium double ioniza-
tion at high energy, considering interference between SO and TS2, as well as combined
contributions from SO, TS1, and TS2 simultaneously [39].

2.6 Theoretical models

The theoretical and experimental study of ionization processes induced by electron impact
has attracted considerable attention. Both single ionization (e, 2e) and double ionization
(e, 3e) provide valuable insight into the dynamics of atomic and molecular collisions. Over
the years, a number of theoretical models have been proposed to interpret the information
contained in differential cross sections. We briefly introduce some of them here, as they

represent the most basic and accurate frameworks for describing ionization processes.

2.6.1 Brauner, Briggs, and Klar (BBK) model

This theoretical approach, named after its original developers Brauner, Briggs, and Klar
in their study of the single ionization of hydrogen atom, provides the exact wave function
for three Coulomb-interacting particles (the scattered electron, the ejected electron, and
the residual ion) above their total break-up threshold and at infinite separations [21].

In their formulation, the final state is defined as the product of three Coulomb waves:
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two Coulomb waves describing the interaction of the outgoing electrons with the residual
ion, and the third describing the post-collisional interaction (PCI) between the two elec-
trons. Although this type of wavefunction had already been proposed earlier by Garibotti
et al. [40] in the context of ion—atom collisions, it had not been implemented until Brauner
and colleagues applied it to the electron-impact problem [41].

Over time, this framework has been extended to investigate a wide range of ionization
processes: for instance, electron-impact single ionization of rare gases from helium to
krypton [42], as well as double ionization of helium, where Joulakian et al. [43] devel-
oped a method for calculation of the five-fold differential cross-section (FDCS) using,
for the first time, correlated wavefunctions to describe the initial and final states of the
colliding system within a first Born approach [39]. This BBK wavefunction satisfies
the Coulomb boundary conditions exactly in the asymptotic region by representing each
ejected electron by a Coulomb wave and the mutual repulsion between them by a third
Coulomb wave. To render such problems tractable, the complex N-electron dynamics are
simplified by invoking the frozen-core approximation (two active electron approximation),
whereby the tightly bound inner electrons are assumed to remain unchanged during the
collision. The active space is then reduced to the electrons directly involved in the ioniza-
tion process. For single ionization, this leads to the single-active-electron (SAE) approx-
imation [44], where only one electron is treated dynamically (the one that is eventually
ejected). In both cases, the residual ion is represented by an effective potential arising
from the nuclei and the frozen core electron density.

Later, in 1993, Dal Cappello and collaborators proposed the 2CWG model [45], in
which the two ejected electrons are represented by Coulomb waves, while their mutual
repulsion is incorporated through a Gamow factor. This approach simplifies the calcu-
lations and reduces computation time, providing a more accurate description of double
ionization processes such as (e, 3e) and (7, 2¢) [41], although the post-collision interaction
(PCI) is not treated exactly.

2.6.2 Distorted Wave Born Approximation (DWBA) model

The Distorted Wave Born Approximation (DWBA) model takes into account the distor-
tions in the wavefunctions of both the incident electron and those in the outgoing channel
(scattered and ejected electrons). In this approach, the incident electron is described by a
distorted wave calculated in the static-exchange potential of the atom, while the scattered
and ejected electrons are represented by distorted waves obtained from the exchange po-

tential of the residual ion. The distorted wavefunctions used in this model are discussed
in detail in [46].
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At low projectile energies, distortion can no longer be neglected, as assumed in the
standard Born approximation. The projectile then experiences a distortion potential in
both the entrance and exit channels [41], representing a short-range plus Coulomb inter-
action between each electron and the target in its initial and final states. Consequently,
the incident and outgoing electrons are described by distorted waves, while the influence
of the potential becomes negligible beyond a certain distance.

At very high incident and scattered energies, distortion and exchange effects become
weak for the incident and scattered electrons, which makes it useful to replace the dis-
torted waves for these electrons with plane waves, giving rise to the Plane Wave Born
Approximation (PWBA) [47].

In the context of single ionization (SI), several variants of the Distorted Wave Born
Approximation (DWBA) have been proposed in the literature. For instance, the hybrid
DWBA-R model, introduced by Bartschat, describes the interaction between the ejected
electron and the residual ion using an R-matrix formalism [48]. Its first-order and second-
order formulations are commonly referred to as DWB1-RM and DWB2-RM, respectively
[49, 50].

Among the most advanced theoretical approaches developed to overcome the limita-
tions of the DWBA is the Three-Distorted-Wave (3DW) model, proposed by Prideaux
and Madison [51]. This model incorporates post-collision interactions (PCI) to more ac-
curately describe the dynamics of the ionization process. The 3DW model, along with
its molecular extension M3DW, is considered one of the most accurate and sophisticated

frameworks currently used for studying electron-impact single ionization.

2.7 Conclusion

This chapter provided a comprehensive overview of single and double ionization, detailing
both their physical mechanisms and the theoretical frameworks used for their description.
The discussion emphasized the critical role of electron correlation and wavefunction-based
methods in understanding many-body effects on ionization dynamics.

The rich (e, 2e) process served to illustrate single ionization, where analyzing cross sec-
tions, geometries, and incident energies yields detailed insights into electronic structure
and scattering dynamics. In contrast, the (e, 3e) process highlighted the inherent com-
plexity of double ionization, where stronger correlation effects and multiple interaction
mechanisms are key.

Various theoretical models, ranging from BBK and DWBA to the more advanced
3DW /M3DW approaches, were discussed. These models demonstrate different strategies
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for describing few-body interactions and underscore the necessity of accurately accounting

for both electron correlation and post-collision effects.
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Chapter 3

Double Ionization of Beryllium Atom

by Electron Impact

3.1 Introduction

The beryllium atom (Be) is the simplest alkaline earth metal; however, the strong interac-
tions between its electrons make it an excellent system for studying complex many-body
effects, particularly electron correlation. When investigating the double ionization of a
beryllium atom that has the electronic configuration 1s22s2, different ionization pathways
may be considered. In the present work, we consider the possibility of simultaneously
removing two electrons from the L-shell, which is more favorable than other pathways,
such as double ionization (DI) of K-shell electrons or mixed-shell ionization (one from
the K-shell and one from the L-shell). This process requires an ionization energy of
I™ = 27.51eV. The aim of this chapter is to provide the theoretical framework for
studying the double ionization of beryllium at high incident energy (1500 eV). This en-
ergy is sufficiently large to induce double ionization of almost any atom or molecule.
Energies in the range of 750-5500 eV are commonly used by researchers to investigate
the dynamics and cross sections of this complex process [1-4|. Furthermore, studying the
high-energy electron-impact double ionization of beryllium is essential for understanding
fundamental atomic processes, testing theoretical models, and providing valuable data for
plasma physics applications.

In this study, the BBK model and its approximate versions, namely the 2CWG model
(two Coulomb waves with Gamow factor) and the 2CWWM model (two Coulomb waves
with Ward and Macek factor), are employed to present various results for the five-fold
differential cross section (FDCS) of beryllium as a function of different experimental

parameters of the collision system, such as the energies and angular distributions of the
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incident, scattered, and the two ejected electrons. Furthermore, a comparison is made
between these models, along with the 2CW model, to highlight the role of post-collision
interactions (PCI).

3.2 The (e,3e) Double Ionization of Beryllium

The double ionization of the Be atom by electron impact, in which the two ejected elec-
trons are detected in coincidence with the scattered electron, is schematically represented

as follows:

—

¢ (Bi k) +Be — Bt +e (B, k) + e (By, ki) 4 e (B, ks) (3.1)

where k;(E;), ks(Es), k1(Ey), and ka(E>) denote the momenta (energies) of the incident
projectile, the scattered projectile, and the two ejected electron, respectively, as required

by the conservation laws:

— —

Ei:ES+E1+E2+I++ and k?l:kfs—f—]gl—l—]gg—l—qﬁ

I'™" and ¢ are respectively the ionization potential and the recoil momentum.

The momentum transfer to the target is defined by:
K =k —Fk,

The magnitude and direction of the momentum transfer depend on the nature of the

collision (see Chapter 2).

3.2.1 Initial state

The incident electron is described by a plane wave due to its relatively high energy, which
allows the study of the (e,3e) process of the beryllium atom within the framework of
the first Born approximation. It should be noted that, under this approximation, the
theoretical models can only describe first-order processes such as shake-off (SO) and two-
step 1 (T'S1) (see chapter 2 ). In this case, the initial state of the collision can be expressed
as:

Wy = ™70 ¢ (7, T, 75, 71) (3.2)

where ¢;(77, 75, 7’3, 74) is the wavefunction of beryllium atom in its ground state.
The beryllium atom in its 1S ground state, with two shells , can be expressed within

the Hartree-Fock method, where it is described by a single determinant constructed
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from suitable spin—orbitals. In this work, we employ the Slater-type orbitals provided
by Clementi and Roetti [5]. Thus, the function ¢;(7, 7, 73, 7y) reduces to a simple prod-
uct of Hartree-Fock orbitals, written as:

Gi(71, T, T3, Ty) = Urs(71) Urs(72) Uas(T5) Uas (T4) (3.3)

The orbitals defined by Clementi for the case [ = 0 take the form:

UTLS(T) = Z aniNsie_aSirTMSiYE)O (34)
i

where each orbital u,, is described as a linear combination of ¢ basis functions, with

the corresponding parameters «; and p; given in Table 3.1, taken from [6]. The term

YY = — represents the spherical harmonic corresponding to the quantum number [ = 0.

Nz
The normalization factors N; is defined as:

(Qasi)umg

Nsi T s

(3.5)

Tableau 3.1: Parameters of the HF 1s and 2s orbitals of Be [6]

Basis of ¢ terms Ol ay; (1s) | ag; (2s)
i Msi

1 0 3.4703 | -0.91792 | -0.17065
2 0 6.3681 | 0.08742 | -0.01469
3 1 0.7516 | 0.00147 | 0.11551
4 1 0.9084 | -0.00267 | -0.67835
5 1 1.4236 | 0.00222 | 0.30265
6 1 2.76163 | 0.00597 | -0.09232

3.2.2 Final state

The two atomic electrons, once ejected, are found beyond the double ionization threshold
but still within the Coulomb field of the ion and under their mutual interaction. The quan-
tum description of this electronic Coulomb double continuum represents one of the funda-
mental problems of atomic physics [7]. In our case, we will treat this double continuum as
a three-body problem, consisting of one heavy particle (the ion) and two ejected elec-
trons, with the scattered electron assumed not to interact with them and is described by

a plane wave. The double continuum is effectively described by a three-body Coulomb
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(3C) wave function (BBK wave function) [8], where two wave functions represent the
ejected electrons, while the third one is represents the repulsion of these two laters (post

collision interaction). The final state of the collision is then given by:
Uy = 0 g (ky, 7, K, ) (3.6)

The wavefunction for the double continuum state of the beryllium atom ¢ f(El, 71, /Zz, )
can be written (taking into account the possible exchange between the two ejected elec-

trons) as follows:

N 1 - - - -, -
¢f(k1, 1, k2,7”2) = E |:¢c(k17rl)¢c(k27 7“2) + ¢c(k1,7"2)¢c(k277’1)] C(&m, k12,7“12) (3-7)
with
- etk : L may : .
¢c(kj,rj) = W 1F1 (-Z@j, 1, —Z(kj “ T + k’jT’j)) e 2 F(l + ZOéj) y ] = 1, 2 (38)

The term C/(ay9, k12, 712) describes the PCI in the final state, and it is expressed as:

T2

0(0412; E12,7712) = eXp <— ) r (1 - iOélz) 1F1 <—ia127 1, —i(]glz -T2 + /f127”12)> (3-9)

where a; = —k% with Z =2, and aqy = ﬁ with Elg = % (El — Eg)

Two Coulomb Waves (2CW) model

This model, introduced by Byron and Joachain [9, 10|, simplifies the final state of the
reaction, by taking into account the Coulomb interaction between the two ejected elec-
trons and the residual ion, and neglects the interactions between these two electrons, so
The wavefunction for the double continuum state is represented by two non-correlated

Coulomb waves, written as follows:

1

7 Ge(kr, 7)oz, 7o) £ delkr, 7o) be(Ka, 71) (3.10)

¢f<1;;17 Fla ]Z27 F2) -
The Coulomb wave gzﬁc(l;j, 7j)j=1,2 is given by the expression in Eq. (3.8).

Two Coulomb Waves with Gamow factor (2CWG) model

In order to simplify the calculations while maintaining physical accuracy, we employ the
two Coulomb Waves with Gamow factor (2CWG) model. In this model, the incident and
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the scattered particles are described by plane waves, while the two ejected electrons are

described by Coulomb waves with a Gamow factor to take into account the repulsion

between them. Hunce, the term in Eq. 3.9 will be approximate to the Gamow factor [11]:
mexp(—7/ki2)

walkiz) = o )] (3.11)

Two Coulomb Waves with Ward and Macek factor (2CWWM) model

Another way to simplify the calculation and achieve a shorter computation time with-
out losing the physical aspect of the Coulomb repulsion between the two continuum elec-
trons is by using the 2CWWM model. It is well established in the literature that the
Gamow factor leads to a significant reduction in the amplitude of the cross sections [12].
For this reason, the 2CWWM model was developed to partially correct the effect of the
Gamow factor. This model, proposed by Ward and Macek [13], is based on evaluating
the distortion C(a;s, E127 T12) at a fixed, nonzero distance. The Ward and Macek factor

is given by:

_ mexp(—/k12)
k12 [1 — exp(—7/k12)]

ow (K12, 312ave) |1 Fy (=i, 1, —Q’ikm?“lzave)’Q (3.12)

The distance 712ave obtained by Ward and Macek [13] is given by:

2 0.627 2
T12ave = " 1 + —\/glns (313)
16e T

Where € = £ (k7 + k3)

3.3 Five-Fold Differential Cross Section (FDCS)

The expression of the five-fold differential cross section (FDCS) in the first Born approx-
imation (FBA) takes the form:

dSO' . ]{Zsklkg
dQ, dQ dQs dEy dEy Kk

IZh (3.14)

where df2,, d€;, and df)y are the solid angle elements of the scattered and the two ejected
electrons, respectively.

The scattering amplitude fp; is:

1
for =5

™

(W[ V]Ws) (3.15)
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where V', the interaction potential between the incident electron and the beryllium atom,

is giving by:
4
1 Z
VZZ—V = T (3.16)

with Z = 4, where 7 denotes the position vector of the incident electron relative to the
nucleus, and 7, denotes the position vectors of each of the four target electrons relative

to the nucleus.

Approximation method

We assume that only the 2s? valence electrons are ionized, while the tightly bound 1s2
electrons remain unaffected (frozen-core approximation [14]). Thus, Eq. (3.15) can be

written as: .
1 = o

where the Coulomb interaction potential between the incident electron and the two active

(pp(Fy, Ko, 71, 7) €70 | V! | 70 g (7 7)) (3.17)

electrons (which will be ejected subsequently) is:

2 1 1
Vi=—=+ + (3.18)

To ’7?0—771’ ’7?0—772’

The calculation of FDCS using the BBK model has already been applied in several
studies for different targets. In particular, we note the work of Joulakian et al. [15], who
used this approach to investigate the double ionization of helium. However, this procedure
involves a large number of derivatives. An alternative method is based on the dou-
ble Fourier transform according to Kornberg and Miraglia [16], which reduces the six-
dimensional integral to three dimensions while avoiding the use of {F;. This makes it
possible to employ more sophisticated initial wavefunctions, such as those of Clementi
and Roetti [5] or configuration—interaction wavefunctions. However, this method requires

the introduction of a parameter 3 (via the factor e =712

, see Appendix A), which must ap-
proach zero. In our calculations, we adopted the value = 0.005, as it provides an optimal
balance between computational cost and numerical accuracy. The detailed calculation of
the scattering amplitude (Eq. 3.17) by BBK, 2CWG and 2CWWM models is giving in

Appendix A.
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3.4 Results

The present study is carried out in the context of the first Born approximation, where
the initial state of the bound electrons in the beryllium atom is represented by a HF
function (Table 3.1). The three-Coulomb-wave model (BBK), 2CWG, 2CWWM, and
2CW are used to describe the final state of the electrons emerging into the continuum.
To our knowledge, no (e,3e) experiments on beryllium have been performed so far. In this
work we aim to determine optimal energies and angular conditions for the experimental
realization of the double ionization of the beryllium atom, comparable to those widely used
in experimental studies of atomic double ionization, such as the experiments performed
in France (Orsay group) [17] and in Germany (Max Planck Institute in Heidelberg) [18].

We propose to study the double ionization process at a high impact energy of 1500
eV, which was found by Becher et al. [2] to exhibit remarkable FDCS features in the
study of the double ionization of the L shell of beryllium in coplanar geometry, and for
relatively low ejection energies Fy, 5 < 40eV. The experimental detection characteristics
of the scattered and the two ejected electrons are obtained through the analysis of the
plots describing the variation of the Five-fold differential cross section (FDCS) with the

different system parameters (energies and directions of the scattered or ejected electrons).

3.4.1 Variation of the (e,3e)-Be FDCS with the scattering angle
0s

Among all possible scenarios, we consider the case where the two ejected electrons have
the same energy E; = E3 = 10€V, in which one of them is parallel to the momentum
transfer K Figures 3.1(a) and 3.1(b).

Indeed, as #, increases, the vector K passes through a situation where it’s magnitude
becomes equal to that of the ejected electron, K = El. Momentum conservation then
leads to the equality ¢ = ks. This particular situation corresponds graphically to the
peak observed on the Figure 3.1 (a) with (k; = —k») located around 6, = 0.2° —0.3° , and
on the Figure 3.1 (b) with (k, L k») located at 6, = 0.2°.

3.4.2 Variation of the (e,3e)-Be FDCS as function of 0, (with
91 =27 + 29}( - 92)

We will start by discussing the binary and recoil peaks using BBK, 2CWG and 2CWWM
models. We consider in Figures 3.2 and 3.3, the vareation of the FDCS with 65, where 6,

and 6y are varied simultaneously around the momentum transfer direction K , that is, by
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Figure 3.1: FDCS for the double ionization of the Be by 1.5 keV electron impact as a function
of the scattering angle, with £ = Fo = 10 eV. The first electron is ejected along the direction of
the momentum transfer K , while the second is ejected: a) along K ,b) at an angle perpendicular
to the direction of—K.

taking the direction K as an axis of symmetry for the vectors k1 and ks of the two ejected
electrons (0y = 27+ 20k — 61). The momentum transfer of the reaction is nearly 0.17 a.u.
This discussion was already carried out by Becher et al. [2] using the BBK model, with
all electrons of the beryllium atom included in the initial state.

It is clear from Figures 3.2 and 3.3 that two peaks appear. The first, known as the
binary peak, occurs when K= lgl + /52 (¢ =0). The second, referred to as the recoil peak,

corresponds to the symmetric situation where k1 + ky = —K (7= 2K).

Tableau 3.2: Positions of the binary and recoil peaks for theoretical and graphical results

Binary peak position Recoil peak position
K =0.17 0k = 347.86° K =0.17 0k = 347.86°
Classically calculated [6] O1,, = 72.2°, Oy, =2063.6° | 0,, =83.6°, 0,6 =252.2°

Graph Figure 3.2

(BBK results) o

,=60.6°, s, =275.7° | 6y, =91.4° 6, =244.5°

b,

Graph Figure 3.3

(2CWG and 2CWWM results) O

,=37.2°, s =298.8° | 6y, =104°, 6, =230.4°

b,

Graph
(BBK CI results [2])

01,, =55 —60°, 0y, =280° | 6y, =90°, 0 = 246°

When comparing our BBK results with those of Becher et al. [2] (see Table 3.2), we

find that the results are generally similar, with some minor differences. The position of the
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Figure 3.2: Variation of the FDCS with 62 and 61 = 27 + 20 — 05 for E; = Es = 10eV
E; = 1.5keV and 6, = 0.2°. Red solid line represents theoretical results of BBK model. The
dashed vertical lines indicate the momentum transfer K and its opposite direction— K. K = 0.17
a.u. and 0 = 347.86°.

binary peak is closer to the classical theoretical prediction [6] than the result obtained by
Becher et al., while in the recoil region, the opposite behavior is observed. Furthermore,
we observe that the 2CWG and 2CWWM models (Figure 3.2) exhibit similar shapes,
with peaks located at the same angular positions, although the 2CWWM model predicts
a higher FDCS intensity than 2CWG model. However, these results differ significantly
from our BBK calculations, from Becher et al. results |2], and from the classical theoretical
predictions [6]. This leads to the conclusion that the BBK model provides a more accurate
description of the double-ionization process for this particular kinematic condition. In
addition, Becher [6] highlights The difference between the results obtaind from the classical
theory and graphs of BBK model to that quantum phenomena can only be described

approximately using a classical approach.

3.4.3 Variation of the (e,3e)-Be FDCS with the ejection angles 6,
and 62

3.4.3.1 Case F; = F,=10eV

We present in this section (Figure 3.4), the Variation of the FDCS for the double ionization
of Be as function of ejection angles #; and 6, (E; = 1500eV , 0, = 0.2° | F} = Ey = 10eV).
Figure 3.4 highlight the spatial regions where experimental detection would be most fa-

vorable. The distribution exhibits a symmetric pattern, which is a direct consequence of
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Figure 3.3: same as in Figure 3.2, with theoretical 2CWG results are represented by a bleu
dashed line and the theoretical results of 2CWWM results are represented by a magenta sohd
line. The vertical dashed line represents the momentum transfer K and its opposite direction— K
with K = 0.17 and 6, = 347.86°

the choice Fy = F,. In fact, the diagonal corresponding to 6; = 65 defines a forbidden
region, where the cross section vanishes since both electrons cannot be ejected in the same
direction with identical energies (Coulomb repulsion) [19].

We observe three lobes. The first one extends over #; € [0°,75°] and 6y € [260°,335°],
with a maximum characterized by [0, — 65| ~ 260° corresponding to a forward scattering
mainly due to the TS1 mechanism, in which the incoming electron collides with a target
electron that is ejected along the direction of the momentum transfer K (or symmetrically
in the opposite direction). This ejected electron then collides with another target electron.
This second collision is not purely elastic (quasi-elastic) [20], and the strong electrostatic
repulsion leads to an angle [#; — 6] = 100° > 90°. We also observe two secondary
lobes with less pronounced maxima. The first extends over #; € [140°,188°] and 6, €
[334°,358°], with a maximum characterized by |¢; — 65| = 180°. The second extends over
0, € [88°,114°] and 0, € [216°,243°], with a maximum characterized by |6, — 65| = 130°
associated to a backward emission of the TS1. The remaining three lobes are obtained

directly through symmetry considerations.

3.4.3.2 Case F; =5eV and F; = 15eV

Figure 3.5 represents the same situation as in Figure 3.4, but for different ejection energies
(Ey=15¢eV, By =5 ¢V).

The results obtained here show four lobes: two large lobes with maximum amplitudes
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Figure 3.4: color-scale representation of the FDCS in a.u., for L-shell double ionization, as a
function of the ejection angles 61 and 6> and for equal asymptotic energiesE'; = Fo = 10eV. The
energy of the incident electron is fixed at E; = 1.5eV and the scattering angle is 5, = 0.2°.

on the order of 1.59 a.u., characterized by |6; — 6] ~ 175°. This indicates that the SO
mechanism is the main process involved in the double-ionization. The first lobe extends
over #; € [0°,30°] and fy € [100°,260°], with a maximum centered around (6;,6s) =
(0°,176°), while the second extends over ¢, € [298°,356°] and 6, € [66°,263°], with a
maximum centered around (6, 6) = (341°,165°). The SO mechanism is identified by the
emission of one electron along the momentum transfer +K , which induces a rearrangement
of the target electrons and leads to the ejection of a second electron in the opposite
direction.

The other two lobes are characterized by |0; — €3] ~ 130°. One extends over 6, €
[298°,356°] and 0, € [66°,263°], with a maximum centered around (61, 6,) = (141°,270°),
while the other extends over #; € [158°,222°] and 6, € [28° 102°], with a maximum
centered around (6q,60s) = (194°,63.8°). These two lobes are associated with the TS1

mechanism.
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Figure 3.5: color-scale representation of the FDCS in a.u., for L-shell double ionization, as a
function of the ejection angles 61 and 02 and for ejection energies Fy = 15 and Fo = 5¢eV. The
energy of the incident electron is fixed at E; = 1.5eV and the scattering angle is §; = 0.2°. The
dashed lines are the direction of the transfert momentum.

3.4.4 Variation of the (e,3e)-Be FDCS with one ejection angle 6,
(with 0, fixed)

In Figures 3.6-(a) and 3.6-(b), the FDCS is plotted as a function of 6, for 6; = ), = 347.86°
by 1.5 keV impact energy, with 6, = 0.2° in coplanar geometry. We compared the BBK
results with the 2CW, 2CWG, and 2CWWM models. The data obtained from BBK
model are cross normalized to 2CWWM model to establish an absolute scale, as well
as for 2CW and 2CWG models. We observe for both cases (a) and (b) that the shape
of the 2CW result is different from the others, and the peak is not pronounced. This
may be attributed to the neglect of the post-collision interaction (PCI), unlike in the
BBK, 2CWG, and CWWM models, where it is included either through the Coulomb
wave (BBK), the Gamow factor (2CWG), or the Ward and Macek factor (2CWWM).
Figure 3.6-(a) corresponds to the energy case E; = 15 and Fy = 5 €V, where the
faster ejected electron is detected along the momentum transfer direction. The maximum
is observed at 0y = 168° ~ —f0 for BBK, 2CWG, and 2CWWM models. This angular
position corresponds to the condition of minimum recoil ion momentum, where ¢ = K.

This behavior can be interpreted in terms of the SO mechanism. Such a back-to-back
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Figure 3.6: Variation of the FDCS with 6 for L-shell double ionization, with 8 = 0y, E; =
1.5 keV, and 0, = 0.2°. BBK theoretical results are represented by a red solid line. 2CW
(multiplied by 0.02 in (a) and by 0.27 in (b)), 2CWG (multiplied by 2.7 in (a) and (b)) and
2CWWM theoretical results are represented by a bleu dashed line, magenta dashed dotted line,
and green dotted line,respectively. The vertical dashed line represents the momentum transfer
K and its opposite direction—K with K = 0.17 a.u. and 6 = 347.86°. (a) By =15,FEy =5 ¢eV.
(b) E1 = 5,E2 =15 eV.

emission of the two outgoing electrons has been previously reported in many studies (such
as [18, 21]).

Figure 3.6-(b) corresponds to the same configuration as Figure 3.6-(a), but with F; =
5 eV and Ey, = 15 eV. In this case, the slower ejected electron is detected along the
momentum transfer direction, and the angular position of the maximum (6y = 167.6° ~
—0y) remains consistent across the BBK, 2CWG, and 2CWWM models. However, the
2CWG and 2CWWM models exhibit a larger peak compared to the BBK model.

The slow electron (5 eV) is ejected along +K, and the second electron (15 €V) is
ejected along —K . This corresponds to the back-to-back emission (the SO mechanism).

We now consider another situation corresponding to equal energy sharing, where £ =
Ey; =10 eV (Figures 3.7-(a) and 3.7-(b)). The present analysis is performed within the
framework of the BBK model (red solid line), and the obtained results are compared with
those reported by Becherer et al. [2|, who employed the BBK model with the Jastrow fully
correlated function for the Be initial state where the influence of the inner electrons has
been also effectively considered (green dashed dotted line). The choice of the kinematical
conditions are also taking from |[2|. In this context, our primary objective is to simplify the
computational procedure in order to reduce the overall calculation time while maintaining
a satisfactory level of accuracy with the existence theoratical results. Our results are
normalized to the maximum value of those obtained by Becher et al. [2], to provide the

best visual comparison. In Figure 3.7-(a) (#; = 285°), two distinct peaks are clearly
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Figure 3.7: Variation of the FDCS with 6, for L-shell double ionization, for different values of
01, with E; = 1.5 keV, and 0, = 0.2°. Our theoretical BBK results are represented by a red
solid line and the theoretical results of Becher et al. are represented by a green dashed dotted
line. (a) 6; = 285°. (b) 61 = 50°.

observed around 0y = 70° (binary peak) and 6 = 130° (recoil peak) in our results, and
around 6y = 64° and 6 = 134° in those of Becherer et al. [2]. It is evident that the two
sets of results exhibit a similar shape, with a slight shift in the position of both peaks (6°
for binary peak and 4° for recoil peak). Here, the binary lobe is more pronounced than
the recoil lobe for both models. It should be noted that there is an interference between
the TS1 and SO mechanisms. The same analysis can be applied to the case 6; = 50°
shown in Figure 3.7(b). Once again, both results exhibit a similar shape, with a slight
shift in the position of the recoil peak. It should be noted that the lobe with the highest
amplitude here corresponds to the recoil peak. Furthermore, an interference between the
TS1 and SO mechanisms can be observed. In general, there is a good agreement between
the two theoretical models in terms of shape, with only a small shift in the positions of
the peaks, most likely caused by the correlation effects of the initial-state wave function

used.

3.5 Conclusion

In this chapter, the L—shell double ionization of beryllium by electron impact was investi-
gated using the BBK model and its approximation 2CWG and 2CWWDM models, in which
the post-collision interaction (PCI) is included and treated exactly. The analysis of the
five-fold differential cross sections (FDCS) revealed a strong dependence on the scattering
geometry, as well as on the ejected electron energies and directions. The results exhibited
distinct binary and recoil structures with a pronounced forward—backward asymmetry,

which is most prominent at small momentum transfer. Moreover, a comparison between
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our results and those obtained by Becherer et al. [2] (Figure 3.7), show a reasonable con-
sistency between the two theories, confirming the reliability of our simplified approach

and its effectiveness in reducing computational time.
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Chapter 4

Single and Double Ionization of Water

Molecule

4.1 Introduction

As water is the main constituent of biological matter, studying the ionization of water
molecules is essential for understanding the damage caused to living tissues by ionizing
radiation [1, 2]. It is now well established that there are strong correlations between
exposure to ionizing radiation and the biophysical processes that lead to complex DNA
damage, as well as gene and chromosomal mutations. In particular, the production of low-
energy secondary electrons resulting from the primary ionization of water is important to
elucidate the mechanisms that lead to cellular damage.

In this chapter, we will study the single ionization (SI) of the water molecule! and the
double ionization (DI) of the oriented water molecule by electron and positron impact.

For single ionization (SI), we investigate the influence of the projectile charge. While
electron-impact ionization has been extensively studied [3-5|, positron-impact ionization
remains relatively unexplored, offering new insights into charge-related effects. The cal-
culations are carried out using the M3CWZ model, which incorporates a variable charge
approximation within the BBK framework [6, 7|. This model has already been applied
in our previous works on nitrogen and water molecules [3, 8|. The continuum particles
for positron impact are represented by Coulomb waves with position-dependent charges
Z(r).

For double ionization (DI), we investigate the influence of the initial-state wavefunction

!This part of the chapter (in particular sections 4.2 and 4.4) is reproduced from: I. Khiat, S. Houamer,
I. Kada, S. Mekhalfa, A. Tamin, and C. Dal Cappello, “Projectile charge effects in ionization of water
molecule by positron and electron impact.” Fur. Phys. J. D 79, 68 (2025), with the permission of
Springer Nature.
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on the (e,3e) differential cross sections of HoO at a fixed molecular orientation. Using
the 2CWG model within the framework of the first Born approximation (FBA) (see
Chapter 3), we calculate the six-fold differential cross sections (6DCSs) and compare

our results with previous studies [9, 10].

4.2 Description of the target

In this work, we investigate the single ionization (SI) of the water molecule induced by
electron and positron impact, as well as its double ionization (DI) caused by electron im-
pact. To model the target, the HoO molecular wave functions are represented following the
approach of Hafied et al. [11], in which the bound state is expressed as a linear combina-
tion of single—center atomic orbital-molecular orbital (LCAO-MO) functions localized on
the oxygen atom. The resulting symmetry properties are essential for data interpretation,
theoretical calculations, and for averaging the target wavefunctions over all orientations
prior to the collision. Representing the molecular states with single-center orbitals is par-
ticularly convenient for systems of the type XH,, such as HyO (see |7, 12, 13]). Below,
we outline the procedure used to construct the single-center wave functions.

The first step consists of calculating the molecular orbitals using the Gaussian 03 pack-
age [14] within the Hartree-Fock framework. The accuracy of these orbitals is verified
by comparing selected computed molecular properties with available experimental data
(see [11] and references therein). In the second step, the multicentered orbitals obtained
from these calculations are transformed into single—center expansions of Slater—type func-
tions centered on the oxygen nucleus, by means of a partial-wave expansion technique [15],

namely:
N;
0ilF) =D am By, (7) (4.1)
k=1

where N; denotes the number of Slater functions employed in the expansion of the it
orbital, and a;;, represents the weight of each atomic component.
In Eq. 4.1, the basis function ®%*

Nikligmig

(7) is given by:

with the radial part expressed as:

RSk (r) = p k=1 o =&ikT (4.3)

Niklik

The accuracy of the single—center molecular orbitals employed in this work can be
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assessed through structural investigations using electron momentum spectroscopy (EMS)
in (e,2e) process, typically carried out in noncoplanar geometry at high impact energies
(1-2 keV, see chapter 2). The theoretical framework of EMS is detailed in [12].

In EMS experiments, the reaction mechanism is simple enough that continuum parti-
cles can be described by plane waves, allowing the triple-differential cross section (TDCS)
to be evaluated within the plane-wave impulse approximation (PWIA) [11, 16]. Previous
EMS studies of H,O have validated the molecular orbitals used here [11]. Figure 4.1 shows
theoretical TDCSs for the 1by, 1bs, 2a;, and 3a; orbitals in comparison with measure-
ments at 1200 eV [17]. The ionization energies required for removing one electron from
each molecular orbital of water are as follows: 32.2 eV (2ay), 18.5 eV (1by), 14.7 €V (3ay),
and 12.6 eV(1by). The results demonstrate very good agreement, confirming that the
adopted single-center molecular orbitals provide a reliable description of the target for

dynamical studies (see chapter 2).
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Figure 4.1: EMS momentum profile reported in a noncoplanar symmetric geometry at an
impact energy of 1200 eV, as a function of the recoil momentum. The outgoing electrons are
detected at 45°, sharing the same energy. Theoretical PWIA results (red solid line) are compared
with experimental data (black solid circles) taken from [17]. The experimental results have been
normalized to the theoretical result for optimal visual comparison.

For further validation, we compare this wave function with the older Moccia or-
bitals [18], which are constructed as expansions of Slater-type orbitals (STOs) combined
with real spherical harmonics. These orbitals were obtained using the variational method

to optimize the orbital parameters and coefficients in order to minimize the total molecular
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energy, and have been extensively used in several studies involving both (e,2e) and (e,3e)
processes [3, 9, 19, 20]. Table 4.1 reports ground state properties, including the bound
length doy, the angle ayoy , dipole momenty, and the ionization potential IP, computed
with both sets of orbitals and compared to experiment [21-23|. The results clearly show
that the present wave function yields a more accurate description, supporting its use in
this work.

Tableau 4.1: Geometrical parameters as well as dipole moment p and ionization potential (IP)
of the equilibrium configuration of HoO

don (a.u.)  apon (deg.) w (a.) IP (eV)
Moccia wave function [18] 1.814 106.54 0.82 13.47
Present wave function [11] 1.812 104.3 0.731 12.9
Exp. 1.809 [21] 1045 [21] 0728 [22]  12.6 [23]

4.3 Laboratory Frame and Molecular Frame

It is important to note that the wavefunction describing the ground state of the water
molecule in our work is defined in a coordinate system (OXY Z) attached to the molecule.
However, in the laboratory frame the wavefunction is defined in a fixed coordinate system
(Ozyz). Therefore, it is necessary to transform the molecular wavefunctions into the
laboratory frame, which is done by applying the rotation operator according to the usual
Euler angles (a, 3,7) [20].

A rotation about a point O is a displacement of all points in space such that O remains
fixed. Let (Ozyz) be a fixed right-handed trihedron and (OXY Z) the trihedron obtained
when the rotation R(«, 3,7) is applied to (Ozyz). Let (O, u) be an axis perpendicular to
the plane (O, z, Z) (see Figure 4.2). The Euler angles are defined as follows:

a=(0y,0u), p=(0z07%2), ~=(0u,0Y).

The rotation R(a, f,7) is the result of three successive rotations:
e rotation R,(«) by an angle o around Oz (bringing Oy to Ou).
e rotation R, (/) by an angle 8 around Ou (bringing Oz to OZ).

e rotation Rz(7) by an angle v around OZ (bringing Ou to OY).

Thus, the rotation R(«a, 8,7) [24] can be written as

R(ev, B,7) = Rz(7)Ru(B) R () (4.4)
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where
cosa —sina 0 cosf 0 sinf cosy —siny 0
R.(a) = | sina cosa 0]; R.B)= 0 1 0 i Rz(y)=|siny cosy 0
0 0 1 —sinf 0 cospf 0 0 1

Figure 4.2: Representation of the Euler angles (a, 3,7) linking the laboratory frame (Oxyz)
to the molecular framE (OXYZ).

The wave function of the target molecule is expressed as a function of the Euler angles:

lik

(bz(lab T, a, 3, 7 Zasz Z Dﬁzfmik(OK?B?fY)Kiky#ik(f) (4'5>

p=—lip
where Dllfm .(a, B,7) is the Wigner rotation matrix that rotates the molecular frame

to the laboratory frame. The Wigner D-matrix is defined as:

D] <] ‘e—ian e—iﬁJy e—i’yJZ
, M

jym) (4.6)

or in its explicit form:

Dfn,ym(a,ﬁ,fy) = e Mgl (B) e ™ (4.7)

mm

where df,‘l, .(B) is the Wigner small d-matrix for rotation about the y-axis.
The indices p and my, are the projections of angular momentum in the molecular and
laboratory frames, respectively.

The operators J, and J, are the components of the angular momentum operator J.
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4.4 Projectile Charge Effects in Single Ionization of
H>;0O Molecule by Positron and Electron impact

We consider the single ionization of H,O in its ground state by electron e~ (or positron

e™) impact, which can be represented as:
e Jet (B ki) + HoO — HyOF 4 e /et (Ey ky) + e (B k), (4.8)

where EZ(EZ) /;S(Es), and /;1(E1) denote the momenta (energies) of the incident projec-
tile, the scattered projectile, and the ejected electron, respectively, as required by the

conservation laws:

E,=FE,+E, +I" and k=ko+k+q
I'™ and ¢ denote, respectively, the ionization potential and the recoil momentum.

The momentum transfer to the target is defined as:

— —

}?:ki_kL@?

The magnitude and direction of the momentum transfer depend on the nature of the

collision (see Chapter 2).

4.4.1 The M3CWZ model

For high incident energies, the ionization process can be reasonably described by the first
Born approximation, provided that the interaction between the ejected electron and the
residual ion is taken into account. One of the models developed under this framework
is the BBK model, which includes post-collision interaction (PCI) and is generally used
for such studies. Although the BBK model performs well in high to intermediat energy
cases, it often fails at lower incident energies, as it neglects distortion effects and fails
to consistently reproduce experimental results, particularly for molecular targets. More
sophisticated approaches, such as the 3DW and M3DW models, improve accuracy by
representing the projectile and ejected electrons with distorted waves and by accounting
for molecular orientation effects. Yet, even these models may exhibit discrepancies for
certain systems and require complex numerical procedures. In the present work, we
propose the M3CWZ model, an approximate approach in which distortion is represented
by Coulomb waves with a variable charge Z(r).

The M3CWZ model was developed through the continued efforts of our research group.
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The idea originated from enhancing the BBK model by introducing the variable charge
approximation |7]. This modification laid the foundation for a series of theoretical devel-
opments that culminated in the formulation of the Three Coulomb Waves with a Variable
Charge (3CWZ) model for atomic target, first proposed by our group for electron-impact
ionization [25] and later extended to positron-impact ionization [26]. The approach was
ultimately extended to molecular targets, leading to the establishment of the Molecular
Three Coulomb Waves with a Variable Charge (M3CWZ) model [3, 8, 27].

4.4.1.1 Approximation of Variable Charge

Distortion is a widely recognized concept underlying many advanced theoretical ap-
proaches |[28|. This purely numerical method starts by solving the Schrédinger equation
with a distortion potential (see chapter 1). In this work, distortion is approximated by
Coulomb Waves with a Variable Charge Z(r) |7].

The variable charge Z(r) is evaluated using the spherically averaged potential Uj,

which is given by:
1

—/V( Ryan, — 2

(&

Ui(ry) = (4.9)

47

where V; (7, R;) is the standard Hartree potential (or static potential), defined for molecules

by:
M

-~ 5 |§0j F‘ .
Vi(r, R;) = dr 4.10
(71, R;) Z 7 = RN| + Z - ( )

N=1 7j=1

Ny is the number of occupied orbitals, N;; the number of electrons in the orbital, M is the
number of nuclei, Zy their charges and Ry their positions with respect to the molecular
center of mass. ¢;(r;) are the molecular orbitals that describe the target. The variable
charges used in the M3CWZ model are called Z;(r), Zs(r) and Z;(r) for the incident,
scattered and ejected electron, respectively.

The calculation of matrix elements generally requires multicenter integrals, which
makes the task quite complex. In the present work, we use single center molecular orbitals
[11], as a result all calculations are performed with respect to one common center and
the molecular problem is reduced to a quasi-atomic one. For the water molecule, the

molecular orbitals are centred on the oxygen atom, and Eq. (4.10) becomes:

= o 8 1 i (7)]?
Vi(Th, Ry, Ry) = —— — = 7 + E Ny | S dr 4.11
(71, Ry, Ra) " 1| |r1 - J |7ﬂ1 7 ( )

where Ry = Ry = R = 1.812 a.u., Ry and R, represent the bond lengths.
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After averaging over d€)y, the spherically potential U;(r) given by Eq. 4.9, is written

as:

5

1 8 1/ry ifr; >R
Ui<’["1) = E/ _r_ ) / 1 ‘ 1 ZNU |S0.7_/F)| dQl (412)
! /R ifry <R o |7 — 7il

In the present study, since the molecular orbitals are centered on the oxygen atom,
both the projectile and the ejected electron experience a charge Z = 8 at the molecular
center (the oxygen nucleus). As the projectile (electron or positron) moves far from the
target, it asymptotically experiences a charge Z = 0, while in the exit channel, the two
outgoing electrons encounter a charge of Z = 1. As an example, Figure.4.3 shows the
variable charges for ionization of the 2a; orbital. It can be seen that the charges decrease
from Z = 8 at r = 0 to their asymptotic values: Z4(r) and Z;(r) approach Z = 1 for
the outgoing electrons, whereas Z;(r) approaches Z = 0 for the incident particle. These
asymptotic values are reached rapidly, at a distance around ry &~ 3 a.u. Additionally, a
pronounced peak is observed at r = R, where R corresponds to the O-H bond length;
this feature is not present in atomic targets.

To justify the use of the Coulomb wave model with a variable charge, we refer to
the comparative analysis presented by Tamin [29], where the distorted wave function was
compared with a spherical Coulomb wave of variable charge. The study demonstrated
that the variable charge model reproduces the essential distortion effects with reasonable
accuracy, particularly for higher angular momentum values, while significantly reducing
computational cost. This supports the validity of using the Coulomb wave with a variable

charge as an efficient and accurate approximation in our model.

4.4.1.2 Calculation of The Triply Differential Cross Section (TDCS)

The Molecular Fully Differential Cross Section (FDCS) for the ionization of water molecule
by electron and positron impact, for a particular orientation of the molecule and consid-

ering the ionization process as a pure electronic transition, is given by:

d*c
AQ BuerdQ:dQ dE

D(a,8,7) = = (2m)" == (|Taael® + [ Toxe|* + [Taie — Texe|?)  (4.13)
Ty and T, are the direct and exchange transition amplitudes respectively. For the
positron impact ionization reaction, there is no exchange so that we take To. = 0, in
Eq. (4.13).

In the frozen core and the single approximation picture [30], Tg;, and Ty are respec-
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—Z(n —Z(=Z,(")

Figure 4.3: Variable charge Z(r) felt by (a) the incident electron and (b) the outgoing particles
during the ionization process for the 2al molecular orbital of H2O.

tively expressed as:

Taie = (7 (s, ) 677 (R, 1) Caon, For, 701) [V 67 (i, 70) G (7)) (4.14)
and

Toxe = (677 (e, 71) ¢7) (B, 7%) C (a0u, ov, o) |V |67 (ki, 7o) b (7)) (4.15)
For the interaction potential V', we adopt the purely Coulomb form:

V=——— (4.16)
To1 To

The functions ¢CZ(+) and gbCZ ) represent the incoming and outgoing Coulomb waves,

respectively (see chapter 1), and are expressed as [31]:

o? N (k,7) = % B (z’a(r), 1, i(kr —k - f‘)) eXp(Wo;(r)) I'(1—ia(r)) (4.17)
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and

exp(ik - 7)
(2m)3/2

lFl(—ia(r), 1, —i(k -7+ kr)) exp (#) P(14ia(r)) (4.18)

o7k, ) =

The functions ¢CZ ) and ¢CZ =) represent Coulomb wave solutions corresponding to
hydrogen-like systems characterized by an effective continuum charge Z. For single-
ionization processes, this parameter is generally set to Z = 1. Within the framework
of the M3CWZ model, instead of employing a fixed effective charge, we use a variable
charge Z(r) in Egs. 4.17 and 4.18, which consequently modifies the Sommerfeld parameter
into a spatially varying form, a(r).

The term C/(aoy, Ko, 701) represents the Coulomb interaction in the final state (PCI). It
should be noted that the post-collision interaction (PCI) term in single ionization refers to
the interaction between the scattered and ejected electrons, whereas in double ionization
it corresponds to the interaction between the two ejected electrons (see chapter 3). It

takes the form:

- R ye’ . . 7 _
0(04017 Koz, 7”01) = €exp (— 201> I (1 - 10401) 1B (—204017 1, —Z(km “To1 + koﬂ”m)) (4-19)

For electron impact reaction, we have:

D NP
a(r) = ? and agp = where kg = 5 <k1 — k8>

2ko
1F is a confluent hypergeometric function and I' is the gamma function.

For positrons, the potential will be V' = % + % and «(r) and ag; given above for

electrons are changed as follows:
a(r) = —a(r) and «ag — —ag;.

The initial bound state ¢, (7) has been introduced in the preceding section (see
section 4.2).

Since molecular targets are randomly oriented in space, the expressions given in
Eqgs 4.14 and 4.15 must be averaged over the Euler angles. The triply differential cross
section (TDCS) is therefore defined as:

1
Or(fglecule = @ /0(4) dQEuler (420)

Within our theoretical approach, this integration is performed analytically [12] by
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applying the following property of the rotation matrix:

1 . 1
@ / dQEulerDL,m(ay /87 ’}/)DL/7m/<O(, 6, ’7) = 2[ T 1611’5mm’6yp/ (421)

The TDCS is calculated by means of the M3CWZ model in which the continuum
states are represented by Coulomb waves with variable charges, including the mutual in-
teraction between the particles in the exit channel (positron—electron or electron—electron
interactions). The evaluation of the matrix elements in the M3CWZ model involves the
evaluation of a 6D integral, which is not an easy task because of the presence of the relative
distance ro; = |Fp — 71|, approximations are generally used to simplify calculations.

Within our modelling, matrix 4.14 and 4.15 are evaluated by using a Fourier transform
scheme, according to the method of Kornberg and Miraglia [32]. To this end, we use the

Fourier transform definition:

! T (P dF, r) = ! T i
F5) = s [ IO 0 = o [ R 422)

so that we finally write the function f() as follows:

(2;)3 / / ePTeT T f(7)di dpf (4.23)

As an example, let’s consider the first term of Eq. 4.14:

I = <80¢Z(_)(k757 O)SOCZ( )(/f1,7“1)c'(0401,/f0177”01)’ o \SOZH)( i3 70) Prim (T1)) (4.24)

By using Eq. 4.23, the matrix elements Eq. 4.24 is finally written in a more convenient

form as follows:

= ﬁ / L) 1(5) I5(P) dp (4.25)

where [1(p), I>(p) and I3(p) are, respectively, given by:

L(p) = / ¢7 (ky, ) €77 By (7)) dFFy (4.26)
L(p) = lim, / $7* (s, 7o) €770 o7 (i, )"0 diy (4.27)
0
., e Pro
I3(p) = lim [ C*(aor, ka1, 701) €7 dro1 (4.28)
B0+ To1
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where \ and ( are two parameters approaching 0 (it was found that by taking A =

£ = 0.005 we obtain a good compromise between the computer time and the accuracy).

We are able to express the quantities I;(p), Io(p) and I3(p) in a practically analytical
form so that the matrix element given by Eq. 4.24 is reduced to simple three-dimensional
numerical integrations, enabling a considerable economy of computing time. To check
the accuracy of the method, comparison was made between results obtained within the
method of Kornberg and Miraglia [32] with those within the method of Brauner et al. [6]
for various targets (hydrogen atom, neon, argon and methane). When compared to the
well-known sophisticated M3DW model, our theoretical approach allows a huge advantage
in terms of computational time as one point in the TDCS is finally obtained in a few hours

instead of a few days within the M3DW [33] model.

4.4.2 Results and discussion

We examine in this part how the projectile charge affects the triple differential cross sec-
tions (TDCS) by analyzing the ionization of the water molecule induced by both electron
and positron impacts. Theoretical calculations were carried out using the M3CWZ model
for incident energies of 250, 81, and 65 eV. The computed results are compared with avail-
able experimental measurements and other theoretical predictions. Initially, we focus on
the experiments for electron impacts reported by Milne Brownlie et al. [34], conducted
at 250 eV with a scattering angle of 15°; the corresponding TDCS results are displayed
in Figures 4.4 and 4.5. The angular distributions of the TDCS are presented for the
1by, 3aq, 1bs, and 2a; molecular orbitals as a function of the ejection angle, setting the
ejected electron energy to Fo = 10 €V for all orbitals except for 3a;, where Ey = 8 €V.
The associated momentum transfer is approximately 1.11 a.u. As shown in Figure 4.4,
the M3CWYZ calculations for electron impact exhibit a double-peak structure in the binary
region for the outer orbitals 1by, 1by, and 3a;, with a minimum near the direction of the
momentum transfer K , in agreement with the experimental data.

The observed double-peak structure is attributed to the dominant p-character of these
orbitals, particularly in kinematic conditions close to the Bethe ridge regime, where the
ejected electron absorbs most of the transferred energy. In the recoil region, the experi-
mental data show a significant recoil peak for the 1bs orbital, which is accurately captured
by the M3CWZ calculations. For the 2a; orbital, dominated by s-character, the M3CWZ
model predicts a single peak in the binary region that aligns well with the experiments but
fails to reproduce the pronounced recoil peak observed experimentally.

Examining the position-impact TDCSs, the overall shapes are similar to those for
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Figure 4.4: The triple differential cross section (TDCS) for ionization of the 1by, 1bg, 2a;, and
3a; molecular orbitals of HoO is presented for both positron and electron impact at a projectile
energy of 250 eV. The projectile is scattered at a fixed angle of #; = 15° and detected in
coincidence with the ejected electron, which has an energy of Es = 10 eV for all orbitals except
3ai, where Ey = 8 eV. Experimental electron-impact data (full circles) are taken from [34]. The
M3CWYZ theoretical predictions are shown as a red solid line for electrons and a blue dashed line
for positrons. Results from the (TS,1) model [35] are plotted as a green dash-dot line for electrons
and a wine-colored short-dash line for positrons. All experimental and theoretical results have
been normalized to the M3CWZ data in the binary region. The dashed vertical lines mark the
direction of the momentum transfer K and its opposite, -K.

electron impact, although the magnitudes differ substantially. In the binary region, the
first peak is more intense for positron impact than for electron impact (the second peak
shows the opposite trend), whilein the recoil region, the electron impact produces a
stronger peak. Additionally, the peak positions are shifted: for electrons, the binary peaks
are displaced toward the forward direction relative to the momentum transfer K , while for
positrons they shift backward; the recoil peaks exhibit the reverse behavior. These trends
were previously predicted by DuBois and de Lucio [36] and recently confirmed for ar-
gon [37|. The differences between electron and positron impact TDCSs are attributed
to post-collision interaction (PCI) effects in the exit channel. In the binary region, PCI
enhances the probability of electron ejection for positron impact compared to electron
impact. Conversely, in the recoil region, the residual ion elastically attracts the ejected
electron, reducing its ejection probability. Peak position shifts are also interpreted in

terms of PCI: in the binary region, the ejected electron is pulled backward for positron
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Figure 4.5: Same as 4.4 but for the summed TDCS (1b; + 3a;) of HoO

impact, whereas in the recoil region it is pulled forward. Figure 4.5 illustrates the TDCS
for the combined (1b; + 3a;) orbital, demonstrating good agreement with experimental
observations.

Overall, the M3BCWZ model reproduces the angular distributions observed in (e,2e)
experiments across all regions. The binary peak amplitudes are enhanced for positron
impact, whereas in the recoil region, enhancement is observed for electron impact. The
peak positions are consistent with the trends discussed in Figure 4.4. For instance, for the
2a; orbital, the momentum transfer K is located at approximately 63.2°, while the binary
peaks appear at 59° and 72° for positron and electron impact, respectively, illustrating
the forward and backward shifts.

For a more comprehensive analysis, we perform a comparative study with the the-
oretical (TS,1) model [35], which is based on a full distorted-wave Born approximation
(DWBA). In this approach, the distorted wave of the ejected electron is determined using
an averaged nuclear field screened by the potential of the residual electrons. It is impor-
tant to note that our results are presented on an absolute scale, whereas the (TS,1) results
and experimental data have been normalized to our calculations in the binary region.

The first observation is that the (T'S,1) model reproduces the angular distributions for
the inner 2a, orbital fairly well for electron impact, in contrast to M3CWZ, which fails
to capture the recoil peak intensity accurately. For positron impact, the binary peak is
shifted backward, while the recoil peak moves forward, in line with expectations. For the
outer orbitals (1by, 3a;, and 1by), however, MBCWZ provides a much better description.
In particular, the (e,2e) data display a double-peak structure in the binary region, with
the second peak being larger than the first for electron impact. (TS,1) fails to reproduce
this feature, and the discrepancy is even more pronounced for the 3a; orbital, where the

binary double-peak structure is entirely absent. Additionally, for positron impact, the

75



CHAPTER 4. SINGLE AND DOUBLE IONIZATION OF WATER MOLECULE

——M3CWZ e
- —M3Cwze'
= -+ CDW-EISe
— - -CDW-EISe*

TDCS (a.u.)

TDCS (a.u.)

Figure 4.6: Polar plot of the summed TDCS for the ionization of the 1b; and 3a; orbitals of
H20 by positron and electron impact at 81 eV impact energy as a function of the ejection angle
0. The projectile is scattered at a fixed scattering angle §; = 6° and detected in coincidence
with the ejected electron having an energy Fo = 5 eV (panel a) and Ez = 10 eV (panel b).
ALSO The projectile is scattered at a fixed scattering angle 6; = 10° and detected in coincidence
with the ejected electron having an energy E2 = 5 €V (panel ¢) and Ey = 10 €V (panel d). The
cross-normalized experimental data (see text) are black circles for electron impact taken from
Ref. [37]. MBCWZ theoretical results are represented by a red solid line for electron impact and by
a blue dashed line for positron impact. The green dash-dotted line and the wine dashed-dot line
correspond to the CDW-EIS model [38] for electron impact and positron impact, respectively.
The arrows indicate the directions of the momentum transfer K and the momentum of the
scattered projectile l%.

recoil region peaks predicted by (TS,1) are overestimated compared to electron impact,
which disagrees with experimental observations and theoretical expectations. Overall,
M3CWZ is more effective in describing the ionization dynamics under these kinematics,
except for the 2a; orbital where the recoil peak remains inadequately reproduced.

We next consider a scenario with a projectile energy of 81 eV in four different kine-
matics: scattering angles of #; = 6° and 10° and ejected electron energies of Fy = 5
and 10 eV. The TDCSs are reported for the combined (1b; + 3a;) orbitals, because the
1b, and 3a; orbitals are not resolved as highlighted above at 250 €V impact energy, this
limitation is a common experimental challenge faced by molecular targets. This investiga-
tion employs the M3BCWZ model, and the results are compared with recent experimental
measurements [37] as well as with theoretical predictions from the sophisticated CDW-
EIS model [38]. The CDW-EIS model is a fully distorted-wave approach in which the
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projectile-target interaction is described using eikonal functions. In this framework, the
projectile differentiates between the Coulomb fields of the target ion and the active elec-
tron as it approaches the target. It is worth noting that the current experiments were
conducted using a COLTRIMS reaction microscope (C-REMI) [39], a technique that
provides high-efficiency measurements. The experimental data are cross-normalized to
establish an absolute scale, applying a common factor to align theory and experiment.
In this study, the global normalization factor was determined by fitting the data to our
M3CWZ results for 6; = 10° and Ey = 10 €V, yielding a scaling factor of 3.09, which was
then applied across all other kinematics.

The present kinematics correspond to dipole-dominated regimes, where a recoil peak is
observed in all cases. In these conditions, the ejected electron experiences elastic scattering
from the residual ion and backscatters opposite to the momentum transfer direction,
producing a recoil peak. Figure 4.6 (panels a and b) presents TDCS results for a scattering
angle of §; = 6° and ejection energies F; = 5 eV and Ey = 10 eV, corresponding to
momentum transfers of 0.39 and 0.47 a.u., respectively. For clarity, the results are shown
in polar plots to facilitate visual comparison with previous CDW-EIS results by Acebal
and Otranto [38]. Numerical TDCSs calculated with both M3CWZ and CDW-EIS models
are presented for electron and positron impact, alongside experimental electron-impact
data [37]. All theoretical results are provided on an absolute scale, while the experimental
data are cross-normalized as described above. For electron impact, the data exhibit a
pronounced recoil peak in both kinematic cases, which is generally well reproduced by
M3CWZ. However, M3CWZ slightly overestimates the recoil intensity in the ejection
angle range of approximately 210°-255°. Comparison with CDW-EIS shows that both
models produce similar TDCS shapes for electron impact, though M3CWZ predicts a
somewhat broader binary peak at 5 eV (panel a). The agreement between M3CWZ and
CDW-EIS improves at 10 eV (panel b), although CDW-EIS reproduces the recoil region
slightly more accurately.

For positron impact, both theoretical models predict a double-peak structure in the
binary region, with higher intensities compared to electron impact. In the recoil region, a
single peak is observed in both models, though the intensities are lower than for electron
impact. These trends are consistent with the theoretical predictions discussed previously
for the 250 eV impact energy kinematics, confirming the reliability of the models across
different energies.

Considering the kinematics shown in Figure 4.6 (panels ¢ and d) for a scattering angle
of 6; = 10° and the same ejection energies, similar overall trends are observed. Both
theoretical models exhibit reasonable agreement with the electron-impact experimental

data. For positron impact, two prominent peaks appear in the binary region, while
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for electron impact at Fy = 5 eV (panel ¢), MB3CWZ predicts a double-peak structure
in the binary region. This feature is attributed to kinematics close to the Bethe ridge
regime, where the momentum transferred to the target is nearly fully absorbed by the
ejected electron. Indeed, at #; = 10° and E, = 5 €V, the momentum transfer K and the
momentum of the ejected electron ky are comparable (k1 = 0.51 and ky = 0.61 a.u.). It is
worth noting that, under these conditions, the CDW-EIS model does not reproduce the
double-peak structure observed in M3CWZ for electron impact.

For positron impact, the binary region consistently displays a double-peak structure,
while a single recoil peak is predicted by both theoretical models. The amplitudes of
the binary peaks increase with both ejection energy and momentum transfer, whereas
the recoil region exhibits the opposite trend. The positions of the peaks in the binary
region for positron impact also deserve attention. As previously predicted by the CDW-
EIS model [38], the first binary peak is located near the momentum transfer direction K,
while the second aligns with the scattered projectile momentum kﬁl (approximately 6 = 6°
in Figure 4.6 (panels a and b) and #; = 10° in Figure 4.6(panels ¢ and d)). This behavior is
not observed for electron impact, as the ejected electron is repelled by the projectile. The
observed trends for positron impact are explained by post-collision interactions, which
attract the ejected electron along k‘z, enhancing ejection in this direction, in agreement
with prior CDW-EIS predictions [38].

The study is further extended to lower incident energies. Recent COLTRIMS experi-
ments at 65 eV provide absolute TDCS data [4], allowing comparison with our theoretical
predictions. Previous investigations using Moccia’s wave function showed good agreement
for electron impact [3|. In the present work, we focus on two kinematic conditions within
the M3CWZ framework, where the target is described using the updated wave function
introduced in [11], considering a scattering angle #; = 10° and ejection energies Fy = 5
and 10 eV within the scattering plane. The primary objective of this study is to investi-
gate in detail the ionization process by electron and positron impact, aiming to elucidate
the influence of the projectile charge on the TDCS at these lower incident energies. In
Figure 4.7, the summed TDCS for the combined (1b; + 3a;) orbitals is presented as
a function of the ejection angle for a scattering angle of #; = 10° and ejection energies
E; =5¢€V (panel a) and Ey = 10 €V (panel b), for both positron and electron impact. Also
included are the experimental measurements and M3DW theoretical results for electron
impact. The experimental data display a single peak in both regions, with the recoil peak
notably more pronounced for both ejection energies. M3CWZ predictions for electron im-
pact show good agreement with the absolute measurements, accurately reproducing both
the shape and magnitude of the TDCS. Comparison with the more sophisticated M3DW

model indicates even better agreement in the binary region, although discrepancies re-
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Figure 4.7: Polar plot of the absolute summed TDCS for the ionization of the 1b; and 3ay
orbitals of HyO by positron and electron impact at a projectile energy of 65 eV, as a function
of the ejection angle #5. The projectile is scattered at a fixed angle §; = 10° and detected in
coincidence with the ejected electron (E2 = 5 €V in panel a, Es = 10 €V in panel b). Absolute
experimental data for electron impact (black circles) are taken from [4]. M3CWZ theoretical
results are shown as a red solid line for electrons and a blue dashed line for positrons. Results
from the M3DW model [4] for electron impact are shown as a green dash-dotted line. Arrows
indicate the directions of the momentum transfer K and scattered projectile momentum El.

main in the recoil region. For positron impact, a double-peak structure is evident in the
binary region, while a single, less pronounced peak appears in the recoil region for both
ejection energies. The binary peak magnitudes exceed those for electron impact, whereas
the opposite trend is observed in the recoil region. The positions of the peaks for positron
impact are consistent with prior observations: the first peak aligns approximately with
the momentum transfer K , and the second with the scattered projectile momentum k.
These features, already discussed at 81 eV impact energy, are directly associated with
post-collision interaction (PCI), which is incorporated in the M3CWZ calculations. No-
tably, to our knowledge, no theoretical results for positron impact are available at these
kinematics. It should also be noted that the distinctive positron-impact features observed
at lower energies (65 and 81 eV) are not present at the higher intermediate energy of
250 eV.

Finally, we discuss the strengths and limitations of the M3CWZ model. The method
approximates distortion effects using a variable charge Z(r), rather than solving the full
second-order differential equation for a true distorted wave. However, PCI is treated ex-
actly within M3CWZ, allowing the model to be applied even at low impact energies,
as demonstrated here for F; = 65 eV. The computational efficiency of M3CWZ is also

an advantage, providing a single TDCS point within a few hours compared to several
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Figure 4.8: Summed TDCS for the ionization of the 1b; and 3a; orbitals of HyO as a function
of the ejection angle at 81 eV in coplanar asymmetric geometry. The projectile is scattered at
01 = 6° or 10° in coincidence with the ejected electron (Ey = 5 or 10 €V). Theoretical results are
shown as a red solid line (M3CWZ with new MO) and a blue dashed line (M3CWZ with Moccia
MO). Cross-normalized experimental data (black circles) are from [37].

days required by other models. The results indicate that the model accurately repro-
duces the TDCS for the outermost orbitals of HoO but fails to fully capture the inten-
sity distribution in the recoil region for the inner 2a; orbital. This limitation likely arises
from the single-electron approximation, which treats inner electrons as part of a frozen
core, excluding their contribution to the reaction. Extending the model to include these
electrons would significantly increase computational demands. An alternative approach
would be to describe the ejected electron with a true distorted wave rather than a Coulomb

wave with variable charge.

We now perform a comparative analysis between the molecular orbitals employed in the
present work and those of Moccia [18| to assess their impact on the computed TDCSs.
For this purpose, we focus on the same kinematics considered above at projectile energies
of 81 eV and 65 eV in coplanar asymmetric geometries, with the corresponding results
shown in Figures 4.8 and 4.9. In Figure 4.8, experimental measurements at 81 eV impact
energy [37] are presented for scattering angles of §; = 6° and 10° and ejection energies of
E> = 5 and 10 eV; the data are cross-normalized as previously described for Figure 4.6.
Overall, both sets of molecular orbitals produceangular distributions that are very similar
in shape and magnitude, and both reproduce the experimental trends comparably well. A
slight enhancement in the binary-region intensity is observed when using the new molec-
ular orbitals, although this difference is minor, indicating that neither set of bound states
significantly affects the TDCS calculations. Figure 4.9 presents the TDCSs calculated
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Figure 4.9: Summed TDCS for the ionization of the 1b; and 3a; orbitals of HoO as a function
of the ejection angle at 65 eV in coplanar asymmetric geometry. The projectile is scattered at
61 = 10°, 15°, or 20° in coincidence with the ejected electron (Ee = 5, 10, or 15 V). Theoretical
results are shown as a red solid line (M3CWZ with new MO) and a blue dashed line (M3CWZ
with Moccia MO). Absolute experimental data (black circles) are from [4].

with M3BCWZ compared to absolute measurements [4] at 65 eV for three scattering angles
(1 = 10°, 15°, and 20°) and three ejection energies (Fy = 5, 10, and 15 eV). The trends
observed are consistent with those shown in Figure 4.8, with the binary peak slightly en-
hanced for the new molecular orbitals. This indicates that the TDCS predictions within
the M3CWZ model are largely insensitive to the choice of molecular orbitals, whether
Moccia’s [18] or the new orbitals employed here. Differences between these bound states
are mainly reflected in the molecular properties of HyO, where the new orbitals provide

improved agreement with experimental data (Table 4.1).
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4.5 Influence of the Initial-State Wavefunction on the
(e,3e) Differential Cross Sections of H,O at a Fixed

Molecular Orientation

We consider the double ionization of HyO in its ground state by electron impact, which

can be schematically represented as:
e (B ki) + 10— H0™ 4 e (B, k) + e (Ey ki) + e (B, ka), (4.29)

where ki(E;), ks(E,), k1(Ey) ks(Es) denote the momenta (energies) of the incident
projectile, the scattered projectile, first ejected and second ejected electrons respectively.

For an (e, 3e) reaction, energy conservation requires:

- —

E,=E,+E +E+It" and  ki=ks+ki+ke+q

I'™" and ¢ are respectively the ionization potential and the recoil momentum.

It should be noted that in the case of double ionization of multicentric targets, the
two ejected electrons may originate from the same molecular orbital or from two different
molecular orbital. In the present work, we consider the double ionization of single-oriented
water by electron impact, where both electrons are ejected from the same molecular orbital
(see table 4.2 taken from [20]).

Tableau 4.2: Double ionization energies IT+ (eV) for the various states of the water molecule.

Molecular orbitals | Theoretical data | Experimental data
16,7 39.7 41.3
3a;’ 44.4 46.1
16,7 52.2 53.2
2a; 83.3 82.2

4.5.1 Description of the initial state

In this work, we focus on the double ionization of the four orbitals of HoO (1by, 1bs, 2ay,
and 3aq) in its ground state as in the SI part. The initial state of the collisional system
is represented as the product of a plane wave, describing the incident electron, and the

wavefunction of the HoO molecule:

\Ifi = GiEi.FO ¢ij(F17 ’FQ, Ce ,’Fio) (430)
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We adopt the description of Hafied et al. [11] for the wavefunctions of the initial
state of the water molecule ¢;;(7,7%,...,71) (Section 4.2). It should be noted that the
exchange effects between the incident electron and the ejected electrons is neglected, since

the incident and scattered electrons move much faster than the ejected ones.

4.5.2 Description of the final state

In the final state of the ollisional system, three electrons are emitted. In the full six-
Coulomb-wave (6C) model, each electron interacts with the residual ion and with the other
two electrons, leading to extremely high-dimensional integrations for molecular targets
(see chapter 3). In the first Born approximation, the scattered electron is treated as a plane
wave, while the two ejected electrons are described by Coulomb waves interacting only
with the residual ion [40]. In this work, we employ the 2CWG models; the formalism and
computational approach were already presented in Chapter 3 for atomic double ionization,
and here we extend it to the molecular case, where the main modification concerns the

calculation of the differential cross section. The final state is given by

—

\I/f = €iks'm (I)ij(lzl, IZQ, T_‘i, e ,7?10)(,0@(1{312) (431)

Where @ij(l;l, /22, T,...,T10) is the wave function for the double continuum state of the

water molecule.

4.5.3 Six-Fold Differential Cross Section

Within the first Born approximation, the six-fold differential cross section (6DCS) for a

given molecular orientation defined by the Euler angles («, 3, 7), is expressed as:

d° kv k
o, 5,7) = ’ L

ks 2
N = 4.32
dQEuler dQl ng dQs dEl dE'2 kl ‘fBl‘ ( )

where dQgye = sin B df da dvy, dS),, dS2,, and dS)y are the solid angle elements of the
scattered and two ejected electrons, and dF; and dFEs denote the energy intervals of the
ejected electrons.

The scattering amplitude, which depends on the target orientation, is expressed for

the process as:
1
for =3

™

(W[ VW) (4.33)

where |U;) denotes the wavefunction of the initial state of the system, |V ;) corresponds

to the final state, and V represents the interaction between the incident electron and the
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target and is written as

8 1 1 0

Ve — (4.34)
To |ro—Ri| |ro— Re| 4 Toi

where Ry = Ry = Rog = 1.812 a.u., r; is the position vector of the i-th bound
electron relative to the oxygen nucleus, r( is the coordinate of the incident electron, and
Toi = |Fo - 7?1|-

Furthermore, the reduction of this ten-electron target problem to a two-electron system
is carried out within the frozen-core approximation [30, 41|. Therefore, the scattering

amplitude simplifies to (see Chapter 3):

for = =

(o, 7)o s, 72) [ 573 4+ €57 = 2] 035(74, 7)) lhia)  (435)
with K = E, — Es being the momentum transfer.

4.5.4 Results

In this section, we study the variation of the sixfold differential cross sections as a function
of the ejection directions for the ionization of the four outer molecular orbitals of an
oriented water molecule, referred to as 1by, 3a;, 1bs, and 2a; by electron impact using
single-center molecular orbitals [11]|, at both low and high incident energies, for three
particular orientations. These orientations are defined by the Euler angle triplets (0,0, 0),
(0,7/2,0), and (0,7/2,7/2), as previously used by Champion et al. [9] and Dal Cappello
et al. [10] in their studies on the double ionization of the water molecule, employing the
molecular orbitals of Moccia [18§].

In this context, the first configuration corresponds to a water molecule located in the
yz plane with its bisector along the z-axis, whereas the second and third configurations
correspond to a water molecule lying, respectively, in the zy and zz planes, with its
bisector along the z-axis. Note that, in all cases, the incident momentum k?; is collinear
with the z-axis (see Table 4.3 [9]).

Furthermore, we consider the kinematic conditions reported in Refs. [9, 10|, where
E; = Ey; =10 eV, 6, = 0°, and the scattered electron energy is F; = 250 €V for the low

energy case, while the incident electron energy is E£; = 1000 €V for the high energy case.
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Tableau 4.3: Schematic representation of the three particular water molecule orientations:

(0,0,0), (0,7/2,0), and (0,7/2,7/2).
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(a, 8,7) = (0,0,0) (a, B,7) = (0,7/2,0) (a,8,7) = (0,7/2,7/2)
H50 in the yz plane H50 in the zy plane H>O in the xz plane

4.5.5 Low Impact Energy (E,; = 250 eV)

In Figure 4.10, we first examine the case («, 3,7) = (0,0, 0), and we analyze the 6DCSs for
an (e,3e) experiment as a function of the ejected angles ¢; and 6, in a coplanar geometry
(ps = @1 = w2 = 0°). The ejected electron energies are £y = FEy = 10 €V, and the
scattered polar angle is 6, = 0°.

In Figure 4.10 (a), we first report the results obtained for the 1; molecular orbital. We
clearly observe four hills: a first one extending from ¢, = 77° to 6; = 151° (with 0y rang-
ing from 6 = 207° to 0y = 281°), and a second one (with a less pronounced maximum)
extending from ¢, = 18° to 6; = 140° (with 6, ranging from 6y = 220° to 6, = 340°),
the two other hills being simply obtained by symmetry. We find results close to those
already reported by Dal Cappello et al. [10] for oriented 1b; water orbital in the direction
(0,0,0) and for the same kinematic conditions. Thus, these four hills may be classified into
two groups of maxima characterized by |0 — 02| ~ 120° and |0; — 05| ~ 240°, respectively,
identifying the signature of the two-stepl (TS1) mechanism, in which an incoming elec-
tron collides with a target electron that is first ejected along the direction of the momen-
tum transfer or in the opposite direction, symmetrically. In a second step, this first ejected
electron collides with a second target electron and ejects it during a quasi-elastic” collision
characterized by a strong electrostatic repulsion, leading to a |f; — 0| angle greater than
90°.

Considering now Figure 4.10 (b), which presents the predicted 6DCSs for the 2a,
orbital, we observe both SO and TS1 mechanisms. The maxima are not localized at a

single angle but appear as lobes extending from 150° to 220°, centered around 180°. This
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Figure 4.10: (Color online) Sixfold differential cross sections (expressed in (a.u.) for the double
ionization of the water molecule oriented in the direction (v, 8,7) = (0,0,0) for s = 0°. The
ejected energies are By = E9 = 10 eV and E; = 250 e€V. (a) 1b; orbital; (b) 2a; orbital; (c) 3a;
orbital; and (d) 1be orbital.

indicates the presence of SO-TS1 interferences.

Figure 4.10 (c) shows the results for the 3a; molecular orbital. Once again, the TS1
features are evident, particularly for |#; — 02| = 130°, leading to forward scattering with
maxima at (61,02) = (60°,190°) and backward scattering with maxima at (6,6,) =
(168°,298°), along with two other symmetric hills.

For the 1by molecular state, Figure 4.10 (d) , shows that the 6DCS is very small (on
the order of 1071°). This result is consistent with those reported by Champion et al. 9]
and Dal Cappello et al. [10].

When rotations of the molecular target are applied, corresponding to («,f,v) =
(0,7/2,0) and (v, 8,7) = (0,7/2,7/2) (see Figures 4.11 and 4.12, respectively), we obtain
the following rules [9], which are consistent with the observations reported by Champion
et al. [9].

Px — Py,

D0(077T/270): PY_>PY7

PZ — Px,
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Figure 4.11: Same as Figure 4.10, but for («, 8,v) = (0,7/2,0). (a) 1b; orbital; (b) 2a; orbital;
(c) 3ay orbital; and (d) 1be orbital.

PX —>Py,
D0(077T/277T/2): PY _>PZ7
Pz—>Px.

Thus, for example, in the case (o, 8,7) = (0,7/2,0), the 3a; molecular orbital, orig-
inally dominated by a Pz atomic component, displays an overall “ Px”-like behavior |Fig-
ure 4.11(c)| and exhibits a TS1 feature, closely resembling that previously identified for
the 1b; molecular orbital( Figure 4.10(a)). For the 1b; and 2a; orbitals (Figures 4.11(a)
and 4.11(b), respectively), which are primarily characterized by Px and s atomic compo-
nents, the double ionization mechanisms are clearly manifested. This indicates that the
SO mechanism plays a significant role.

It should be noted that for the 1b, molecular state in the configuration («, 3,7) =
(0,7/2,0), the 6DCSs are very small (on the order of 1071%), while for the 15, state in the
configuration (a, 3,7) = (0,7/2,7/2), the 6DCSs are negligible (on the order of 107%°).
These results are also consistent with those reported by Champion et al. [9] and Dal
Cappello et al. [10].

To further evaluate the reliability of the theoretical description, a comparative analysis

is carried out between the molecular orbitals employed in the present work and those of
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Figure 4.12: Same as Figure 4.10, but for (a, 8,7) = (0,7/2,7/2). a)lby orbital; b)2a; orbital;
c) 3aj orbital; and (d) 1b; orbital.

Moccia [18], in order to investigate their influence on the calculated 6DCSs. The study
is performed for a projectile energy of E; = 250 eV in a coplanar geometry, with a
scattering angle of 6, = 0° and equal ejected electron energies Fy = Fy = 10 €V, for the
double ionization of the water molecule oriented along the direction («, 3,v) = (0,0,0).
The corresponding results are presented in Figure 4.13.

For the 1b; orbital (Figures 4.13(a) and 4.13(b)), it is observed that the two bound
states yield angular distributions of similar shape; however, new maximum with an in-
teresseting magnitude appear on the second lobe when using the new function (the am-
plitude corresponding to forward scattering is reduced, while that associated with back
scattering is enhanced). In general, both distributions exhibit the characteristic signa-
ture of the two-step 1 (TS1) mechanism. In contrast, for the 2a; orbital (Figures 4.13(c)
and 4.13(d)), the angular distributions and magnitudes differ significantly. The calcu-
lation using Moccia’s molecular orbital structure [18| yields higher magnitudes and re-
veals the TS1 mechanism with a back to back emission if we considere the center of
the maximum lobe in addition of a dominant T'S1 contribution for the middel lobe(60° —
300°), whereas the use of the new molecular orbital [11] indicates the presence of SO-TS1
interferences. Similarly, for the 3a; orbital (Figures 4.13(e) and 4.13(f)), it is observed that
the maxima obtained using Moccia’s molecular orbital [18] occur at |6 — 65| ~ 180°, which

corresponds to the signature of the SO mechanism. In contrast, the results obtained with
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Figure 4.13: (Color online) Sixfold differential cross sections (expressed in a.u.) for the double
ionization of the water molecule oriented in the direction (o, 3,7) = (0,0,0) for s = 0°. The
ejected energies are Fy = Fy = 10 eV and Es = 250 ¢V. Panels (a), (c¢), and (e) represent 2CWG
theoretical results using the new MO [11], while (b), (d), and (f) represent 2CWG theoretical
results using the Moccia MO [18|.

the new molecular orbital [11] show that the T'S1 mechanism can intervened in an inter-

ference phenomena, with a noticeably lower amplitude.

4.5.6 High Impact energy (F; = 1000eV)

Here, we consider only the case (a,3,7) = (0,0,0) to examine the difference between
intermediate and high energies. The kinematic conditions are the same as in Figure 4.10,
except that the incident energy here is E; = 1000 eV.

We observe in Figure 4.14 for the four orbitals an increase in the magnitude of
the 6DCS (The 1by orbital still exhibits a small 6DCS magnitude). In Figures 4.14(a)

and 4.14(c), corresponding to the 1b; and 3a; orbitals, respectively, we obtained results
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Figure 4.14: (Color online) Sixfold differential cross sections (expressed in (a.u.) for the double
ionization of the water molecule oriented in the direction (v, 8,7) = (0,0,0) for s = 0°. The
ejected energies are ) = Fy = 10 €V and E; = 1000 eV. (a) 1b; orbital; (b) 2a; orbital, (c) 3a;
orbital, and (d) 1be orbital.

similar to those shown in Figures 4.10(a) and 4.10(c). Hence, the T'S1 mechanism is iden-
tified as the main contributing mechanism in this case. For the 2a; orbital Figure 4.14(b),
the structure of the 6DCS changes with aparition of a large hill containing two lobes of
maxima indicating an interference process between SO and TS1 with a propable domi-

nance of SO emission.

4.6 Conclusion

In this chapter, we have conducted a detailed theoretical investigation of the ionization
of the water molecule by electron and positron impact. The first part focused on single
ionization, where the M3CWZ model was applied to study the influence of the projec-
tile charge over a range of low to intermediate energies. The results showed that for the
outer orbitals, the model reproduces the experimental data well, whereas for the inner
2ay orbital, the recoil peak is not captured, reflecting the limitations of the single-particle
approximation in the molecular case . At lower energies (65-81 eV), post-collision in-
teractions were found to play a crucial role, giving rise to a double-peak structure in the
binary region for positron impact—a feature absent at higher energies.

In the second part, we extended the study to the double ionization of oriented wa-
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ter molecule by electron impact using 2CWG model. The first Born approximation was
employed together with a single-center molecular wave function [11] to describe the ini-
tial state. This wave function significantly affect the transition amplitudes compared with
earlier theoretical studies and modified the shape of the 6DCS by presenting new peaks
favorating intervention of added processes. This effect highlights the strong sensitivity
of double ionization to the description of the initial state. Moreover, our analysis revealed
clear signatures of the Shake-Off (SO) and Two-Step 1 (TS1) mechanisms, as well as
a pronounced dependence of the cross sections on molecular orientation under the specific
(e,3e) kinematical conditions investigated.

Overall, the present work demonstrates both the capabilities and the limitations of
current theoretical models in describing ionization dynamics in water—one of the most
relevant molecular targets in physics, chemistry, and biology. While the M3CWZ model
provides reliable results for outer-shell single ionization and offers valuable insight into
projectile charge effects, further refinement is still required for inner orbitals. In the
case of double ionization, the 2CWG and BBK models capture the essential mechanisms
and structural features but emphasize the importance of employing accurate initial-state

wave functions and incorporating electron—electron correlation effects. These findings high

light the need for continued theoretical and experimental efforts, particularly since exper-
imental data for molecular double ionization remain scarce and are currently limited to a

few systems such as hydrogen and methane.
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(General Conclusion

This thesis has provided a detailed theoretical analysis of single and double ioniza-
tion processes in atomic and molecular systems, with particular focus on beryllium atom
and water molecule under electron and positron impact. The core of our study was to ap-
ply Coulomb-wave-based models in ionization processes, namely, 2CWG, 2CWWM, and
BBK for double ionization and M3CWZ for single ionization. These models incorporate
post-collision interactions (and charge variability in the case of M3CWZ)to account for
correlation effects and long-range Coulomb potential.

The first part of the work established the fundamental theoretical framework of scatter-
ing theory theory, introducing differential and total cross sections, and explored the formal
solution of the Schrédinger equation using Green’s functions. This framework then pro-
vided the foundation for the detailed studies of ionization processes.

Our study then turned to the mechanisms of single and double ionization, with par-
ticular attention to electron correlation and wavefunction-based approaches. In the case
of single ionization, the (e,2e) process revealed its richness through the dependence of cross
sections on geometry, energy, and projectile type. Double ionization, on the other hand,
underscored the essential role of correlation and the coexistence of different mechanisms,
such as shake-off and two-step processes. To account for these dynamics, theoretical
frameworks like BBK and DWBA were examined, highlighting the importance of post-
collision interactions and distortion effects in achieving an accurate description of the elec-
tron motion.

Building on this theoretical framework, our investigation extended to practical appli-
cations in atomic and molecular ionization, within the First Born Approximation (FBA).
The study of double ionization of the beryllium atom using the BBK, 2CWG and 2CWWM
models revealed the crucial role of post-collision interactions and electron correlation in
shaping the Five-fold differential cross sections (FDCSs). Hence, two dominant mecha-
nisms were clearly identified: the shake-off (SO) and two-step 1 (TS1) processes. Com-
parisons with existing theoretical results highlighted both the strengths and limitations of

current treatments and underscored the challenges of accurately describing two-electron
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ejection processes in few-body systems. Notably, while shake-off and TS1 mechanisms
were clearly identified, the TS2 contribution was absent in our results, reflecting the con-
straints of the employed first Born approximation models.

For the double ionization of the oriented water molecule, the study was restricted to
the 2CWG model due to the long computational time required for the calculations using
BBK model, and because the main objective was to examine the influence of molecu-
lar orientation. Here, the analysis also demonstrated clear signatures of the shake-off
(SO) and two-step 1 (TS1) mechanisms, as well as a pronounced sensitivity of sixfold
differential cross sections (6DCS) to molecular orientation. The use of the LCAO-MO
wavefunction significantly affected the transition amplitudes and the shapes of the 6DCS,
emphasizing the critical role of accurate initial-state descriptions in molecular ionization.
Notably, while the SO and TS1 mechanisms were clearly identified, the two-step 2 (TS2)
contribution was absent from our results, reflecting the inherent limitations of the em-
ployed the FBA framework. Finally, it should be noted that, at this stage, no direct
comparison with experiment is possible; however, we hope that in the near future, these
theoretical predictions will be confirmed by experimental observations.

For the single ionization of the water molecule, calculations performed within the
M3CWZ framework successfully reproduced the experimental features for the outer or-
bitals, especially for positron impact. However, discrepancies were observed for the in-
ner 2a; orbital at 250 eV, where a recoil peak reported in experiments was absent in
both electron and positron impact cases. It is worth noting that the use of the LCAO-
MO wavefunction in this context had only a minor effect compared to the case of double
ionization.

Overall, this thesis demonstrates that Coulomb-wave-based models, when combined
with post-collision interactions and charge variability, provide a realistic and reliable
framework for studying single ionization processes at low and intermediate energies. While
substantial progress has been achieved, certain challenges remain, particularly in the treat-
ment of inner orbitals in molecules for both single and double ionization. Moreover, the re-
liance on the First Born Approximation (FBA) imposes inherent limitations in describing
both processes, such as the absence of T'S2 contributions and discrepancies in inner-shell
ionization. Future work should therefore focus on incorporating higher-order treatments
such as the Second Born Approximation (SBA), improving target descriptions, extending
the models to full double-ionization calculations for molecules, and enabling systematic

comparisons with experimental measurements.
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Appendix A

The Scattering Amplitude fp; in BBK,
2CWG, and 2CWWM Models for

Double Ionization

We consider the two active electron, where the fp; is given by:

1 - = ke ik T - o
fBl = _% <¢f<klak2arl7r2)eks ’ | v’ | ekl ’ \Dnlm(rl’rz)> (Al)

where the Coulomb interaction potential between the incident electron and the two active

electrons is given by:

2 1 1
Vie——+—5—F+
To |7’0—T1|

A.1 The Scattering Amplitude fp; in BBK model

(A.2)

|70 — 75|

In BBK model, the final state is given by:
1
V2

The integration over the projectile coordinates 7, can be performed analytically using the

b (1,71, ko, ) = [6252(’517771)%_(%27772) + ¢Z(Eh772)6153(%2»771)]@(@127 k2, 72) (A.3)

Bethe transformation:
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Then expression A.1 will be:
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APPENDIX A. THE SCATTERING AMPLITUDE Fp: IN BBK, 2CWG, AND 2CWWM MODELS FOR
DOUBLE IONIZATION

where K = k; — k. We use the version introduced by Miraglia that applies the Fourier
transform, given by:

ePTdp | e T f(7)di (A.6)

The application of A.6 to the PCI term C(aya, Elg, T12) gives:

O 1 ipie 1> | =P I
C(alg,klg,rlg) = W/Gp 12dp/6 4 120(0&12,]{?12,7:12)601:'12 (A?)
hence the term Iy in Eq. A.5 becomes:
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The same calculation will be applying to Ip; and lys:

2 — (T =\ (E+p)T >\ =
oy = m}\% |:/¢c (19177"1)6(K+]3j Wi (71) Ay

X / o7 (Ko, 7o) e P24y, (7)) dFy

8 /Qﬁc—(am’]212’ﬂQ)ei(E12—ﬁ')~7:"12€—>\T{2d,,:12 dp (A.9)
oo = o i [ [ [ 07 (e )P ()7

x / b (o, )™ Kmem(md@

. /ﬁbc_(@m, Emﬁg)ei(gl2_ﬁ)ﬂ2€_Arizdﬂ2] dp (A.10)



APPENDIX A. THE SCATTERING AMPLITUDE Fp: IN BBK, 2CWG, AND 2CWWM MODELS FOR
DOUBLE IONIZATION

A.2 The Scattering Amplitude fp; in 2CWG model

In 2CWG model, the final state is given by:

b5 (K1, 71, oy ) = % [¢Z(E1,Fl)¢c_(g2f2) + ¢Z(Ela772)%_(/227771)}615(%12) (A.11)

where ¢(k12) is the Gamow factor ¢ (k) (see chapter 3).

The integration over the projectile coordinates 7 in Eq. A.1 gives:
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The calculation here is simpler and does not require applying the Fourier transform; hence,

the expressions for Iy, Iy, and Iyy are given by:
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For the calculation of fp; using the 2CWWDM model, the procedure is the same as in
the 2CWG model, except that here we multiply by the Ward—Macek factor ¢ as (K12, "1240e)

instead of the Gamow factor.
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