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Introduction

In recent years, mathematical models of fractional calculus have been widely used in
various disciplines, including mathematics, physics, chemistry, technology, computer sci-
ence, medicine, biology, geology, economics and other areas of natural sciences and en-
gineering. Over the past decades and in a large part of the literature, we can find the
concept of “memory” as the main advantage for dealing with fractional differential equa-
tions. This property has a significant impact on the behavior of solutions to the models
studied [35],[37],[40],[41],[50],[51],[54]. The property of nonlocality of fractional deriv-
atives which gives priority to the use of fractional calculus, means that computing the
time-fractional derivative of a function f(¢) at a time ¢ = ¢; requires all of the previous his-
tory. This effect justifies the use of fractional calculus to better explain real-life models. In
general, these models have made greater progress than those without the concept of mem-
ory. Recently, several authors have conducted important research in the field of fractional
calculus and its applications in wide range of issues in the fields of science and engineering,
such as thermodynamics [43], electrodynamics [56], network dynamics [58], finance [55],
mathematical biology [46], and optimal control theory [4].

There are many natural phenomena that appear in various areas of science and engineer-
ing represented by differential equations. Today, there is special interest in fractional partial
differential equations, especially nonlinear equations, due to their influence in real-world
problems like diffusion processes, fluid flow, electromagnetic waves, fractional stochastic
systems, control processing, etc. The majority of scientific problems in physics, engineering
and biological systems are nonlinear and it is very difficult to obtain their exact solutions.

For this reason, numerical and approximate techniques must be applied.

v



Introduction

In 2023, Ali Khalouta [36] developed a new general integral transform called Khalouta
transform (KHT') which is a generalization of many well-known integral transforms such as:
Laplace transform, Sumudu transform, ZZ transform, ZMA transform, Elzaki transform,
Aboodh transform, Natural transform and Shehu transform. KHT introduces a distinctive
mathematical method that provides a different viewpoint and technique for dealing with
mathematical expressions and problems in the time domain for ¢ > 0. This is so because
KHT provides a simple mathematical method. KHT is currently recognized as a basic
approach for solving linear differential equations, but it lacks the ability to handle nonlinear
equations.

The reduced differential transform method (RDTM) was first proposed by the Turkish
mathematician Keskin [34] in 2009, to construct a suitable solution of some highly nonlinear
partial differential equations of mathematical physics. RDTM is an iterative procedure for
obtaining the Taylor series solution of differential equations. This method reduces the size
of the computational work and can be easily applied to many nonlinear physical problems.

The goal of this thesis is to propose a novel hybrid technique called Khalouta reduced
differential transform method (KHRDTM) to solve a nonlinear time-fractional biological
population model and evaluate the approximate solution.

The nonlinear time-fractional biological population model is given as follows:

Pu?  0%u?

0x? + oy?

Doy = + hut (1 — qu’)

subject to the initial condition

U([[', Y, 0) = Uo(l’, ?J)a

where ¢ D& = 88; represents the time-fractional derivative operator in the Caputo’s sense
of the function u of order o with 0 < o < 1 and u = {u(a:,y,t), (z,y,t) e R x R x R*}
represents the population density and h, i, ¢, 6 are real numbers.

Our methodology combines the Khalouta transform (KHT) and the reduced differential
transform method (RDTM), avoiding linearization or discretization of variables and thus

providing both approximate and accurate solutions.

The remainder of this thesis is arranged as follows:



Introduction

Chapter 1 covers important definitions, properties, lemmas, and theorems, as well as
some useful results on the theory of fractional calculus, which is a very important area to
study fractional partial differential equations.

In Chapter 2, we provide some results regarding the existence and uniqueness of the
solution of the fractional differential equation under Caputo’s fractional derivative using
Banach’s fixed point theorem.

In Chapter 3, we introduce some approximate analytical techniques for solving integer-
order nonlinear differential equations. These techniques are: Adomian decomposition tech-
nique (ADT), homotopy perturbation technique (HPT), variational iteration technique
(VIT), and Daftardar-Gejji-Jafari technique (DGJT).

Chapter 4 discusses the methods referred to in resolving nonlinear Caputo time-fractional
partial differential equations. This discussion is strengthened with many diverse numerical
examples.

In Chapter 5, we presente the methodology of KHRDTM for solving general nonlinear
time-fractional partial differential equation. Furthermore, the proposed method is applied
to determine the exact solution of the nonlinear time-fractional biological population model,
accompanied by three illustrative applications. The exact solution is described in terms of
the Mittag-Leffler functions.

Finally, the last part presents the conclusions drawn from this study and future work.

vi



Chapter 1

Fundamentals of fractional calculus

theory

In this chapter, we present definitions and theorems concerning fractional calculus such as
specific functions of fractional integration, fractional derivation, and other notions to better
understand our work. We will start by providing some examples of applications of fractional

calculus theory in specific scientific fields.

1.1  Fractional systems and their applications

Fractional systems appear increasingly in different research domains. However, the growing
interest in these systems is their applications in various types of problems in pure mathe-
matics, applied mathematics and mathematical physics by modeling a wide range of natural
phenomena. It can be seen that for the most of the domains described below, fractional
operators are used to take into account memory effects. Let us mention the works [27],[54]

that combine different applications of fractional calculus.

1.1.1 Automatic systems

In automatic systems, some researchers have utilised control laws introducing fractional

derivatives. Podlubny [51] showed that the best method for ensuring efficient control of
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fractional systems is the use of fractional controllers. It proposes a generalization of tradi-
tional PID controllers. The CRONE group, founded by Oustaloup in the 70s, applies these
methods to numerous industrial systems : spectroscope, car suspension [48], robot-picker,

electro-hydraulic plow, car battery, etc...

1.1.2 Physics

One of the most notable applications of fractional calculus in physics has been in the con-
text of classical mechanics. Fred Riewe [53] showed that the Lagrangian containing time-
fractional derivatives leads to an equation of motion with non-conservative forces such as
friction. This result is remarkable because frictional forces and non-conservative forces
are essential in the usual macroscopic variational treatment, and therefore in the most
advanced methods of classical mechanics. Riewe generalized the usual calculation of La-
grangian variations which depends on fractional derivatives [52] in order to deal with the
usual non-conservative forces. On the other hand, several approaches have been developed
to generalize the principle of least action and the Euler-Lagrange equation in the case of

fractional derivatives [3],[5].

1.1.3 Mechanics of continuous media

The deformation of continuous media (solid or liquid) is often described using of two tensors,
the deformations denoted by ¢;; and those of stresses are denoted by o;;.Some materials,
such as polymers (eraser, rubber,...) show an intermediate between viscous and elastic
properties, which are described as viscoelastic. Such systems can be modeled using the

following relationship between the two tensors
0y = Eeij (t) + D% () ,0 < a < 1.

This law is justified by Bagley and Torvik in [7],[8] (for a = %) In [49], the introduction
of fractional derivatives in the case of polymers is motivated by the following analysis: due to
the length of the fibers, the applied deformations take time to be communicated step by step
(the length of the wound fibers being much greater than the geometric distance). They are

gradually amortized and induce memory effects (the state at time ¢ will depend on previous
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(1+e) this can lead to a fractional order derivative.

states). If the constraint decreases when ¢~
This operator thus makes it possible to give a simple macroscopic description (requiring
few parameters) of complex microscopic phenomena. A presentation of viscoelasticity via

fractional derivation is given in [18].

1.1.4  Acoustics

For certain wind musical instruments, visco-thermal losses can be effectively modeled using

fractional derivatives in time [26].

1.2  Functional spaces

In this part, we provide some fundamental definitions, notations, and properties of functional

analysis theory, which is an indispensable tool in fractional calculus theory.

1.2.1 Spaces of integrable functions

Definition 1.2.1 [12] Let 2 = [0,7] (0 < T' < 4+00) a finite interval of R and1 < p < oo.
1) For 1 < p < oo, the space LP(2) is the space of real functions f on Q such as f is

measurable and
T

/|f(t)|pdt < .

0

2) For p = oo, the space L>®(Q2) is the space of measurable functions f bounded almost

everywhere (a.e) on €.

Theorem 1.2.1 [12] Let Q@ =[0,T] (0 < T < 400) a finite interval of R.
1) For 1 < p < oo, the space LP(2) is a Banach space with the norm

T 1/p
£, = fOPdt] < oco.
/

2) The space L*(2) is a Banach space with the norm

| fllo =nf{M >0:|f(t)] < M a.eonQ}.
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1.2.2 Spaces of continuous and absolutely continuous functions

Definition 1.2.2 [41] Let Q = [0,7] (0 < T < +00) a finite interval of R and n € N.
We designate by C™(QQ) the space of functions f which have their derivatives of order

less than or equal to n continuous on ) , with the norm

||f||on(Q) :ZHf(k)HC(Q) = I{IE%XU (t)|, neN.
k=0

In particular, if n = 0 we have C°(Q) = C(Q) is the space of continuous functions f on
Q , with the norm

1fll ey = max[f(#)]-

teQ

Definition 1.2.3 [41] Let Q@ =[0,7] (0 < T < +00) a finite interval of R.
We designate by AC(2) the space of primitive functions of integrable functions, i.e.

t

AC(R) = { £/3p € L(@) () = c+ [ elo)ds b

0

and we call AC(Q2) the space of absolutely continuous functions on €.

Definition 1.2.4 [41] For n € N* we designate by C}}(Q) the space of functions f which

have continuous derivatives on 2 up to order (n — 1) such as f"~V € AC(Q), i.e.
ACQ) ={f:Q—C, fPeC),ke{0,1,2.n—1}, f*V e AC(Q)}.
In particular, for n =1 we have AC*(Q) = AC(Q).
A characterization of the functions of this space is given by the following lemma.

Lemma 1.2.1 [41] A function f € AC™(Q),n € N* if and only if it is represented as

follows

il p)
0
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1.2.3 Spaces of continuous functions with weights

Definition 1.2.5 [41] Let Q = [0,7] (0 < T < +00) a finite interval of R and pn € C
(0 <Re(u) <1).
We designate by C,(S2) the space of functions f definite on Q such as the function
thf(t) € C(Q), i.e
Cu(@) ={f: Q@ —C,()"f() € C(},
with the norm
1l = 1 f Dl o) = max |t ()]
The space C,,(Q2) is called the space of continuous functions with weights.

In particular, for p =0 we have Cy(2) = C(Q).

Definition 1.2.6 [41] For n € N*, we designate by C}}(Q2) the space of functions f which

have continuous derivatives on 2 up to order (n — 1) such as f™ € C,(Q), i.e.

Cu() = {F  Iflepey = D 1PN + 17
k=0

In particular, for n =0 we have C)(Q) = C,(Q).

1.2.4 Fixed point theorem

Definition 1.2.7 Let X be a Banach space and T : X — X continuous application. We

say that T s contracting if T is Lipschitzian with ratio K < 1, such as
Va,y € X+ |T(x) = T(y)|| < Kz -yl

Theorem 1.2.2 (Banach theorem) [30] Let X be a Banach space and T : X — X a

contracting operator, then T admits a unique fized point, i.e. Iu* € X such as
Tu* = u”.
In addition, If T* ,k € N is an operator sequence defined by
T' =T etTF=TT" ' ke N\ {1},
then for every uy € X a sequence {Tku()}zozo converges to the fized point u*.

=0.

lim HTkuo —u*

k—o0
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1.3 Special functions for fractional derivation

In this part, we introduce some special functions such as the Gamma function, the Béta
function, and the Mittag-Leffler function. These functions play a very important role in the

fractional calculus theory and its applications.

1.3.1 The Gamma function

One of the fundamental functions of fractional calculus is the Gamma function I'(z) which
naturally extends the factorial to positive real numbers (and even to complex numbers with

positive real parts).

Definition 1.3.1 [50] For z € C such that Re(z) > 0. The Gamma function T'(z) is given

by the following integral
+o0

[(z) = / e 7 dt, (1.3.1)

0
with T'(1) =1 and T(0") = +o0.

The Gamma function T'(z) is a monotonic and strictly decreasing function for 0 < z < 1.
An important property of the Gamma function I'(z) is the following recurrence relation
[(z+1) = 2I'(2), Re(z) > 0, (1.3.2)

which can be demonstrated by integration by parts

+00 +o0
F(z+1) = / e 'trdt = [—e 7] ;roo +z / e 't dt = 2T(2).
0 0

The Gamma function generalizes the factorial because I'(n + 1) = n!, Vn € N.

Indeed I'(1) = 1 and using relation (1.3.2) we get

r@2) = 10(1) =1,
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1.3.2 The Béta function

The Béta function is one of the fundamental functions of fractional calculus. This function

plays an important role when combined with the Gamma function.

Definition 1.3.2 [50] The Béta function is a type of Euler integral defined for complex
numbers z and w by

B(z,w) = /tz_l(l —t)“"'dt, Re(z) > 0, Re(w) > 0. (1.3.3)

0

The Béta function is related to the Gamma function by the following relation
B(z,w) = —), Re(z) > 0, Re(w) > 0, (1.3.4)
it follows from (1.3.4) that

B(z,w) = B(w, z), Re(z) > 0, Re(w) > 0.

1.3.3 The Mittag-Leftler function

The Mittag-Leffler function plays a very important role in the theory of integer differential
equations. It is also widely used in the search for solutions of fractional differential equations,

this function was introduced by G.M. Mittag-Leffler G.M. Mittag-Leffler [44],[45].

Definition 1.3.3 [50] For z € C. The Mittag-Leffler function E.(z) of a parameter o is
defined as

=Y ————a>0 (1.3.5)
prd I( ak +1

In particular

Ei(z) = €* and Ey(z) = cosh(v/2).

This function can be generalized for two parameters o and ( to give

0 0. 1.3.6
;rak > , B> (1.3.6)
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1.4 Fractional integrals and derivatives

In the literature, there are several definitions of fractional integral and derivative. Among
these definitions, the most widely used is the Riemann-Liouville and Caputo sense. There-
fore, in this part, we give some basic definitions and important properties of fractional
calculus theory such as Riemann-Liouville fractional integral and Caputo fractional deriva-

tive.

1.4.1 Fractional integral in the sense of Riemann-Liouville

The idea of the fractional integral of order o € C (Re(«) > 0), according to the Riemann-
Liouville approach, generalizes the Cauchy formula for an integral repeated n-times.
Let f be a continuous function on the interval [0,7],7 > 0. A primitive of f is given

by

() = / f(r)dr.

For a second primitive and according to Fubini’s theorem we will have

t t t

2ft) = /Jlf(u)du:/ /uf(f)df du:/ jdu F(r)dr

0 0 T
t

_ / (t— 1) f(r)dr.

0

By repeating n-times, we obtain at the n™¢ primitive of the function f in the form
t

I"f(t) = ! I /(t — )" f(r)dr,t > 0,n € N*. (1.4.1)

(n—1

This formula is called Cauchy formula, and since the generalization of the factorial by
the Gamma function I'(n) = (n—1)!, Riemann realized that the second member of equation
(1.4.1) could have meaning even when n takes a non-integer value, he defined the fractional

integral in the following way.
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Definition 1.4.1 [41],[50] Let f € L*([0,T]),T > 0. The Riemann-Liouwville fractional
integral of order a € C (Re(a) > 0) of the function f is defined as

t

o f(t) = ﬁ/(t — ) f(r)dr, £ > 0, (1.4.2)

where I* represents the Riemann—Liouville fractional integral operator and T'(.) is the Gamma

function given by (1.3.1).

Theorem 1.4.1 [41],[50] If f € L'([0,T]),T > 0, then I*f exists for almost allt € [0, T)
and moreover 1°f € L'([0,T1]).

Proof. Using equation (1.4.2) and Fubini’s theorem, we find

/tlfo‘f(t)ldt < ﬁ/T/t t—7) " f ()| drdt
< ﬁ]ﬁ(ﬂ ](tT)aldt dr
< / PN T~ 7)dr
< Z“T”T‘

Since f € L'([0,T)), the last quantity is finite, which establishes the result. =

Example 1.4.1 The integral of f(t) =t° in the sense of Riemann-Liouville.

Let o > 0,8 > —1, then we have

I°f(t) = FL/ ) Bdr, (1.4.3)
0

By changing the variable

T =18,
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where s =0 when 7 =0 and s = 1 when 7 =t and dt = tds, then equation (1.4.3) becomes

) = ﬁ /1 (t — ts)° L (ts)° tds
= ﬁo/l[t(ls)]o‘l P18 ds
— gzzzgi<18yX186d8
_ 1%6) 0/1 (1= ) L5014y

Using the definition of the Béta function (1.3.8) and relation (1.8.4), we obtain

totB
I°f(t) = F(Q)B(a,ﬁ +1)

t B T(a)(B+1)

I'a) MN(a+p+1)
_ F(ﬁ + 1) ta—i—ﬁ

MNa+5+1) '

So the fractional integral in the sense of Rieman—Liouville of the function f(t) = t%is

given as
]atﬁ — F(ﬁ + 1) ta—l—ﬁ.
Fa+5+1)

In particular, relation (1.4.4) shows that the fractional integral in the sense of Rieman—

(1.4.4)

Liouwille of order o of a constant ¢ € R 1is given as

c
I"c = ———t*.
¢ I'a+1)

Proposition 1.4.1 [41],/50] Let o, € C (Re(a) > 0, Re(B8) > 0). For any function
f e LY([0,T)), T > 0 we have

[ (I°f(t)) = IFO f(t) = 17 (1° f (1)),

for almost all t € [0,T]. Moreover, if f € C([0,T]), then this identity is ¥t € [0, T].

10



1.4. Fractional integrals and derivatives

Proof. Suppose that f € L'([0,T]), then we have

t

1 (IPf (1) = ﬁ / (t — )" 1P f(r)dr
S | — )t | T — ()Pt T

According to Theorem 1.4.1, the integrals appearing in the previous equality exist for
almost all ¢t € [0, 7] and Fubini’s theorem allows us to establish

t t

« _ 1 . a—1 . —
" (I f(t)) —W/ /(t )" (r = Q) | F(QdC.
0 \¢
By changing the variable
T = C + (t - C)S7

where s = 0 when 7 = ( and s = 1 when 7 = ¢ and dr = (t — ()ds, we get

t 1

I (I°f(t 1t t—)>HAt 1—s)* P ds dc.
(1'10) = Frars / () / (15 F(O)e
Finally, according to the definition of the beta function (1.3.3) and the relation (1.3.4),
we get t
IIF0) = g [ =07 Qe = (1) ),

0

Now we assume that f € C(]0,7]), then by the theorems on integrals depending on the
parameters [*f € C([0,7]), and hence we have

1ot f 1o1° f € C(]0,T7).

Thus, according to the above, the two continuous functions I+# f, I*I5 f coincide almost
everywhere on [0, T, therefore they must coincide everywhere on [0, 7.

The proof of this Proposition is complete. m

The following theorem provides a result concerning the inversion of the limit and the

fractional integral.

11



1.4. Fractional integrals and derivatives

Theorem 1.4.2 [41],/50] Let o € C (Re(a) > 0) and (f1,),=5 be a sequence of continuous
and simply convergent functions on [0; T]. Then we can invert the fractional integral in the

sense of Riemann-Liouville and the limit sign as follows
0] 0=, 10

Proof. Let f, — f be simply convergent and

t

it — I°f ()] = ﬁ / (t = 1) fulr) — f(r)]dr
0
o= fl [0
< =2 [ (t—7)"""dr
() /
W= fllo 1
= " T o
S L
< g M ST = 0

This is the desired result. =

1.4.2 Fractional derivative in the sense of Riemann—Liouville

Definition 1.4.2 [41],[50] Let f € L'([0,T)),T > 0 an integrable function on [0,T]. The
fractional derivative in the sense of Riemann-Liouville of order o € C (Re(a) > 0) of the

function f is defined as

DUf(t) = D"I""f(t)

_ F(n;—a) (%)n/t(t — ) f(r)dr > 0, (1.4.5)

where D represents the Riemann—Liouville fractional derivative operator and n — 1 <

[Re(a)] < n,n > 1 with [Re(a)] is the integer part of Re(«).

In particular, if & = 0, then
1 d
D50 = o (5 ) [ 1020 = s

12



1.4. Fractional integrals and derivatives

If « =n €N, then

D10 = 055 () / feyar =0 re) = £ ).

Therefore, the fractional derivative in the sense of Riemann—Liouville coincides with the
classical derivative for av € N.

Moreover, if 0 < a < 1, then n = 1 and therefore we have

t

- ﬁ%/(t—f)aﬂﬂdﬂ £>0.

Example 1.4.2 The derivative of f(t) =t° in the sense of Riemann-Liouville.

D f(t)

Let o > 0 such thatn — 1 < a <n and 8 > —1, according to the definition of the frac-
tional derivative in the sense of Riemann-Liouville in equation (1.4.5) and relation (1.4.4),

we get

r 1
DoP = prpr—oh — (B+1) Drftn—a, (1.4.6)
F'B+n—a+1)

Taking into account

D = (Brn—a)(ftn—a— 1B —a+ i
FB+n—a+l) s,
(B —a+1) '

Substituting the result (1.4.7) into the formula (1.4.6), we get
rE+1) FB+n—a+1) 5
r+n—a+1) I'(F—a+1)

F(ﬁ + 1) tﬁ—a
I'(f—a+1) '

(1.4.7)

Dt =

So the fractional derivative in the sense of Riemann-Liouville of the function f(t) = t°

18 given as
F'g—a+1) '

In particular, if 5 =0 and o > 0, then the fractional derivative in the sense of Riemann-

Dot? = (1.4.8)
Liouville of order a of a constant ¢ € R is non-zero, and its value given as

c
Dc=—" ¢
¢ I'l—a)

13



1.4. Fractional integrals and derivatives

It is easy to determine the following result.
Lemma 1.4.1 Letn— 1< a <n withn = [a] +1 and f be a function verifying
Def(t) =

then

-1 L)
e Ve, e, ., cne1 € R.
Z ij—i—l—i—a—n) 0 !

In particular, if 0 < a <1, then
f(t) =ct* Ve e R.

Proof. Let D*f(t) = 0, according to (1.4.5) we have

Df(t) = D"I"f(t) =

And as a result we have
n—1

I f(t) =Y et (1.4.9)

=0
Now, applying the Riemann-Liouville fractional integral operator I to equation (1.4.9)

we get
I"f(t) Z ;1.

Using the relation (1.4.4) (See Example 1.4.1), we get

n—1

G+1)
e, 1.4.10
ZCJFJ—I—OH—I) ( )

Q

Applying the operator D" to equation (1.4.10), we obtain

— F(j+1) nyjto
f(t):;ijD tite,

The use of the classical derivation of the formula

DntO{ —
Ia—n+1) ’

14



1.4. Fractional integrals and derivatives

gives
~1 .
Z j+1 F(] +Oé+1) thrafn.

FG+a+)I'j+a—n+1)

=0

Finally we get

Z I'(j+1) pi+a-n.
— I'(j+1+a—n)

The proof of this Lemma is Complete. [ ]
The following proposition establishes a sufficient condition for the existence of the frac-

tional derivative in the sense of Riemann-Liouville.

Proposition 1.4.2 [41] Let o« > 0 and n = [o] + 1. If f € AC™([0,T]),T > 0, then the
fractional derivative in the sense of Riemann-Liouville D®f exists almost everywhere on

[0, T]. Moreover it is represented as

n—1 f(k

o= )" W (n)dr 1.4.11
k_OI‘ —oz—{—l n—a/ (7)dr ( )
- 0

1.4.3 Properties of the fractional derivative in the Riemann-Liouville

sense

The Riemann—Liouville fractional derivative operator has properties that can be summarized

in the following propositions.

Proposition 1.4.3 [41],[50] Forn —1<a <n andm —1 < <m we have

1) The Riemann-Liouville fractional derivative operator is linear

D (Af+9) (1) = A(Df) () + (D) (1), A € R

2) Generally
D*(Df(t)) # D (D" f(t)).

Proof. 1) Let f,g € L' ([0,7]) and X € R, so we have

15



1.4. Fractional integrals and derivatives

D*(Af+g) () = D"I"* (Af(t) +9(t))
= AD" I ((f+9) (1))
As the n'" derivative and the integral are linear, then
D*(\f+g)(t) = AD"I"f(t)+ D"I""“g(t)
= AD) (1) + (D) (t).

2) We have
m—1 t—a—k
D(DPf(t)) = D*Pf(t) =Y D Ff(0) i
(Df(1)) = D™+ (1) IO e ==
k=0
and
8 5 S~ ok =0
D" (D“f(t)) = D* t) — D" f(0)=————.
(D160 = D110 = 3 DO =
Consequently, the two fractional derivation operators commute only if @ = ( and

D Ff(0)=0forall k=1,2,...n and D?~*f(0) =0 for all k =1,2,...,m.
Which completes the proof. =

Proposition 1.4.4 [41],[50] Let o, > 0 such thatn —1 < a<nandm—-1<<m

where n,m € N*.

1) For f € L'([0,T]),T > 0, the following equality

D (I°f(t)) = f(t),
is true for almost all t € [0,T).
2) If a> >0, then for f € L*([0,T]),T > 0, the following relation

DP(I*f(t)) = TP f(t),

is true almost everywhere on t € [0,T].

In particular, if 8 =k € N and o > k, then

DMI*f(8) = 1" f(2).
3) If B> a > 0 and the fractional derivative D~ f emists, then we have

DP(I°f(t)) = D"~ f(#).

16



1.4. Fractional integrals and derivatives

4) For a > 0, k € N*. If the fractional derivatives D*f and D**f exist, then
DMD"f(t)) = D** f(t).

Proof. 1) Using equation (1.4.5) and Proposition 1.4.1, we have for n = [a] + 1

DO(I°f(t)) = D"I"*I°f(t) = f(t), a.e on [0, T].

2) According to equation (1.4.5) and Proposition 1.4.1 we obtain for a« > § > 0, then
n > m and we have
DP(I*f(t)) = D" PIf)(t)
— D" ([nJraf,Bf) (t)
= D" (I°7°f) (1)
= (I*7f) ).

3) For > o > 0, we have

DP(I°f(t)) = D™I™ P (I1°f)(t)

= DI f(t)
= (D f) (1),

exists fori — 1 < g —a <iand i <m.
4) For o > 0 and k € N*, we have

D¥(Df(t)) = D*D"I"*f(t)

— Dk+nlnfa+k:fkf(t)

— Dk+n1k+n7(k+a)f<t>

= (D" f)(t).

The proof of this Proposition is complete. m
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1.4. Fractional integrals and derivatives

1.4.4 Fractional derivative in the Caputo sense

Although the fractional derivative in the Riemann-Liouville sense has played an important
role in the development of fractional calculus, several authors including Caputo (1967-1969)
have reported that this definition needs to be revised [13], because the problems applied
in viscoelasticity, solid mechanics and rheology, require initial conditions physically inter-
pretable by classical derivatives such as f(0), f'(0), f”(0) etc..., which is not the case in
modeling by the Riemann-Liouville approach which requires knowledge of the initial condi-
tions of the fractional derivatives.

Despite the fact that initial value problems with such initial conditions can be solved
mathematically, the solution of this problem was proposed by M. Caputo in his definition
which he adapted with F. Mainardi in the structure of the viscoelasticity theory. [14].

In this part, we give the definition of the fractional derivative in the Caputo sense as
well as some basic properties.

Let [0, 7] be a finite interval of R and let /* and D* be the Riemann-Liouville fractional

integral and derivative operators given by (1.4.2) and (1.4.5) respectively.

Definition 1.4.3 [41] The Caputo fractional derivative © D f(t) order a € C (Re(a) > 0)

on the interval [0, T is defined via the Riemann-Liouville fractional derivative by

¢ ~ f(’“
Df(t) = Z (1.4.12)

where

n = [Re(a)] +1 for a ¢ N and n = o for a € N. (1.4.13)

If o = 0, then we have
“DOf(t) = f(1).
In particular, if 0 < Re(a)) < 1, the equation (1.4.12) takes the form

“Df(t) = D*[f(t) — f(0)].

The Caputo fractional derivative (1.4.12) is defined for functions f(¢) for which Riemann-
Louville derivative (1.4.2) exists in particular, it is defined for functions f € AC™([0,T7).

Now, we have the following theorem.

18



1.4. Fractional integrals and derivatives

Theorem 1.4.3 [41] Let Re(a) > 0 and n be given by the relation (1.4.13). If [ €
AC™([0,T]), then the Caputo fractional derivative ©D®f(t) ewists almost everywhere on
0, 77.

1) If a ¢ N, then D f(t) is given by

¢ pe = o | — )t (Y dr
DO = oy [ = 0 (14.14)

— "D f(t),t > 0.

In particular, if 0 < Re(a) < 1 and f € AC([0,T1), then

t
1

Cpof(t) = m/(t—ﬂ—af'mm (1.4.15)

= I'f'(t),t > 0.

2) If « € N, then
D (1) = FO(0).

Proof. From Definition 1.4.3, we have

“pefit) = D° (f(t) > L
k=0 )
— Dn]n—a <f(7f) - « f(lz'(o) tk>
k=0 )

Using

DUf(t) = D"I"°f(t)
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1.4. Fractional integrals and derivatives

Integrating by parts, we will have

Y R S F00)
RO = g € (“”‘Z g T)‘”

; k=0
I S o ST OIS
" T(n—a)] n-oa (f(T) a —~ kK Tk) »
F(t— e =l e(k)
+/ (t _) D <f(T) — 2 / k'<0>7k> dr

| nzl (k)
- W / (t— 7)1 p (f(r) Rey k!(0)7k> 0

n—1 (k)
= ["etD (f(t) -y / k!(O)t’“> :

k=0

Repeating this process n-times, we find:

F(t) = Ivofpr (f(t)—nl f(k)m)t’“)

k!
k=0
K g O
— ryreapn (f(t) . f kl( )tk) )
k=0 ’
n—1
where > %tk is a polynomial of degree n — 1.
k=0
Consequently
F(t)=1"I"""D"f(t).
Thus

“Def(t) = D"F(t)
_ DnInIn—aan(t>
— In—aan(t)

t
1

= — — )t ()
eyl Akt BURPACT

0

The proof of this Theorem is complete. =
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1.4. Fractional integrals and derivatives

Theorem 1.4.4 [41] Let Re(a) > 0 and n be given by the relation (1.4.13) and f €
C" ([0, T)). Then the Caputo fractional derivative © D f(t) is continuous on [0,T],T > 0.

1) If a ¢ N, then D f(t) is given by equation (1.4.14). In particular, if 0 < o < 1,
then © D f(t) takes the form (1.4.15).
2) If « € N, then
CDaf(E) = £,

Example 1.4.3 The derivative of f(t) =t in the Caputo sense.
Let n be an integer and 0 < n —1 < a < n with B > n — 1, then according to equation

(1.4.14) we have
F(ﬁ + 1) 7_/6’—77,.

M) = T2
() = TG —n+D) (1.4.16)
where .
« _ F(ﬁ + 1) n—a—1 —-n
“DP = F(ﬂ_a>r(ﬁ_n+1)0/(t—T) P dr. (1.4.17)

By changing the variable

T =18,

where s =0 when 7 =0 and s =1 when 7 =t and dr = tds.

Equation (1.4.17) becomes as follows

1)
Dt = 5 + / )Tt s
Fn—a)l'(6—n+1)
r(s 1
_I_ 1 n a—1 pg—
"ds.
F'n—a)l'(B—n+ 1 / 8 °

0

Using the definition of the Béta function (1.3.8) and the relation (1.3.4) we obtain

I'B+1)B(n—a,f—n+ 1)tﬁ_
Fn—a)l'(—n+1)
FB+DIn—a)T(B-n+1) 5,
F'n—a)l(f—n+1I'(B—-a+1)
L(B+1) 46—
I'—a+1) '

CDOétﬁ —
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1.4. Fractional integrals and derivatives

So the Caputo fractional derivative of the function f(t) = t° is given as

F(ﬁ + 1) B—a
F'g—a+1) '

In particular, the use of formula (1.4.12) or (1.4.14) to calculate the fractional derivative

“DtP = (1.4.18)

in the sense of Caputo of order a > 0 of a constant ¢ € R expresses that this derivative is
zero, i.e.

D% = 0.

1.4.5 Properties of the fractional derivative in the Caputo sense

The fractional derivative in the Caputo sense has properties that can be summarized in the

following propositions.

Proposition 1.4.5 [41],[50] Let oo € C such that n —1 < Re(a) < n with n € N*and let
the two functions f(t) and g(t) such that © D*f(t) and © D*¢(t) exist. The Caputo fractional

derivative is a linear operator
DA +pg) (1) = A (ODYf) (8) + 1 (“Dg) (1), A\, pER,
Proof. According to (1.4.14), we have

“D*(\f+pg)(t) = I"*D"((Af+pg)(t))
= I"°D" (Af(t)) 4+ I"D" (ug(t)).

As the n'" derivative and the integral are linear, then

DY(\f+pg)(t) = M"TOD"f(t) + pl""*D"g(t)

= A(ODf) (1) +p (“Dg) (1).
Hence the result. m

Proposition 1.4.6 [41],/50] Assume that n — 1 < Re(a) < n,m,n € N* and let the
function f(t) such that ©D*f(t) exists, then

CDaDmf(t) _C Da+mf(t) 7& Dm CDaf(t).
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1.4. Fractional integrals and derivatives

1.4.6 Relationship between the Riemann-Liouville and Caputo

approaches

The following theorem establishes the relationship between the fractional derivative in the

Caputo sense and the Riemann-Liouville sense.
Theorem 1.4.5 [41] Let Re(a) > 0 with n —1 < Re(a) < n (n € N*) and let f be a
funtion such that fractional derivatives © Df (t) and D*f (t) exist, then

n—1 f(k
[(k —a+1

kfa

CDaf( Daf

DM

Proof. Consider the limited Taylor series development of the function f at ¢t = 0 as

follows
0, f”( ) 2 fO0)
f@t) = f(0)+ 1 1 o+ +mt + R,
«— S0 ,
Tk + 1)t - finet,
with

Using the properties of n'-order integration, we get

/f(") — ) = IO,

Using the linearity of the Riemann-Liouville operator and relation (1.4.8) we obtain

Def(t) = (n e (Oi tk+Rn1)

FROT(k+1)

tkfa DI (n) ¢
Th—a+lGrD P00
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1.4. Fractional integrals and derivatives

-1
o \ f(k) (0) —« n—a p(n)
= 2 f G aryt MO

(k)
_ OfizﬁjégéijﬁFﬂ-+(épaf)@y

T
= o

il

Therefore
CDa Da — f(k
f( f Z F — + 1

k=0

kia.
Hence the result. m
Remark 1.4.1 If f®)(0) =0 for k=0,1,2,...,n — 1, then we have
CDf(1) = DR (1)

Proposition 1.4.7 (Composition with the Riemann—Liouville fractional integral
operator)

The Caputo fractional derivative operator is a left-inverse of the Riemann-Liouville frac-
tional integral operator but not a right-hand inverse. Because, if f is a continuous function

on [0,T], then we have

D> (I°f(t)) = f(t) and I* (“D*f(t)) = f(t) — th. (1.4.19)

Remark 1.4.2 The main advantage of the Caputo approach is that the initial conditions of
fractional differential equations involving Caputo fractional derivatives take the same form

as for integer differential equations.
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Chapter 2

Existence and uniqueness theorem for
fractional differential equation with

Caputo fractional derivative

In this chapter, we study the existence and uniqueness of the solution to the fractional
differential equation involving Caputo fractional derivative by employing the Banach fixed
point theorem.

We consider the following fractional differential equation (FDE).
“Du(t) = h(t,u(t)), t € Q=1[0,T], (2.1.1)
subject to the initial conditions
u®(0) =u, e R, k=0,1,....n— 1, (2.1.2)

where “D? is the Caputo fractional derivative operator of order n — 1 < a < n, with
n = [a] + 1 and [a] is the integer part of o, A(.,u) : Q@ X R — R a continuous function

with respect to t € 2 for all u € R.
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2.1. Equivalence between the FDE and the Volterra integral equation

2.1 Equivalence between the FDE and the Volterra
integral equation

In this part, we present an equivalence result between the FDE and theVolterra integral
equation in the space C"~1(Q). According to this result, the existence and uniqueness of the

solution of the proposed equation are demonstrated.

Theorem 2.1.1 [41] Let o > 0 with o« ¢ N, n =[] + 1 and h(.,u) : @ xR — R be a
continuous function with respect to t € Q for all u € R. Then v € C"1(Q) is a solution of
equations (2.1.1) and (2.1.2) if and only if u is a solution of the following Volterra integral

equation
t

Z_j ey / (t =7 h(r, u(r))dr,0 < t < T. (2.1.3)

Proof. Let a > 0 with o ¢ N and n = [a] + 1.

1) We assume that «w € C"1(2) is a solution of equations (2.1.1) and (2.1.2). Since
h(.,u) € C(Q) for all u € R and from equation (2.1.1), we have “D?u(t) € C(9Q).

Using relation (1.4.19), we get

I (“Du(t)) = u(t) —

Therefore, we have

u(t) = nz:u(k)<0)t’“+la (“D*ul(t))

o

Uy, 1
= E F—/ (t—7)""" h(r,u(r))dr.
0

2) Suppose u € C"1(Q) is a solution of the Volterra integral equation (2.1.3). By
deriving equation (2.1.3) k-times (k = 1,...,n — 1) and Proposition 1.4.2, we find for all
k=0,1,...n—1




2.2. Existence and uniqueness theorem

By changing the variable 7 = ts, we get

—_

n—

u®(t) =

(J ﬂ)!“_k i ﬁ / (1= )" h(ts, ults))ds.

<
I
ol

By implementing the limit ¢ — 0 and using the continuity of the function h, we obtain
equation (2.1.2). On the other hand, by applying the Riemann-Liouville fractional derivative
operator D* on the Volterra integral equation (2.1.3) and with (2.1.2), we get

n—1 U(k)
pe (u(t) = kf%k) DO Ih(t u(t).

k=0
From Definition 1.4.3 and Proposition 1.4.2, we obtain equation (2.1.1).

The proof of this Theorem is complete. m

Corollary 2.1.1 Let 0 < o« < 1 and h(.,u) : @ Xx R — R be a continuous function with
respect to t € Q for all u € R. Then u € C () is a solution of to the following Caputo

fractional differential equation

CDu(t) = h(t, u(t).

subject to the initial condition

U(O) = Uy,

if and only if u is a solution of the following Volterra integral equation

u(t) = up + ﬁ / (t —7)* " h(r,u(r))dr.
0
2.2 Existence and uniqueness theorem

In this part, we demonstrate the existence and uniqueness of the solution of equations (2.1.1)

and (2.1.2) in the space of functions C"~1%(Q)) given by
C Q) = {ueC" Q). D e C(Q),n=a] +1}.
To prove the existence and uniqueness of the solution to equations (2.1.1) and (2.1.2),

we need the following lemma.
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2.2. Existence and uniqueness theorem

Lemma 2.2.1 If o > 0 with o ¢ N and n = [a] 4+ 1, then the fractional integral operator

I*: C(Q) — C™"Y(Q) in the Riemann-Liouville sense is bounded, i.e.

n—1

o . Tu—k
I fllgn-10y < M || fllogo wzthM:ZFa

> Ta—kr 1) (2.2.1)

Proof. Let f € C(£2). Proposition 1.4.4, we get:
DFICf(t) = I f(t), for all k=0,1,....,n — 1.

For all t € 2, we have

n—1 n—1
1 llons) = DD T fll oy = 2 17 Fllow
= k=0

k=0
< §° Wlew /t(t .
- Do —k)
k=0 0
«—  Iflc
( a—k
< t
kzg (a — k)T — k)
n—1
Tufk
< 11l
prd IN¢ k+1)
We put
n—1 a—
M =
Z Na—k+1)
k=0
we get

1% fllen-10) < M [ flleo -

The proof of this Lemma is complete. =
Theorem 2.2.1 [41] Let a > 0 with o ¢ N and n = [o] + 1 and G an open set of R. We
suppose that h : Q0 x G — R is a function such as

1) For all fized u € G, we have h(.,u) € C(Q).

2) The function h : Q x G — R satisfies the Lipschitz condition with respect to u, i.e.

there 1s L > 0 such as

|h(t,u1) — h(t,ug)| < Lug — ug|, forallt € Q ui,us € G. (2.2.2)
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2.2. Existence and uniqueness theorem

If
n—1 Ta—k
L —— <1 2.2.3
kZ:O Cla—k+1) (22.3)

then the fractional differential equation (2.1.1) has unique solution u € C"4%(Q), which

satisfies the initial conditions given in equation (2.1.2).

Proof. To prove this theorem, we begin by demonstrating the existence of a unique
solution u € C"(Q) of equations (2.1.1) and (2.1.2). By Theorem 2.1.1, it suffices to prove
the existence of a unique solution u € C" () of the Volterra integral equation (2.1.3).

To do this, we use Theorem 1.2.2 of the Banach fixed point in the space C"~ () with the

following norm

(k) _ (k)H 994
Uy — Uy o (2.2.4)

n—1
[Jur — u2“C”*1(Q) - Z ’
k=0

We rewrite the Volterra integral equation (2.1.3) in the form of the following operator

u(t) = (Tu) (1),

where
1 -
(T () = w0(0) + 5 O/ (t — )V h(r, u(r))dr, (2.2.5)
with -
uo(t) = Z %tj . (2.2.6)

To apply the Banach fixed point theorem, it is necessary to prove
1- If u € C"1(Q) then Tu € C" ().
2- For each

uy, uy € C"H(Q), | Tuy — Tus|lgn-1(0y < ¢ |lur — u2ll gy » With 0 < ¢ < 1. (2.2.7)

Let u € C"1(Q). By deriving equation (2.2.5) k-times (k = 1,...,n — 1) and using
Proposition 1.4.4, we find for all K =0,1,....n — 1

t

(Tw)® (1) = u (1) + ﬁ / (t — )" h(r, u(r))dr, (2.2.8)
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2.2. Existence and uniqueness theorem

with

uP(t) = Yk

For all £ = 0,1,...,n — 1, the first term on the right of equation (2.2.8) is a continuous
function on [0, 7], and by Lemma 2.2.1, the second term is continuous on [0, 7.

Therefore, we have

a—k
_1 / (t = 7)* 7 h(r, u(r))dr < ﬁ I, u( )l (2:2.9)

0 Ccn—1 (Q)

for all k =0,1,....,n — 1. Consequently Tu € C"(Q).
Using equations (2.2.4), (2.2.8), (2.2.9) and the Lipschitz condition (2.2.2), we obtain

n—1
| Tu; — TUQHCn—l(Q) = Z (Tul)(k) - <Tu2)(k)HC(Q)

k=0
n—1 1 ¢

< D e €T R ) = b ua(r)ldr
k=0 0 o)
n—1 Ta—k

< 3 NCETESY [h (7, w1 (7)) = h(T, u2(7)) || o0

n—1 Ta—k
= Pt rry O elan

Using relation (2.2.3) we obtain (2.2.7) and we have

n—1 Tafk

— Ma—k+1)

Therefore, by the Banach fixed point theorem 1.2.2, there exists a unique solution u* €
C"1(Q) of the Volterra integral equation (2.1.3) on the interval [0, T].
According to Banach fixed point theorem 1.2.2; the solution w*(t) is a limit of the con-

vergent sequence (17uj)(t)
nh_}rrolo 17" ug — u* || gn-1(qy = 0. (2.2.10)

We take

*

Uy = Ug,
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2.2. Existence and uniqueness theorem

with ug(t) given by (2.2.6).
From equation (2.2.5), the sequence (7™uf) (t) is defined by the recurrence formula

¢
1
(T"ug) (t) = uo(t) + (o) / (t—7)""h (7, (T" ") (7)) dr,n = 1,2, ... (2.2.11)
«
0
Noting u, (t) = T"u§(t), then equation (2.2.11) takes the following form

t

/ (t— 1)V h(r up 1 (7))drn € N,

un(t) = uo(t) + m

and equation (2.2.10) becomes

limOO [tn = ullgn-1(qy = 0. (2.2.12)

n—

Using equation (2.1.1) and the Lipschitz condition (2.2.2), we get

|1 Dow, € Dau”C(Q) = [[h(t, ua(t)) = h(t,u(t))l oq)

IN

Lljun — U||C(Q)

< Lllu, — UHC(Q) .

According to relation (2.2.12), we obtain

lim HcDaun ¢ DO‘UHC(Q) =0.

n—=aoQ

Then D% € C(Q) and we have u € C"~1(Q).

The proof of this Theorem is complete. =
Example 2.2.1 Let us consider the following fractional differential equation
CDu(t) = t* — 1, (2.2.13)

subject to the initial condition
u(0) = 1. (2.2.14)

Heret € Q = [0,1] and D is the Caputo fractional derivative operator of order o =

1/2.
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2.2. Existence and uniqueness theorem

We find a continuous function u : [0,1] — R satisfying (2.2.13) and (2.2.13).
By solving the proposed equation, we obtain

t t

1 ~1/2 o 1 —1/2
u(t) = 1+F(1/2)/(t—7') /TdT—F(l/Q)/(t—T) 2 qr

0

= 14+ itL”/? _ ltl/?

15/ e

Example 2.2.2 Let us consider the following fractional differential equation

CDou(t) =12 — 2t + 1, (2.2.15)

subject to the initial condition

u(1) = 0. (2.2.16)

Here t € Q = [1,2] and D is the Caputo fractional derivative operator of order o =
1/3.

We find a continuous function u : [1,2] — R satisfying (2.2.15) and (2.2.16).

By solving the proposed equation, we obtain

t

u(t) = r(11/3) /(t—T)—W?’ (r—1)2dr
27 s
T 14T(1/3) (b=
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Chapter 3

Approximate analytical techniques

and their applications

In this chapter we deal with some approximate analytical techniques to find the approximate
solution of classical differential equations, some numerical examples are given to compare

the exact and approximate solutions.

3.1 Adomian decomposition technique (ADT)

The ADT was established by George Adomian [1] in the 1980s. The ADT has received
considerable attention in recent years in applied mathematics, and in the field of series
solutions in particular. Moreover, it is known to be a powerful and efficient technique,
easily solves many types of linear or nonlinear ordinary or partial differential equations, and
integral equations; see [2],[16]. This technique generates a solution in the form of a series

whose terms are determined by a recursive relation using these Adomian polynomials.

3.1.1 Basic idea of ADT

In order to explain the basic idea of the ADT, we consider the following functional equation

of the form

F(u)=h(t),t € Q C R, (3.1.1)
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3.1. Adomian decomposition technique (ADT)

where u = {u(t),t € Q C R*} is an unknown function, F'is an ordinary or partial differential

operator consisting of linear and nonlinear terms and h is a given function. The linear part

is usually decomposed into L + R, where L is a readily invertible differential operator and

R denotes the remainder of the linear operator. Under these conditions, equation (3.1.1)

can be written as follows

L(u)+ R(u)+ N (u) = h(t),

where N is a nonlinear differential operator.

Equation (3.1.2) can be written as

where

Ll://.../(.) (dt)",

is the inverse operator of operator L.

On the other hand we have
LML (u)=u—w,

where w is the constant of integration.

Thus, equation (3.1.4) is written in the form
u=w+ L (h(t) - L (R(u)— L (N (u)).

For the ADM, the solution wu is expressed in terms of a series form

00
u = E Unp,
n=0

and the nonlinear term Nwu is represented by the series

Nu= iAn.
n=0
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3.1. Adomian decomposition technique (ADT)

A, are called Adomian polynomials which depend on ug, u1, ..., u,, and can be formulated

1 dr = .,
Ao, ur, s tn) = =55 [N <§ Au)] n=0,1,2, .., (3.1.8)
' i=0 A=0

where A is a real parameter.

Replacing (3.1.6) and (3.1.7) in (3.1.5), we get the following equation

Zun =w+ LY (h(t)) — L7'R (Z un> —L! (i An> : (3.1.9)

Equating the terms in (3.1.9), we find

/

=@+ L7 (h(1)),
ulzL‘l(R( 0)) = L7 (Ao),
(

L~
uy = L7 (R (u1)) — L1 (Ay), (3.1.10)

[ Uns1 =L (R (u,)) — L7 (A).
Remark 3.1.1 Identification (3.1.10) is not unique but it is the only one that allows to

explicitly define the values of {“n}nZO' Relation (3.1.10) allows to calculate all the terms of

the series without ambiguity because the A, depend only on ug,uq, ..., Us,.
In general, it is almost impossible to compute the sum of the series Z uy, (except in very

n=0
special cases). Therefore, the solution is usually approximated in the form of a truncated

series as follows
n—1
= E u;,n > 1.
i=0

The question is: How can we determine (A,),>0 and under what conditions does the

technique converge?

3.1.2 Adomian polynomials

Definition 3.1.1 [2] Adomian polynomials are defined by the relation

Ap(ug) = N(up),

3.1.11
Ap(ug, gy ooy ty) = ldT [ (Z /\’uz>] ) ( )
A=0
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3.1. Adomian decomposition technique (ADT)

The relation (3.1.11) makes it possible to compute the Adomian polynomials (A,,),>0 as

follows

Ag(ug) = N(uo),
Al(uo,ul) = ulgN(u()),

ou
0 1, 0
AQ(U,O,U17u2) = UQ%N(UO) + EU%%NO,L()),
As(ug, uq, ug, ,ug) = UEN(U)—i—uua—QN(u)—i—luga—sN(u)
slUo, U, gy, uz) = Uz NV (Uo a5 Vo) + g7 g IV (Uo),

This formula is written as follows

n

A, = Zc(u,n)N(”)(uo),n > 1,

v=0
where ¢(v,n) denoted the sum of all the products divided by m! of the v terms u; whose
sum of the indices i is equal to n, m being the number of repetitions of the same terms in

the product.

3.1.3 Convergence analysis of ADT

Important theorems are presented which indicate that there exist sufficient conditions for
the convergence of ADT and all these conditions concern the nonlinear operator V.

Indeed, from relation (3.1.10) we have

Theorem 3.1.1
If Y Ay < 400 then Y u, < +00, (3.1.12)

n>0 n>0

and vice versa.

The first proofs of convergence were given by Yves Cherruault, and are based on the
fixed point theorem.
Let us give the main points of the demonstration (For more details see [15] ).

Note that the decomposition technique applied to (3.1.1) is reduced to find a sequence

Sy = U + Us + ...+ Uy,
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3.1. Adomian decomposition technique (ADT)

with Sy = 0 and verifying the following recurring relation

Uy = h,
Sy =0, n=01,2,.. (3.1.13)
S’n—l—l - N<u0 + S'rl)7

Now we give the convergence result.

Theorem 3.1.2 If N is a contraction operator, i.e. wverifies 0 < |[|[N|| < 0 < 1, then

the sequence (Sy),, satisfying the recurrence relation (3.1.13), converges to S solution of

Proof. According to relation (3.1.13), we have

150 = Sl

< N[ 15w =Sl < 0]1Sn = S|
< 0"||S; =9 .

Since 0 < ¢ < 1, so the sequence (,,), 5, converges to S. m

Furthermore, we have

D Av= )

n>0 n>1

and as Z u, is convergent according to Theorem 3.1.1, we then have the following result.
n>1

Corollary 3.1.1 If N is a contraction operator then the series of u,, and A,, are convergent.

In addition Z U, 18 solution of the equation

n>0

F (u) = h.
Example 3.1.1 Let us consider the nonlinear differential equation
u +u?=0,t>0, (3.1.14)
subject to the initial condition

u(0) = 1. (3.1.15)
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3.1. Adomian decomposition technique (ADT)

We have
L(u) =" and N (u) = u?
d
ith L = —(.).
wi dt()

The symbol L= is a simple integral of 0 at t.
Now, applying the ADT to equations (3.1.14)-(3.1.15) gives

u= iun =u(0)— L7* (i An> : (3.1.16)

where A, are the Adomian polynomials of the nonlinear term N (u) = u?.

The first few components of the Adomian polynomials are

Ag = Ug,

Ay = 2uguq,

Ay = 2ugug + uf,

A3 = 2UOU3 + 2U1U2,

and the recurrence relation in (3.1.16) yields

u = 1,

u = —L’l(AO) = —t,
uy = —L7HA) =13
us = —L7YAy) = —t3,
ug = —L7'(A) =t

As a result, the series solution of equations (3.1.14)-(3.1.15) can be found as

u = Zunzl—t+t2—t3+t4—....

n=0
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3.1. Adomian decomposition technique (ADT)

Example 3.1.2 Let us consider the nonlinear differential equation

u —e"=0,t>0, (3.1.17)
subject to the initial condition
u(0) = 0. (3.1.18)
We have
L(u)=u" and N (u) = €",
d
ith L = —(.).
wi dt( )

The symbol L= is a simple integral of 0 at t.
Now, applying the ADT to equations (3.1.17)-(3.1.18) gives

u = iun = u(0) + L' <i An) : (3.1.19)

where A, are the Adomian polynomials of the nonlinear term N (u) = e*.

The first few components of the Adomian polynomials are

AO = 8“0,
A = g,
Ly
Ay = ug+ iul’
L
Az = uz+uug + sy,

3!

and the recurrence relation in (3.1.19) yields

UOIO,

Uy = L_l(A()):t?

t2
Us = L_l(Al):Ea
t3
uz = L_l(A2)=§,
t4
Uy = L_l(A?,):Z,
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3.2. Homotopy perturbation technique (HPT)

As a result, the series solution of equations (3.1.17)-(3.1.18) can be found as

2 ¢

u:Zun:t+§+§+Z+...

n=0

3.2 Homotopy perturbation technique (HPT)

The HPT was defined and developed by the Chinese mathematician Ji-Haun-He in 1999
[20],[21],[22]. The HPT has been widely used for solving nonlinear boundary and initial
value problems and is a powerful mathematical tool to study a wide variety of problems
arising in in various fields. It is successfully obtained by combining homotopy theory in
topology and perturbation theory. The main advantage of the HPT is that it provides an
approximate analytical solution to a wide range of linear and nonlinear problems, without
requiring linearization, discretization, assumptions, and calculus of Adomian polynomials.

33].

3.2.1 Basic idea of HPT

In order to illustrate the basic idea of the HPT, let us consider the nonlinear functional
equation

A(u) —g(t) =0,t € Q C R, (3.2.1)
subject to boundary conditions

ou

B — | = r 2.2
(u,an) 0,teT, (3.2.2)

where A is a general differential operator, B is an operator that defines the boundary
condition, u = {u(t),t € Q C R*} is an unknown function is an unknown function, ¢(t) is a
non-homogeneous term, and I' is the boundary of the domain 2 C R*.

In general, operator A can be divided into two factors operators L and N, where L
represents a linear operator and NN represents a nonlinear operator. Therefore, equation

(3.2.1) can be rewritten as

L(u) + N(u) — g(t) = 0.

We construct a homotopy v(t,p) : Q x [0,1] — R, which verifies
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3.2. Homotopy perturbation technique (HPT)

H(v,p) = (1= p)[L(v) = L(uo)] + p[A(v) — g(t)] = 0,p € [0,1] ,t € Q, (3.2.3)

or

H(v,p) = L(v) — L(ug) + pL(uo) + p[N(v) — g(t)] =0, (3.2.4)

where p € [0, 1] is the homotopy parameter and wg is an initial approximation of equation
(3.2.1) which satisfied the boundary conditions (3.2.2).
According to equations (3.2.3) and (3.2.4) we have

H(,0) = L(v) - L(uo) =0,

H(n,1) = A(v) - g(t) = 0.
Changing p from zero to unity transforms ug(¢) into u(t).In topology with this property,
the function v (¢, p) is called homotopy. According to the HPT, we can use the parameter p

as a small parameter, and assume that the solutions of equations (3.2.3) and (3.2.4) can be

written as a power series of p as follows
o0
v =y + pu1 + pPug + ... = Zp’vl-. (3.2.5)
i=0

For p = 1, the approximate solution of equation (3.2.1) becomes

o0

u= limlv:v0+v1+v2+... :Zvi. (3.2.6)

p— -
=0

3.2.2 Convergence analysis of HPT

Here we study the convergence analysis of the HPT [6],[11].

First, we have the relation (3.2.4) which can be written as follows

L(v) = L(uo) = p[g(t) — L(uo) — N(v)]. (3.2.7)

Replacing (3.2.5) in (3.2.7) yields

=0

L (ipzvz> — L(ug) =p [g(t) — L(ug) — N (ip’m)] . (3.2.8)
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3.2. Homotopy perturbation technique (HPT)

Thus

Z L(v;) — L(ug) = p [g(t) — L(ug) — N (Z pivl)] .

=0

[e. o]

According to Maclaurin’s formula of N <Z pivi> with respect to p, we have

1=0

(ZP vz> = Zi; <n, 5 <Zp UZ>)I,:0 i

After [29], we have

(o (), - (G (B)
=0 p=0 1=0 p=0

Then
= i _ - 1o - i i

We put

10" —~
Hn(UO,U17 ...,Un) = ﬁa_p” [N (szvz>] ,n=20,1,2,..
p=0

=0
where H,, are called He’s polynomials [29].
Then

N (Zp’ﬁ)z) = ZHipi.
i=0 i=0

Substituting (3.2.12) into (3.2.9) yields

Z L(v;) — L(ug) =p [g(t) — L(ug) — Z Hipi] :

(3.2.9)

(3.2.10)

(3.2.11)

(3.2.12)

(3.2.13)

Identifying the terms with those of the same power p, we obtain the following result

P’ L(vo) — L(ug) =0,

p' o L(v) = g(t) — L(uo) — Ho,
p* ¢ L(vs) = —Hi,

P’ L(vs) = —Ha,
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3.2. Homotopy perturbation technique (HPT)

Appying the inverse operator L™! to (3.1.4), we conclude

P’ o = uo,

pt o =L""(g(t) —uo — L7 (Ho),

p? vy = —L7' (Hy),

p* o ov3=—L""(Hy), (3.2.15)

" v =L (H,).

Theorem 3.2.1 The solution of equation (3.2.1) obtained by the HPT is equivalent to the

determination of the series S, defined by:

Sp =0,
" (3.2.16)
Sy, = U1 4+ Vg + ... + vy,
using the iterative scheme
Spi1 = —LIN (S, +vg) —ug+ L7 (g(t)), (3.2.17)

where

N (if) —iOHi,n—O,l,Q,... (3.2.18)

Proof. The proof of this theorem will be done by induction.
For n = 0, from (3.2.17), we have

S; = —L'N(Sy+w) —ug+ Lt (g(t))
= —L'(Hy) —up+ L7 (g(t)).

So
v ==L (Ho) —uo + L7 (g(t)).
For
Sy = —L'N(Sy+wo) —uo+ L7 (g(t))
= —L7Y(Hy + Hp) —ug+ L1 (g(t))
= L' (H) + .
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3.2. Homotopy perturbation technique (HPT)

According to Sy = v1 + v, we get
Vo = —L_l (Hl) .

Assume that

Vg1 = =LV (Hy), for k=1,2,..,n—1,

therefore
Spe1 = —L7'N (S, 4 vg) —ug+ L7 (g(t))
= L (i HZ) —ug+ L7 (g(t))
i=0

L H) ot L (o)

= v Z—:ng 4+t v, — L7 (H,).
Then, from (3.2.16) we can find

Vpi1 = —L7 (H,).

This result is identical to that obtained in (3.2.15) by the HPT. m

Theorem 3.2.2 Let B be a Banach space.

1) Z v; converges to S € B, if there exists 0 < A\ < 1 such that

=0
[vnll < Aol (3.2.19)
foralln € N
2) 8 = Zvi satisfies
i=1
S=—L'N(S+w)—u+ L (g(t)). (3.2.20)

Proof. 1) From relation (3.2.19) we have

18041 = Sall = sl < Mlvall < A [lvn—a ]l < .o <A o]l
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3.2. Homotopy perturbation technique (HPT)

For n,m € N, n > m,we have

1S — Swll = ISn — Sn-1+ Sne1— Sn2+ oo + Sia1 — Swll
HSn - Snfln + HSnfl - Sn%” + ...t HSmH - Sm”

IN

< A [Jooll + A" ol A e+ AT o |
< (AT LAY (||

< (™) (ool

< A4 AT AT o
<

e (ﬁ) lvol -

Since 0 < A < 1 and |[Jvg]| < oo, we have 1 — A"™™ > 0 and

lim  ||S, — S, = 0.

n,m——00
Thus, (S,),sq is a Cauchy sequence in Banach space B and it is convergent, i.e.

3S € B: lim Sn:Zvn:S.

n=1

2) According to (3.2.17), we have

lim S,11 = —L7' lim N (S, +vo) —up + L7 (g(t))
= —L'lim N (Zw) —ug+ L7t (g(1))
i—0
S = —L7!'lim Z H; —ug+ L7 (g(t))
i=0

= —L7'Y Hi—ug+ L7 (g(t)).

1=0

By equations (3.2.18) and (3.2.12) for p = 1, it comes

Consequently, we have

S = —L'N <i w-) —uo+ L7 (g(t))

1=0

= —L'N(S+w) —uo+ L (g(t)).
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3.2. Homotopy perturbation technique (HPT)

Lemma 3.2.1 Equation (3.2.20) is equivalent to
L(u)+ N(u) —g(t) =0. (3.2.21)
Proof. Equation (3.2.20) is written as follows
S+ug=—L"'N(S+wv)+ L (g(t). (3.2.22)
Applying the operator L to equation (3.2.22) yields
L(S+wup)=—N(S+wy) + g(t).

As ug = vg, we have

L(S+vg) = =N (S +vg) + g(t).

Let

o0

u:S+v0:Zvi.

i=0
Equation (3.2.21) becomes the original equation and the solution of equation (3.2.20) is

the same as that of the solution of A(u) —¢g(t) =0. m

Definition 3.2.1 For all 1 € N, we define

llvigall ,
=4 Tl lill # 0,
0, ||U2|| =0.
In Theorem 3.2.2, the series ZUZ- converges to the exact solution when 0 < \; < 1.
i=0

Corollary 3.2.1 If v; and v, are obtained by two different homotopies and for each i € N

we have \; < \,, then the convergence rate of Z v; 18 greater than Zv;
i=0 i=0

Example 3.2.1 Let us consider the nonlinear differential equation

u +u? =0, (3.2.23)
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3.2. Homotopy perturbation technique (HPT)

subject to the initial condition

u(0) = 1. (3.2.24)

Here u = {u(t),t € [0,7],T > 0}.
According to the HPT, the following homotopy can be constructed: w : [0,T]x[0,1] — R

(1—p) (0 —up) +pr +v*) =0,pe0,1],t €[0,T], (3.2.25)

with ug = 1.

The solutions of equations (3.2.23)-(3.2.24), can be expressed as follows
v = vy + pvy + pPug + ... (3.2.26)

By substituting (3.2.26) in (3.2.25) and identifying the terms with those of the same

powers of p, we get

So, the first terms of the solution are given by

P’ vy =1,
Pl v =,
p2 U= t27

Finally, the solution of equations (3.2.23)-(3.2.24) is presented as

u = limlvzvo+vl+v2+...:1—t+t2—...
p—)
o0 . 1
= 2=y
n=0
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3.2. Homotopy perturbation technique (HPT)

Example 3.2.2 Let us consider the nonlinear differential equation
' =2u—u®+1, (3.2.27)

subject to the initial condition
u(0) = 0. (3.2.28)
Here v = {u(t),t € [0,7],T > 0} .
According to the HPT, the following homotopy can be constructed: u : [0, T]x[0,1] — R

(1—p) (@ —up) +p —2v+0*—-1)=0,pe[0,1],t€[0,T], (3.2.29)

with ug = 0.

The solutions of equations (3.2.27)-(3.2.28), can be expressed as follows
v = vy + pu1 + pPvg + ... (3.2.30)

By substituting (3.2.30) in (3.2.29) and identifying the terms with those of the same

powers of p, we get

Vo = Uy,

v+ up +uj —1=0,
vh + 2vqu; = 0,

P v 4+ v+ 200y = 0,

vy + v] + 20903 + 20109 = 0,

So, the first terms of the solution are given by

pO Vo = t7
1

Pt Ulzzl(—1+et—2t+2t2),
1

P2 vy = 2 (t2 — %! + 2t3) ,
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3.3. Variational iteration technique (VIT)

Finally, the solution of equations (3.2.23)-(3.2.24) is presented as

Uy = limlv:vo—l—vl—I—vQ—l—... =1—t+t>— ..
p*)
1 1
=t (FlHd =2 4287) 4 o (P e+ 287) 4 (3.2.31)
By computing the limited development of €' at t = 0, then the solution in equation

(8.2.81) becomes

1. 1 7 7 53 71
= t+E2 -t - = - P T+ —
Y st st T B et Tt

1 V2 -1
1+ v/2tanh (\/§t—|—§log (\/§+1)>

A

3.3 Variational iteration technique (VIT)

The VIT was first proposed for solving problems in mechanics by Chinese mathematician Je-
Haun-He in the early 1990s [23],[24],[25]. The VIT is one of the well-known semi-analytical
techniques to solve linear and nonlinear ordinary as well as partial differential equations.
The main advantage of the technique is its flexibility and ability to easily solve nonlinear
equations with successive approximations that converge rapidly to the exact solution if it

exists.

3.3.1 Basic idea of VIT

In order to illustrate the basic concepts of VIT ;| we consider the following general nonlinear

functional equation

L(u) + N(u) = h(t), (3.3.1)

where L is a linear differential operator, IV is a nonlinear operator, h(t) is an inhomogeneous
term, and u = {u(t),t € [0,7],7 > 0} is an unknown function.

The VIT is based on determining the general Lagrange multiplier optimally through
variational theorem [28]. The main advantage of the technique is that the solution of a
mathematical problem with linearization assumption is used as initial approximation or

trial function. Then a more accurate approximation at a particular point can be obtained.
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3.3. Variational iteration technique (VIT)

According to the VIT | we can construct a correction functional for equation (3.3.1) as

follows

t
Uns1(t) = un(t) + //\(T) [L (un(7)) + N(un(7)) — h(7)]dT,n > 0, (3.3.2)
0

where ) is a general Lagrange multiplier. The index n represents the n* approximation and
u,(7) is considered a restricted variation, i.e. du,(7) = 0. For solving equation (3.3.1) by
the VIT, it is first necessary to determine the Lagrange multiplier A which will be optimally
identified via integration by parts. Then, the successive approximations u, of the solution
u(t) will be obtained using the Lagrange multiplier and a well-chosen function uy which
must at least satisfy the initial conditions, therefore, the exact solution will be the limit

lim u,(t) = u(t).

n—-—:uoo

3.3.2 Alternative approach to VIT

Here we introduce an alternative approach to VIT. This approach can be implemented

reliably and efficiently to solve the following nonlinear functional equation
Lu(t) + Nu(t) = h(t),t > 0. (3.3.3)
subject to the initial conditions

u®(0) = up, k =0,1,...,m — 1, (3.3.4)

where L is a linear differential operator defined by L = —— m € N, N is a nonlinear

dtm’
operator, h is an inhomogeneous term, and wu; are real constants.
According to theVIM, the correction functional formula for (3.3.3) can be constructed

as follows .

a1 (t) = ug(t) + / A7) (Lug (1) + Nug (1) — h(7))] dr, (3.3.5)
0
where ) is a general Lagrange multiplier that can be identified optimally via the variational

theory. Here we apply restricted variations to the nonlinear term Nwu, in this case we can

easily determine the multiplier.

50



3.3. Variational iteration technique (VIT)

Then make the correction functional (3.3.5) stationary by noting that duy(7) = 0. Equa-

tion t
g1 (t) = dug(t) + 6/ A7) (Lug (1) — h(7))] dr, (3.3.6)

0

provide the following Lagrange multipliers

A = —1lform=1,

A = 17—tform=2,
and in general, we have

_ (_1)m m—1
A= ] (1 —1) for m > 1. (3.3.7)

Thus, by replacing (3.3.7) in the formula (3.3.5), we obtain the following iteration relation

U1 (1) = wp(t) + / [(fn_—i);, (1 — )™ (Lug(7) + Nug(r) — h(r))} dr,  (3.3.8)

Now we define the operator A (u) as

Alu) = / [((_—Um, (r — )™ (Lup(r) + Nug(r) — h(r))] dr, (3.3.9)

m—1)
0
and we define the components v, k = 0,1, 2, ..., as follows
(
Vo = Uo,
v = A (U()) s

vy = A(vg +v1), (3.3.10)

Vg+1 = A(U0+U1 + ... ‘|‘Uk>-

\

Then, we have

u(t) = lim u(t) =Y vg(t). (3.3.11)

k— o0

Finally, the solution of equations (3.3.3)-(3.3.4) can be deduced using (3.3.9) and (3.3.10)

iin the form of a series as

u(t) =Y wi(t). (3.3.11)

k=0
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3.3. Variational iteration technique (VIT)

The initial approximation vy = ug can be chosen freely if it satisfies the initial conditions
of the problem. The success of the technique depends on the correct choice of the initial
approximation vg. In this alternative approach, we choose the initial approximation as

follows

3

U k
ot (3.3.12)

ot
()
I
g
o

3.3.3 Convergence analysis of VIT

Now we discuss the necessary conditions that ensure the convergence of the VIT [47],[57].

Theorem 3.3.1 Let H be a Hilbert space and A : H — H an operator given by (3.3.9).
The series solution (3.3.11) converge if if there exists 0 < v < 1 such that

HA(U() +v+ ...+ ’Uk+1)|| S Yy ||A(U0 +v+ ...+ Uk)H s

1.€.

[or2ll < 7 lloell, VA € NU{O} .

Proof. We take {S,},., a sequence given by

p
SU = Yo,

51:U0+Ul,
Sy = v + V1 + vy,

[ Sn=vo+v1 + V2. + Uy

For the convergence of sequence {S, },,-, of the partial sums of the series solution (3.3.11),

we prove that {Sn}nzo is a Cauchy sequence in Hilbert space H. As

1841 = Sull = vl < v llvnll < A lvn-all < o <™ ol
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3.3. Variational iteration technique (VIT)

Hence, for n,m € N such that n > m, we have

||Sn - Sm” = HSn - Snfl + Snfl - Snf2 + ...+ Serl - Sm”
HSn - Sn—1” + HSn—l - Sn—2|| +..+ ||Sm+1 - Sm”

IN

IN

Y lvoll + 4" lwoll + - + ™ [lvol|

IN

(V" A"+ ™) (oo

IN

(V" T ") (ool

IN

,ym-i-l (1 4o+ ,yn—m—Z + ,Yn—m—l) ||U0||

1_,Yn—m
m—+1
) (—1_7 )Hvou.

Since 0 < v < 1, then we have 1 — 4"~ > 0 and

IN

m+1

Y
[Sn — Sl < [[vol| -
I—7

Also vy is bounded, therefore

lim  |[|S, — S| = 0.

Consequently {Sn}nzo is a Cauchy sequence in Hilbert space H and this implies that

the series solution u(t) = Z v(t) is convergent. m

Theorem 3.3.2 If the series solution u(t ka 18 convergent, then it is an exact

solution of the nonlinear functional equation (3. 3 3)

Proof. Assume that the series solution u(t) = Z vg(t) is convergent, then
k=0

lim v, = 0,

k— o0
and

(Uk+1 - Uk) = Uny1 — Vo.
k=0

Therefore, we have

Z (Vg1 — o) = lim (v,01 — v9) = —p. (3.3.13)

k—s 00
k=0
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3.3. Variational iteration technique (VIT)

dm
Applying the operator L = T m € N to both sides of equation (3.3.13) and using the
relation (3.3.12), we get
> L (vke1 — vr) = —L (vg) = 0. (3.3.14)
k=0

On the other hand, according to relation (3.3.10), we have
L(Uk+1 —Uk> = L(A(U0+U1—|—...+Uk) —A(U0+U1+...+Uk_1)),k7 Z 1.

By the definition of the operator A(u) given by (3.3.9), we get

L(vgyr—vx) = L / [% (1 =) (L (vo +v1 + ... +03)
—L(vog+vy+ .. +v5—1) + N (vo+v1 + ... +v) (3.3.15)
—N (vg+v1+ ... +v,1))]dr), k> 1.

Now the operator A(u) given by (3.3.9), gives the integral of the m' times of Lu(t) +
Nu(t) — h(t) and since the differential operator L = pre of ordre m is the inverse of the

integral operator m!" times, then equation (3.3.15) becomes
L(vgyr —vk) = L(vg) + N(vg+v1+ ... +vg) — N(vog+v1 + ... +vp-1) , k> 1
Hence, we have
2”: L(vgr1 —vk) = L(vg)+ N (vg) — h(t)
k=0

+L (Ul) + N (UO + U1> — N (’Uo)

+L (Ug) +N(Uo+'l)1 +U2) — N(U0+U1)

+L(vp) + N (vg+v1+ .. +0,) = N (vg+ 01+ oo + Upq) .

Therefore

i L(vgr1 —v) =1L <i vk> +N (i Uk> —g(t). (3.3.16)

k=0 k=0 k=0
From equations (3.3.13) and (3.3.16) we can observe that u(t) = ka(t) is an exact
k=0

solution to the nonlinear functional equation (3.3.3). m
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3.3. Variational iteration technique (VIT)

Example 3.3.1 Consider the nonlinear differential equation subject to the initial condition

as follows

u'(t) = uP(t)+1,0<t <1, (3.3.17)
u(0) = 0.

According to the VIT, the correction functional of equation (3.3.17) is described as follows

t

Unt1(t) = un(t) + /A(T)(UZ(T) — (@,)* (1) = L)dr.

0
Utilizing relation (3.3.7), the Lagrange multiplier A(T) can be defined as A\(1) = —1, so
the recurrence formula can be obtained as follows

t

1 (1) = (1) — / (W (7) — (un)? (7) — 1)dr. (3.3.18)

0

Employing formula (3.3.18), we find the terms of the approximate solution as

Uo(t) - 0,
Ul(t) = t,
1
us(t) = t+§t3,
1 2 1
us(t) = t+§t3+ﬁt6+@t7,

As
u(t) = lim wu,(t),

n—-aoo

therefore, the solution of equation (3.3.17) is given as a series that converges to the exact

solution

1 2 1
) = t4+ 24+ —t"+ —¢"+ ...
u(t) Tttt et T

= tan(?).
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3.3. Variational iteration technique (VIT)

Example 3.3.2 Consider the nonlinear differential equation subject to the initial conditions

as follows

u'(t)+ut) = 0,0<t<1, (3.3.19)
w(0) = Lu'(0)=0

According to the VIT, the correction functional of equation (3.3.19) is described as follows

t

Uni1(t) = uy(t) + /)\(T)(u;;(T) + Uy, (7))dT.

0
Utilizing relation (3.3.7), the Lagrange multiplier \(1) can be defined as \(17) = 7 —t, so
the recurrence formula can be obtained as follows

t

Unt1(t) = up(t) + /(T — 1) (u, (T) + un(7))dr. (3.3.20)

Employing formula (3.3.20), we find the terms of the approzimate solution as

Uo(t) = ]_,

1 2
Uy (t) = 1- Et s

1 1
u2(t> = 1- §t2 + It47

_ 12 14 16

As
u(t) = lm wu,(t),

therefore, the solution of equation (3.3.19) is given as a series that converges to the exact

solution

_ 1 2 1 4 1 6
n tQk

- nleooZ(_l)kZ_k! = cos(t).
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3.4. Daftardar-Gejji-Jafari technique (DGJT)

3.4 Daftardar-Gejji-Jafari technique (DGJT)

In recent years, Daftardar-GejjiandJafari [17] suggested a new technique, called the Daftardar-
Gejji-Jafari technique (DGJT), for solving evolution equations and nonlinear functional
equations. This technique has been successfully employed to solve various mathematical
problems and is easily applicable to ordinary and partial differential equations, integral
equations, and integro-differential equations, whether linear or nonlinear. It is computation-
ally efficient, avoiding complex calculations such as those involving Adomian polynomials.
Furthermore, it converges to the exact solution if it exists, by successive approximations.
The DGJT offer improved accuracy and efficiency compared to older techniques and can be
applied to solve complex nonlinear systems or generalized singular-value problems, as well

as other mathematical problems.

3.4.1 Basic idea of DGJT

Here, we will introduce the basic idea dealing with DGJT, we can write the general nonlinear

functional equation as

u(t) = N(u(t)) + g(t), (3.4.1)

where N is a nonlinear operator in the Banach space B — B and ¢ is a known function.

A solution u(t) of equation in (3.4.1) is given the following series form

u(t) = Z u;i(t). (3.4.2)

The nonlinear operator N can be written as

N (Z W)) = N (uo(t)) + Z {N (Z uj(t)> - N (Z uj(t)> } . (3.4.3)

Putting (3.4.2) and (3.4.3) in (3.4.1), we get

Zui(t) = g(t) + N (uo(t)) + Z {N (Z u; (t)> - N (Z uj@)) } . (3.4.4)
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3.4. Daftardar-Gejji-Jafari technique (DGJT)

From (3.4.4), the recurrence relation can be obtained as

u(t) = N (uo(t)), (3.45)
Upi1(t) = N (Zuj(t)> - N (wa) n=12 .

So we see that
ur(t) + ug(t) 4+ ... + upy1(t) = N (uo(t) +ur(t) + ... +un(t)),n=1,2,...
and
u(t) = iui(t) =gt)+N (f; ui(t)> .

The n-term approximation solution of equation (3.4.1) is given by
n—1
u(t) = ui(t) = up(t) + ur(t) + ... + un1(t).
i=0

3.4.2 Convergence analysis of DGJT

Now we analyze the convergence of the DGJT to solve the general nonlinear functional

equation (3.4.1). For more details, see [10]
Theorem 3.4.1 If N is a contraction, i.e. there exists 0 < k < 1 such that
IN(u) — N(v)||p < klju—v| g, for allu,v € B,
then the series i w;(t) converges absolutely and uniformly to a solution of equation (3.4.1).

i=0
Proof. From (3.4.5), we have

U = G,
Jurll =[N (uo) [| < K[luoll,
lusll = [IN (o +ur) = N (uo) || < kljwn]| < k[Juol],
lusll = |V (uo + ur +uz) = N (ug +u) || < Kkf|uz|| <k Jluoll,
|unstll = N (uo+up + ... +up) — N (ug+ug + ... +up_1) ||,
< K|l < E" M uoll,n =0,1,2,...
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3.4. Daftardar-Gejji-Jafari technique (DGJT)

o0

As N is a contraction in the Banach space B, then the series solution Z u; converges
i=0
absolutely and uniformly to a solution of equation (3.4.1). m

Corollary 3.4.1 Let

e=u—u",

where u s the exact solution, u* is the approxrimate solution and e is the error in the solution
of (3.4.1).
It is clear that e satisfies (3.4.1), i.e.

e=N(e)+g,

and the recurrence relation (3.4.5) becomes

€ = G,
€1 = N (60) N
n n—1
eny1 = N ( €j> - N( €j> ,n=12
j=0 7=0

If N is a contraction, then

€ = G,
ledl = [IN (eo) || < Klleoll,
leall = |IN (eo+e1) — N (eo) || < kllex]] < k*leoll,
lesll = [N (eo +e1 +e2) — N (eo + e1) || < Ellea]| < k|leoll,
lleasill = [[N(eo+e1+...4+e,) —N(egt+er+...+enq) |l

< kllen] < Eleoll,n = 0,1,2, ..

Therefore e,.1 — 0 when n — 00, which proves the convergence of the DGJM to

solve the general nonlinear functional equation (3.4.1).
Example 3.4.1 Consider the following nonlinear Riccati equation

u'(t) +u?(t) =1, > 0, (3.4.6)
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3.4. Daftardar-Gejji-Jafari technique (DGJT)

subject to the initial condition

u(0) = 0.

(3.4.7)

Integrating equation (3.4.6) from 0 to t and using the initial condition (3.4.7), we obtain

Putting

then equation (3.4.8) can be written in the form of a functional equation as
u(t) = f(t) + N(u(t)).

Applying the DGJT, the following first approximations values are given as

Uo(t) = t,
wlt) = Nu(t) =~
() = N(wi(t) +uo(t)) — N(uo(t)) = 135155 - éﬂ,

u(t) = 3" ui(o)

then the approximate analytical solution for proposed equation is expressed as

2 1
) = t——+ —t°— —t"+ ...
u(t) 5150 T3t T
et — 1
et 417

Example 3.4.2 Consider the following nonlinear differential equation

u”(t) 4+ 2u'(t) + u(t) + 8u’(t) = 1 — 3t,

60
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3.4. Daftardar-Gejji-Jafari technique (DGJT)

subject to the initial conditions
,u'(0) = —. (3.4.9)

Integrating equation (3.4.8) from 0 to t and using the initial condition (3.4.9), we obtain

1t 2
u(t) :§+2+5‘§‘?/ C”‘// )+ Bu(r)) drde

t

2 3
- %+%+%—%—2/u(r)dr—/(t—r) (u(r) + 8a%(r)) dr
0 0
— () + N(u(t)).
Putting
1t o 8
0 =5t 3 %

N(u(t)) = —2/u(7')d7' - / (t = 7) (u(r) + 8u?(7)) dr,
0 0
then equation (3.4.8) can be written in the form of a functional equation as

u(t) = f(t) + N(u(t)).

Applying the DGJT, the following first approximations values are given as

) = 1+t+t2 t?
olt) = 9Ty =3

52 1183 Tttt e
B = N(ug(t) = —t— 2 2=t 0 10
w(t) (uo(t)) 1 12w

19t* 315 371¢8
1) = N(u(t t)) — N(uop(t)) = t* + 2t -
us(t) (up(t) 4+ up(t)) (uo(t)) + + 16 + 30 720 ’

= Z u;(t)

then the approximate analytical solution for proposed equation is expressed as

0 = S(1os B0
u = —(1-t+=——=+——..
2 2 6 24
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Chapter 4

Solving nonlinear Caputo
time-fractional partial differential

equations

In this chapter, we illustrate the practicability of ADT, HPT, VIT, and DGJT for solving
nonlinear time-fractional partial differential equations (NTFPDEs) described by the Caputo
time-fractional operator. The effectiveness and validity of these techniques are demonstrated
by solving different examples of NTFPDEs.

Consider the general nonlinear time-fractional partial differential equation

“Deu(X,t) = Lu(X,t) + Nu(X,t) + h(X, 1), (4.1.1)

subject to the initial conditions

u®(X,0) = up(X), k=0,1,2,...,n — 1, (4.1.2)

where X = (z1,29,...,2,) € R" and t € R*, L and N respectively are the linear and
nonlinear operators, h(X,t) is the source term, and D¢ is the Caputo time-fractional

derivative operator of the function u(X,t) of order n — 1 < a < n defined by
t

1 "u(X
CDou(X,t) = I'(n—a) orn

0
0"u(X,t)
ot
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4.1 Analysis of the ADT

To solve the NTFPDE expressed in (4.1.1) and (4.1.2) via the ADT, we start by operating
the Riemann-Liouville fractional integral operator I* on both sides of equation (4.1.1) to

obtain the following
I [°Du(X,t)] = I [Lu(X, t) + Nu(X, t) + h(X,t)] .

Furthermore, using relation (1.4.19) with the prescribed initial conditions, we obtain

u(X,t) = nz wtk 4 IO [R(X, )] + 10 [Lu(X, t) + Nu(X, 1)]. (4.1.3)

The ADT procedure expresses the solution u(X,t) by the following infinite series
u(X,t) = un (X, 1), (4.1.4)
n=0

while the nonlinear term Nu(X,t) is expressed by the series of Adomian polynomials A,, as

follows

Nu(X,t) = i Ay, (4.1.5)

where A,, are the Adomian polynomials of ug, u1, us, .., u,, expressed by the formula (3.1.11).

Therefore, with the above decomposed series, equation (4.1.3) is thus rewritten as follows

iun(x,t):nz_juk()c)%uf (X, t)] + I? Liun(X,t)JriAn . (41.6)

n=0 n=0

The recurrence relation in (4.1.6) yields

w(X1) = w05+ I ).

Ul(X, t) = [ta [LU,O<X, t) + Ao} ,
UQ(X, t) = [ta [Lul(X, t) + Al} s
Ug(X, t) = Ig [LUQ(X, t) + AQ} s

'U/n(X, t) = [ta [Lun,l(X, t) + Anfl] .
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4.1. Analysis of the ADT

Thus, the solution u(X,t) can be approximated as an infinite series

[e 9]

u(X,t) = Y un(X,t)

n=0

= wup(X,t) +ur(X,t) + ua(X, ) + ...
Example 4.1.1 Assume the nonlinear Caputo time-fractional Burger equation
“Du 4 utty — Uyy = 0,0 < a < 1, (4.1.7)

subject to the initial condition

u(z,0) = =, (4.1.8)

where u = {u(x,t), (z,t) € R x R*} is an unknown function.

Using the same step of the ADT procedure provided in Part 4.1, we get

Zun(a:,t) =+ I |Unge — ZA” , (4.1.9)
n=0 n=0

where A,, are the Adomian polynomials representing the nonlinear term uu,.

The first Adomian polynomials are described as

Ay = ugugy,

Al = UpUiy + U Uoy,

Ay = Uglge + Urlis + Uglge,

Az = UgUsy + Ul + Upll1y + UsUpy,

Comparing both side series terms in equation (4.1.9) yields

Uo((lﬁ,t) = I,
1
t — IOé rr A ey N — ta’
ule ) ¢ o o xI‘(a—i—l)
2
t — IOé T A = —t2a7
el 1) ;Lo 1] Teat1)
412 1 I'(2 1
us(z,t) = I [usge — As] = —a (a+1)+T'(2a+ )tga

2(a+1)I'Ba+1) ’
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4.1. Analysis of the ADT

and so on.

Provided that the solution in series form is
u(a,t) =Y up(z,t).
n=0

Therefore, the approximate series solution of equations (4.1.7)-(4.1.8) is

1 2 A2 1 I'(2 1

u(z,t) =x1— "+ 2o la+1)+I(2at1)
I'a+1) I'(2a+1) (a4 1)I'(Ba+ 1)

We take o = 1 in equation (4.1.10), we get the solution of classical nonlinear Burger

3+ ) . (4.1.10)

equation as

w(,t) =z (1—t+82 =2+ ..),

which converges very fast to the exact solution
x

u(zx,t) = Tt

lt] < 1.

Example 4.1.2 Assume the two-dimensional nonlinear Caputo time-fractional wave-like

equation with variable coefficients
0? 0?
ax—ay(umuyy) - ax—ﬁy(

subject to the initial conditions

Diu = TYyuguy) —u, 1 <a <2, (4.1.11)
u(r,y,0) = e™, w(v,y,0) = e", (4.1.12)

where u = {u(x,y,t), (z,y,t) € R X R x R*} is an unknown function.

Using the same step of the ADT procedure provided in Part 4.1, we get

0? > O? 0 0
dxdy (Z A”) " 9rdy <$923n> - nzzoun] . (4.1.13)

S unlr,y,t) = eV rte V4 I}

n=0

where A,, anb B,, are the Adomian polynomials representing the nonlinear terms u,,u,, and
Uz Uy, TEespectively.
The first Adomian polynomials are described as
Ao = (u0>:m: (uo)yy )
Al = (ul)x]j (uo)yy + (U'O)xx (ul)yy Y

A2 = (Uz)zx (uo)yy + (ul)acac (ul)yy + (uo)m: <u2)yy ’
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4.1. Analysis of the ADT

and

Comparing both side series terms in equation (4.1.13) yields

uo(x,y,t) = e +te®™ = (1+1t)e™

r 82 82 ] to tCH*l
= al_— - - - Y
ul(‘r7 Ys t) It _8x8y (AO) 5. a (Z)Z'yBo) U (F(a + 1) + T(a + 2)) <

r 82 82 7] t2a t2a+1
w(myt) = I |2 (A) = s (ayBy) — :(F( n )

| 0z0y 0x0y 2a+1) T'(2a+2)
- 82 62 B t3a t3a+1
ug(z,y,t) I B2y (A2) — ordy (zyBa) — us (F(3a +1) * (3 + 2)) “

and so on.

Provided that the solution in series form is

xz/? Zunxy7

therefore, the approximate series solution of equations (4.1.7)-(4.1.8) is
to ta+1 t2a t2a+1

cHJ)_Na+m+F@a+D+F@a+m

tSa t3a+1 vy
_P@a+1)_raa+2y+”>e' (4-1-14)

u(z,y,t) = (1+t— I

We take a = 2 in equation (4.1.14), we get the solution of classical 2-dimensional

nonlinear wave-like equation with variable coefficients as

A S S T A S A
o J Yy
u(z,y,t) = <1+t 5 3|+4|+ ‘-l-...)e ;

which converges very fast to the exact solution

u(zx,y,t) = (sint + cost) e™
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4.2. Analysis of the HPT

4.2 Analysis of the HPT

In order to better understand the basic concept of the HPT algorithm, we consider the
NTFPDE (4.1.1) subject to the initial conditions (4.1.2).
Executing the Riemann-Liouville fractional integral operator I;* on both sides of equation

(4.1.1) and using relation (1.4.19) with the descripted initial conditions, we obtain

u(X,t) = nz w#ﬂ + I [W(X, 1)) + I¢ [Lu(X, t) + Nu(X, t)] . (4.2.1)

In the context of HPT, the solution u(X,t) is expressed in the form
w(X,t) = Zp"un(X, t), (4.2.2)
n=0

where the homotopy parameter p € [0, 1].

Here, we calculate the nonlinear term as

Nu(X,t) =Y p"Hy(u). (4.2.3)

To obtain the values of He’s polynomials H,,(u), we use relation (3.2.11).

Substituting (4.2.2) and (4.2.3) in (4.2.1), we obtain

Zp”un(X, t) = Z_:uk(X)tk—i—l—If‘ (WX, )]+ 1] LZp”un(X, t)+ Zp"Hn(u) , (4.2.4)

n=0 n=0

Equating the similar components of p in both sides of equation (4.2.4), we obtain

P (X = 3w (K1),
k=0 )

pt o w (X, t) = I? [Luo(X,t) + Ho(u)],

p? o ue(X,t) = I® [Luy (X, t) + Hy(u)],

p* o us(X,t) = IP [Lug(X, t) + Hy(u)],

P un(X,t) = I [Luy—1 (X, t) + Hpq(u)] .

Thus, the approximate solution of equations (4.1.1) and (4.1.2) is computed as

u(X, ) = lim, ZO Plun (X, t) = ZO un (X, 1).
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4.2. Analysis of the HPT

Example 4.2.1 Assuming the nonlinear Caputo time-fractional KDV equation
“Diu—3 (u?) 4 tgee = 0,0 <a < 1, (4.2.5)

subject to the initial condition

u(z,0) = 6z, (4.2.6)

where u = {u(z,t), (z,t) € R x RT} is an unknown function.

Applying the HPT algorithm introduced in Part 4.2 leads to

> P un(a,t) =6z + I |3) p" (Ha(w), — > P hnaa | - (4.2.7)
n=0 n=0 n=0

Using relation (3.2.11), the first terms of the He’s polynomials H,(u) of the nonlinear

term u?, are calculated as

H(] = Ug,

H, = 2uguq,

H2 = 2UOU2 + u%,
Hg = 2’LLOU3 + 2U1U2,

Equating the similar components of p in both sides of equation (4.2.7), we get

P’ uo(w,t) = 6,

Pt s (e t) = 19 [3 (Ho(w)), — towes] = 61:(36)@#‘,
Pt ug(w,t) = I9[3 (Hy(w), — tireee] = 6x(36)2ﬁt2@,

AT (a+ 1) + T(2a + 1)t3a

p3 . u3($’ t) = Ita [3 (HQ(U))I — UQxxa:] - 6$<36) Fz(Oé + 1)I‘(3a + 1) ’

Pt (e t) = I [3 (Hs(u)), — tsees] =

8T2(a + 1) + 2020 + 1) 4 T(3a + 1)
62(36)* e
) TG E MGatl) et il@as D] “Taat D

and so on.
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4.2. Analysis of the HPT

Thus, the approzimate solution of equations (4.2.5)-(4.2.6) is computed as

M (a+1)+T2a+1) 4
Mo+ 1)I'Ba+1)

+ (36)? >t2“ + (36)*

I'2a+1

u(z,t) = 6x (1 + (36)mta

8T%(a 4 1) + 20'(2 + 1) 4 I'Ba+1) 4
(36) [ Mot DlBat1)  TlatD2at1)]  Ta+1) ) |

For o = 1, the solution obtained above becomes
u(z,t) = 6z (14 36t + (36)*> + (36)°° + (36)*t* + ...) ,

which converges rapidly to
6x

36t

This is the exact solution of the classical nonlinear KDV equation.

u(z,t) = = ,|36t] < 1.

Example 4.2.2 Assuming the one-dimensional nonlinear Caputo time-fractional wave-like

equation with variable coefficients

o? 0?
“Déu=u ﬁ(urumuzm) +UIW( L) — 180 +u, 1< a<2, (4.2.8)

subject to the initial conditions

u(z,0) = e, u(z,0) = e, (4.2.9)

where u = {u(x,t), (z,t) € R x R} is an unknown function.

Applying the HPT algorithm introduced in Part 4.2 leads to

Zp up(z,t) = e +te® + I} Zp”H u) + Zp”HZ(u) — 18Zp”Hf;(u) + Zp”un
n=0 n=0 n=0 n=0
(4.2.10)
Using relation (3.2.11), the first terms of the He’s polynomials H}(u), H(u) and H3(u)

of the nonlinear terms u> 88 5 (UpUpp U ), U2 aaz 5 (u3,) and u®, respectively, are calculated as

82

) = w s ((00), () (00)).
Hiw) = 2o 5?2« 0)a (00) (1) ) + U (1), (1), ()
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4.2. Analysis of the HPT

Hi(u) = 2(ug), (), 55 ((u0)5) + (v0); 92 (3 (uo)z, (1)) »

and

Equating the similar components of p in both sides of equation (4.2.10), we get

P’ wg(w,t) = e +te” = (1+1t)e”,

P w(at) = I° [Hg(u)+H§(u)—18H3(u>+uO}=(r@fim*r(sz))ez’

t2a t2a+1
2 . t) = 1 [H? H?(u) — 18H? = :
p' s uslwt) = I [Hy(u) + H(u) — 18H (u) + uol (F(2a+1)+r(2a+2))e’

and so on.
Thus, the approximate solution of equations (4.2.8)-(4.2.9) is computed as

ta ta—i—l t2a t2a+1
P@+¢Y+Na+m+r@a+n+r@a+m+”>€'

u(z,t) = <1+t—|—
For o = 2, the solution obtained above becomes

2t
u@®:<u¢+§+§+a+a+m>m

which converges rapidly to

u(w,t) = e,

This is the exact solution of the classical one-dimensional nonlinear wave-like equation

with variable coefficients.
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4.3. Analysis of the VIT

4.3 Analysis of the VIT

In order to explore the VIT methodology, we assume NTFPDE (4.1.1) by means of the
initial conditions (4.1.2).
Operating the Riemann-Liouville fractional integral operator I;* on both sides of equation

(4.1.1) and by relation (1.4.19) with the proposed initial conditions, we get

u(X,t) = Z uk(X)Z—k! 4 I [Lu(X, 1) + Nu(X, ) + h(X,1)]. (4.3.1)

k=0

Differentiating (4.3.1) with respect to ¢, to get

M% - (Z“k o T [Lu(X 1) 4+ Nu(X, ) + h(X, t)])

The VIT is adopted to design the correction functional for (4.3.1) as follows

t
Uns1 (X, 1) = un (X, 8)+ / [dt (Z (X —l— IY [Lu(X,t) + Nu(X,t) + h(X, t)])] dr.
(4.3.2)
By variation theory, A for (4.3.2) can be obtained as
1+ A7) =
Therefore
A1) =—1.

Substituting the value of A(7) into (4.3.2), we get the iterative formula for n = 0,1,2, ...,

as follows
AENE= th
Uni1 (X, 1) = un (X, t) — / [E (Z uk(X)E + [P [Lu(X,t) + Nu(X,t) + h(X, t)])] dr.
/ = !
Or alternatively
Uni1(X, 1) Z up(X + I [Lun (X, 1) + Nuy (X, ) + h(X, 1)) . (4.3.4)

Start with the 1n1t1al 1terat10n



4.3. Analysis of the VIT

The successive approximations u,(X,t),n = 0,1,2,... converge rapidly to the exact

solution of equation (4.1.1)-(4.1.2) when n — oo,i.e.

w(X,t) = lim u,(X,t).

n——auoo

Example 4.3.1 Considering the nonlinear Caputo time-fractional gas-dynamic equation

1
“Di'u + 3 (u2)x —u(l—u)=0,0<a<1l, (4.3.5)

subject to the initial condition
u(z,0) =e ", (4.3.6)
where u = {u(x,t), (z,t) € R x R*} is an unknown function.
Employing relation (4.3.4), we obtain the following iteration formula

1
Upi1(z,t) =€ — I} 5 (U?z)x —up(1 —up) |, (4.3.7)

where the initial iteration ug(z,t) is given by
up(z,t) = e ™. (4.3.8)

Using (4.3.7) and (4.3.8), we arrive at the following iterations

up(z,t) = e 7,
uy(z,t) = e"’“"—l—e"’“"F(Oét+ %
. . to . t2a
wlet) = e e T e T a1
—x —x t* —z 2 —x o
uglent) = e e e Y a0 T TBa g )

and so on.

Then, the successive approximations can be expressed as

to t2a t30¢ o
t) = e *|1 et ——
uz,t) = e (’+Na+n+rea+m+r@a+n+ +Fma+D)
n tka
= e_w _—
I'(ka+1)

k=0
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4.3. Analysis of the VIT

Therefore, the solution of equations (4.3.5)-(4.3.6) is given by

u(z,t) = lim wu,(z,t)

n—-aoo

n tk:a
= ¢ % lim EE—
n—s00 kzzo [(ka+1)

. 0 tha

When o = 1 in equation (4.3.9), we obtain the exact solution of the standard nonlinear

gas-dynamic equation as

u(x,t) = e ",

Example 4.3.2 Considering the nonlinear Caputo time-fractional hyperbolic-like equation

with variable coefficients

0
‘Diu = x2a—(uzum) — 2 (Up)? —u,t > 0,1 < @ < 2, (4.3.10)
z

subject to the initial conditions
u(z,0) = 0,us(z,0) = 22, (4.3.11)

where u = {u(x,t), (z,t) € R x R} is an unknown function.
Employing relation (4.8.4), we obtain the following iteration formula
0
Un+1 (ﬁ, t) = 12 + Ita $28_(unzunxx) - x2(unmx>2 —Un|, (4312)
x
where the initial iteration ug(z,t) is given by

uo(z,t) =tz (4.3.13)

Using (4.3.12) and (4.3.18), we arrive at the following iterations

uo(z,t) = ta?,
ta+1
N o= 2
ul(gj7 ) T F(Oé+2)x )
I'(a+2) I'(2a + 2)
a+1 2a+1 3a+1
uz(r,t) = ta®— ! 2 ! 2 !

Ta+2)’ "Teat2)" TBRat2)"

73



4.4. Analysis of the DGJT

Then, the successive approximations can be expressed as

. toz—‘rl t2a+1 75304-‘,-1 (_1)" tnoe—‘rl
.CL" R _—
I'(

012 T2at2 TBat2) T(na 1 2)

2 (- 1 e
v <Z r(ka+2)>'

k=0

u(z,t) =

Therefore, the solution of equations (4.53.10)-(4.3.11) is given by

w(z,t) = lm wu,(z,t)

n _l)k tka—H
= 22 1 <—
v ninookz T(ka + 2)

2 - —1 i
=z Z(F(k)&—JrQ) (4.3.14)

When o = 2 in equation (4.3.14), we obtain the exact solution of the standard nonlinear

hyperbolic-like equation with variable coefficients

u(z,t) = 2% sint.

4.4 Analysis of the DGJT

To give the fundamental description of the DGJT, let us examine the NTFPDE (4.1.1)
under the initial conditions (4.1.2).
Implementing the Riemann-Liouville fractional integral operator I;* on equation (4.1.1)

and utilize relation (1.4.19) with the initial conditions (4.1.2), we obtain

u(X,t) = Z uk(X)tk—]z IO (X, 1) + 10 [Lu(X, t) + Nu(X, 1)
= ]—E?X, £) 4 I¢ [Lu(X, t)] 4+ I [Nu(X, 1)), (4.4.1)

where H(X,t) is the term resulting from the initial conditions and the source term.
Putting
g(X,t) = H(X,1),
R(u(X,1)) = I [Lu(X,t)],
M(u(X,1)) = I [Nu(X,1)].
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4.4. Analysis of the DGJT

Then equation (4.4.1) can be represented as follows
u(X,t) = g(X,8) + R(u(X, 1)) + M(u(X,1)), (1.4.2)

where R and M are the linear and nonlinear operators and ¢ is a source function.

Through the DGJT, the solution to equation (4.4.2) is written as an infinite series
u(X,t) = wi(X,t). (4.4.3)
i=0

Substituting equation (4.4.3) into equation (4.4.2), we have the following

D uwi(X,t) =g(X,t)+ R (Z u; (X, t)) +M (Z ui (X, t)) . (4.4.4)
=0 =0 =0
Further, the linear operator R is defined as
R (Z wi (X, t)) = R(u(X,t)), (4.4.5)
=0 1=0

and the nonlinear operator M is decomposed as

M <Z ui (X, t)) = M (ug(X,t)) + Z {M <Z ui( X, t)> - M <i u;( X, t)) } .
- - w - (4.4.6)
Replacing equations (4.4.5) and (4.4.6) into equation (4.4.4) gives

Zui(X’t) = g(X7t)+ZR(ui(X7t))+M(u0(th))

=0

+i{M (iuj(x,t)> - M (iuj(X,t)>}. (4.4.7)

Utilizing the recursive relation (4.4.7), we define the following iterations.

U0<X7t) = g(X,t),
u(X,t) = R(up(X,t))+ M (ug(X,1)),

st (X,8) = R(un(X,1))+ M (iuj(x, t)) ~M <§ (X, t)) n=12 ..

Jj=0

[6)



4.4. Analysis of the DGJT

After summing all the components, the n'* approximate series solution to the NTFPDE

(4.1.1) under the initial conditions (4.1.2) using DGJT is given as follows
u(X,1) = wi(X,t) = ug(X, 1) + ur (X, 1) + ua(X, 1) + ...+ un (X, ).
i=0

When n — oo, the n'* approximate series results in the exact solution.

Example 4.4.1 Let us consider the nonlinear Caputo time-fractional reaction-diffusion-

convection equation
CDf‘u = Upy — Uy + Uy —u> +u,0 < a < 1, (4.4.8)
subject to the initial condition
u(z,0) = e, (4.4.9)
where u = {u(x,t), (z,t) € R x R*} is an unknown function.
Taking the Riemann-Liouville fractional integral operator I on both sides of (4.4.8),
utilize relation (1.4.19) and the initial condition (4.4.9) to get
w(w,t) = e* + I [ugy — uy + u] + I [uu, —u?] .

Putting

T

g(z,t) = €°,
R(u(z,t)) = I} [up — uz + 1],
M(u(z,t)) = I} [uu, —u’].

By employing the DGJT described in Part 4.3, we obtain the following

up(z,t) = €%,
(,8) = e L
uy(z = '—
T T(a+1)
t2a
) = o
n(n,t) = e T(2a+1)
t3a
R —
U3(ZL‘, ) € F(BQ—FI)’
tna
n(@,t) = € .
(1) ‘ I(na+1)
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4.4. Analysis of the DGJT

Therefore, the n'" approzimate series solution to equations (4.4.8)-(4.4.9) is given as

follows

. + t20¢ N t3o¢ N N o
F(Qa +1) T'Ba+1l) — T(ha+1)

n

Z:Oljza—i-l

If n — oo, the result is

When o = 1, the exact solution of the standard nonlinear reaction-diffusion-convection

equation is as follows

u(w,t) = e,

Example 4.4.2 Let us consider the nonlinear Caputo time-fractional Newell-Whitehead-

Segel equation

“Du = upy +2u — 30,0 < a < 1, (4.4.10)

subject to the initial condition

u(z,0) = A (4.4.11)

Taking the Riemann-Liouville fractional integral operator I on both sides of (4.4.10),
utilize relation (1.4.19) and the initial condition (4.4.11) to get

w(,t) = A+ I [ugy + 2u] — 317 [u?] .

Putting

R(u(x,t)) = I [tz + 2u],
M(u(z,t)) = I} [u*].
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4.4. Analysis of the DGJT

By employing the DGJT described in Part 4.3, we obtain the following

UO(m7t) = >‘a
2\ —3\%

ur(z,t) = mt ;

202 =301 = 3X) 4,
UQ(JZ,t) - F(2a+1) t ’

o o 2
wa(ent) = 2M(2 — 3X)(2 — 18\ + 27\ )t?’a,
I'Ba+1)

and so on.

Therefore, the approximate series solution to equations (4.4.10)-(4.4.11) is given as fol-

lows

(2A=3X%) 202 -3)\)(1 — 3) 2o, 2M2—3N)(2— 18\ + 27)\%)

uz,t) = A+ T T (2a + 1) T(3a+ 1)

B4+

When o = 1, the exact solution of the standard nonlinear Newell-Whitehead-Segel equa-

tion is as follows

2
u(z,t) = A+ (20 =3\t + 202 - 3\)(1 — 3/\)%
3
F2A(2— 3A)(2 — 18\ + mz)% L

—2)e?t
o A1 — %)’
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Chapter 5

A novel hybrid technique to resolve
the nonlinear time-fractional

biological population model

In this chapter, we develop a novel hybrid technique to resolve a special case of nonlinear
time-fractional partial differential equations, which is called nonlinear time-fractional bio-
logical population model with the Caputo fractional derivative. This technique is called
Khalouta reduced differential transform method (KHRDTM) that is a mixture of two ef-
fective methods: Khalouta transform method (KHTM) and reduced differential transform
method (RDTM). We will start by presenting an overview of the time-fractional biologi-
cal population model and the mathematical formulation of the problem, then we provide
the definition and fundamental characteristics of the KHT and the RDTM, then present
the methodology of the proposed method as well as various numerical applications of the

nonlinear time-fractional biological population equation.

5.1 Mathematical formulation of the nonlinear time-
fractional biological population model

According to the belief of biologists, the population of the species can be regulated by

dispersal or emigration. The diffusion of a biological species in a region D is defined by
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5.1. Mathematical formulation of the nonlinear time-fractional biological population model

three functions of the position X = (z,y) and the time ¢ namely the population density
u = u()_f, t), the diffusion velocity v = v()_f, t) and the population supply F' = F()_(>, t) [32].
The population density u()_f, t) indicates the number of individuals per unit volume at a
given position X and at a given time . At time ¢, its integral over any subregion (2 of region
D gives the total population of €2 in that subregion. The entity F ()_5, t) represents the rate
at which individuals are added to the population at position )_5 per unit volume through
births and deaths. The diffusion velocity v()_f, t) is the average velocity of all individuals
occupying position X at time t, and it describes the flow of a population from point to point.
The entities u,v and F' must be compatible with the following population equilibrium law

for any regular subregion 2 of D and for any time ¢

d—/udv+/ u?.ﬁdAz/de, (5.1.1)
dt Jq o0 Q

where 71 is the exterior unit normal to the boundary 09 of €. In equation (5.1.1), the
derivative has been taken in the sense of Caputo’s fractional derivative. It follows from
equation (5.1.1), that the rate of population change in € plus the rate at which individuals
depart €2 over its boundary must equal the rate at which individuals are supplied directly

to Q. Based on the assumptions [42], we can see that
F = F(u) and v = —w(u)Vu,

where V is the Laplace operator and w(u) > 0 for u > 0. For the population density u, the
following two-dimensional nonlinear degenerate parabolic partial differential equation can

be obtain and which is given as

0%u  0*G(u)  0°G(u)
ETCRR Y + ay? + F(u). (5.1.2)

The model described in equation (5.1.2) is called the nonlinear time-fractional biological
population model. For modeling of the animal population, Gurney and Nisbet [31] used
h (u) as a special case. This model leads to equation (5.1.2) with G (u) = u?, to the following

equation
0%u  0*u®  0*u?
ote Ox2 0y?

subject to the initial condition u(z,y,0).

+ F(u), (5.1.3)
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5.2. Khalouta transform (KHT)

For oo = 1, equation (5.1.3) reduces to the classical nonlinear biological population model
ou  Pu*  Pu?

ot Ox2 + 0y?

+ F(u).

Here are three laws of constitutive equations for F'(u) that can be expressed as follow
(i) F(u) = cu where ¢ is a constant (Malthusian law [32]),

(ii) F(u) = cyu — cou® where ¢, ¢y are positive constants (Verhulst law [42]),

(iii) F(u) = cu¥ where ¢ > 0,0 < ¢ < 1 (Porous media [9]).

In this chapter, we consider a more general form of F'(u) such that F(u) = hu (1 — qu’)

so that equation (5.1.3) becomes

0*u?  0%u?

“Douy = 77 o + hut (1 — qu’), (5.1.4)

subject to the initial condition
uw(z,y,0) = uo(z,y), (5.1.5)
where © D¢ = gt% represents the time-fractional derivative operator in the Caputo’s sense

of the function u of order o with 0 < o < 1 and u = {u(az,y,t), (z,y,t) e R x R x R+}
represents the population density and h, i, q,d are real numbers. If h =c,u =1, = 0 and
h=c,p=0=14g= cy/c; where ¢c; > 0,co > 0, ¢ are constants, then equation (5.1.4)

leads to Malthusian law and Verhulst law, respectively.

5.2 Khalouta transform (KHT)

Recently, Ali Khalouta [36] defined and developed a new integral transform called Khalouta
transform (KHT) to solve various types of differential equations. This new integral trans-
form is a generalization of many integral transforms such as: Laplace transform, Fourier
transform, Sumudu transform, Elzaki transform, Aboodh transform, Shehu transform, ZZ
transform, and ZMA transform. In this part, we mention the definition and important

properties of KHT that need in this chapter.

Definition 5.2.1 [36] The KHT of a continuous function u(x,y,t) is described as

oo '
KH [u(x,y,t)] = K(z,y,s,7,1m) = i/ exp <—8—> u(z,y,t)dt,
n Jo n

where s,7v,n > 0 are the KHT variables.
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5.2. Khalouta transform (KHT)

Theorem 5.2.1 [36] The inverse KHT of the function u(x,y,t) is described as
KH ™" [K(z,y,s,1,7)] = u(z,y,t), fort>0.

This is equivalent to

p+ioco
1 1 st

U(%yat) = KH_l [}C(xayasﬂ%f)/)] = % gexp (%) ’C(l‘ayasﬂ?afy)d‘g?

(p—1i00
where ¢ is a real constant and the integral is taken along s = ¢ in the complex plane

5 =u+1v.
Proof. For more details on the proof of this theorem, see [36]. ®

Theorem 5.2.2 [36] The fundamental properties of KHT are:
(1) Linearity property.

KH [au(z,y,t) + bu(z,y, t)] = aKH [u(z,y, )] + bKH [v(z,y,1)] ,a,b € R
(2) Differentiation property.

STL

n—1 n—k
KH [v"™)(z,y,t)] = KH [u(z,y,t)] — <i) u® (x,y,0),n > 1,

v k=0
where u™ (x,y,t) is the n'" derivative of u(x,y,1).

(8) Convolution property.
KH [(u * v) (z,y,t)] = Z—UK]HI [u(z,y,t)| KH [v(z, y,t)],

where KH [(u * v) (z,y, t)] is the Khalouta convolution of the functions u(z,y,t) andv(z,y,t).
(4) The KHTs of the usual functions.

KH[1] = 1,
KH[f] = 2,
S
KHF—} - T >,
n! sm
KH|—— | = 27 4> _1.
{r<a+1>} 2
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5.2. Khalouta transform (KHT)

Proof. For more details on the proof of this theorem, see [36]. ®
Below, we present the main results related to the KHT for the Riemann-Liouville frac-

tional integral and the Caputo time-fractional derivative [39)].

Theorem 5.2.3 [39] The KHT of the Riemann-Liouville fractional integral of order a > 0

1s described as
KH [[fu(z, y,1)] = "~ KH [u(z, y,1)].
Sa

Proof. Taking the KHT to both sides of equation (1.4.2), we get

t

KH [[Ju(z,y,t)] = KH ﬁ/(t—T)a_lu(x,y,T)dT

= KH|——t*"! *u(x,y,t)} .

Using Theorem 5.2.2, we get

KH[[*u(z,y,t)] = IKH [ta_l} KH [u(z, y, )

The proof is complete. =

Theorem 5.2.4 [39] The KHT of the Caputo fractional derivative of ordern —1< a <n

with n > 1 is described as
-1

e a—k

S S

KE [ Diutent)] = Kt )] - 3 () o)
k=0

3

Proof. Taking
v(z,y,t) = u™(z,y,1). (5.2.1)

Then, equation (1.4.14) becomes
¢

1 —a— n
“Drulent) = Foma [ (=T i
0
t
— o [ (e
- F(TL—Oé) T 7?/;7' T
0
= I %(z,y,t). (5.2.2)
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5.3. Reduced differential transform method (RDTM)

Applying the KHT on both sides of equation (5.2.2) and using Theorem 5.2.3, we get

nN—a,N—x

7

Snfa

KH [CD?u(x, y,t)] = KH [It”_“v(x, y,t)} = V(z,y,s,7,1), (5.2.3)

where V(x,y, s,7,n) is the KHT of the function v(z,y,1t).
Implementing the KHT on both sides of equation (5.2.1) and Theorem 5.2.2; gives

KH [v(z,y,t)] = KH [u"(z,y,1)],
n—1 —
87’1
V(z,y,8,7,m) = gy KH [u(z,y,t Z( ) u® (z,9,0). (5.2.4)
k=0

Replacing equation (5.2.4) into equation (5.2.3), we get

n—a, n—o n n—1 n—k
« /7 n S S k
KH [“Dfu(z,y,t)] = KH (u(x,y,t)] — (—> u®(z,y,0
Copatat] = T (w3 () 0
@ n—1 a—k
=~ KH[u(z,y,t) Z( ) u®(z,y,0).
yent —0

The proof is complete. =

5.3 Reduced differential transform method (RDTM)

In this part, we mention the basic definitions and fundamental theorems of the RDTM
which are defined and proved in [34].

Consider a function of three variables u(z,y,t) and assume that it can be represented
as a product of three single-variable functions, i.e., u(x,y,t) = f(x)g(y)h(t). The func-
tion u(z,y,t) can be represented due to the properties of (2 + 1)—dimensional differential

transform as follows

- ) )
= kZZOUk(x,y)t’“,

where Uy(z,y) is called t—dimensional spectrum function of the original function u(zx,y,t).
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5.3. Reduced differential transform method (RDTM)

Definition 5.3.1 [8// The RDT function of the function u(x,y,t) is given by

1 o
Ur(z,y) = —u(T,y,t) , (5.3.1)
ot t=0
where u(z,y,t) is the original function which is analytic and differentiated continuously func-
tion with regard to time t and space in the domain of interest and Uy(x,y) is the transformed

function

Definition 5.3.2 [3// The RDT inverse of the function Ug(z,y) is given by
u(z,y,t ZUk x,y)t (5.3.2)

Combining equations (5.3.1) and (5.3.2) we find that
=~ 1[0
u(x,y,t) = Z [atk (, y,t)} .
=0

Theorem 5.3.1 [34] Suppose that Ug(x,y), Vi(z,y) and Wi(z,y) be the RDTs of the func-
tions u(z,y,t),v(z,y,t) and w(x,y,t) respectively.

(1) If
w(z,y,t) = Mu(z,y,t) + po(z,y, t),
then
Wk($a y) = )\Uk(l‘,y) + [ka(l’, y)7 A?N € R.
(2) If
w(a;‘? y? t) = u(x7 y7 t)v(x7 y7 t)?
then
k
Wk(fE, y) = Z Ur(ma y)Vk—r(xa y)
r=0
(3) If
w(z,y,t) = ul(as,y,t)u2(:£,y,t) X ... X u”_l(x,y,t)u"(x,y,t),
then

k kn 1 3

2
Z Z Z Z Uk1 T,y Ukz k1($ Y) X .o X Ui?n__ll—kn_Q(Ia?J>U1?7kn,1($7y)~

kn—1=0kp_2=0  k2=0k1=0
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5.4. Khalouta reduced differential transform method (KHRDTM)

5.4 Khalouta reduced differential transform method

(KHRDTM)

In this part, we propose a novel hybrid technique that uses KHT and RDTM. We call this
developed method KHRDTM. To illustrate the basic idea of this method, we assume the

following general nonlinear time-fractional partial differential equation
“Du(x,y,t) + Lu(z,y,t) + Nu(z,y,t) = f(z,y,1), (5.4.1)
subject to the initial conditions
u® (x,y,0) = up(z,y), k=0,1,2,....,n — 1, (5.4.2)

where “D¢ is the Caputo time-fractional derivative operator of the function u(z,y,t) of
order a with n — 1 < a < n, L represents the linear differential operator, N represents a

nonlinear differential operator, and f(z,y,t) represents the non-homogeneous.

Theorem 5.4.1 [19] According to the KHRDTM, the solution of equations (5.4.1) and
(5.4.2) is described as an infinite series which rapidly converge to the exact solution as

follows

u(z,y,t) ZU z,y), (5.4.3)

where U,.(z,y) is the RDT of the function u(x, y,t).

Proof. To begin the proof of this theorem, let us consider the general nonlinear time-
fractional partial differential equations (5.4.1) subjet to the initial conditions (5.4.2).

Taking the KHT to equation (5.4.1) and using the linearity property of the KHT (See.
Theorem 5.2.2), we have

KH [° D u(z,y,t)] + KH [Lu(z, y,t) + Nu(z,y,t)] = KH[f(z,y,t)].

Using Theorem 5.2.4 we obtain

s 1 - Lu(z,y,t)
KH [u(z, y, u® (z,y,0) = KH[f(z,y,t)] — KH e
S KH[u(r.y. Z( ) (,,0) = KH[f(z, ,1) o
(5.1.4)
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5.5. Convergence analysis of the KHRDTM

Replacing the initial conditions (5.4.2) and simple calculate, equation (5.4.4) can be

rewritten as

n—1
Q0 Q0 Lu x, ’t
KH [u(zx,y,t Z( )ukxy)jtfynKH[f( t)]—fyZKH (@.9,1)
k=0 5° 5 +NU(ZE7 Y, t)
(5.4.5)
Application of the inverse KHT of equation (5.4.5), gives
uteont) = Floont) ~ K (CERH (o0 4 Mo ). (540)
80[

where F(x,y,t) represents the term resulting from the initial conditions and the non-
homogeneous term.

Now, by executing the RDTM on equation (5.4.6), we get
UO(%?J) = F(:B7y7t>’

S

Upir(z,y) = —KH (%KH (LU (z,y) + Rk(x,y)]> k>0, (5.4.7)

where Ry(x,y) is the RDT of the nonlinear term Nu(z,y,t).
Note that the recurrence formula (5.4.7) to the iterative terms of equations (5.4.1) and

(5.4.2) is denoted KHRDTM, and and its k" —order approximate series solution is given as

k

Prlx,y) =Y Up(x,y). (5.4.8)

r=0
Thus, in the following theorem, we prove that the approximate series solution (5.4.8)

converges to the exact solution if k£ — oo, that is

u(x,y,)—hmpkajy ZU z,y).

The proof is complete. =

5.5 Convergence analysis of the KHRDTM

In this part, we discusse the necessary condition for convergence of the solution. We follow

these theorems applied to the series solutions obtained by KHRDTM.
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5.5. Convergence analysis of the KHRDTM

Theorem 5.5.1 [19] Let B = (C (), ]|.]|) be a Banach space of all continuous mappings

defined on Q C R? x RT having the norm ||u(z,y,t)|| = sup |u(z,y,t)|.
(z,y,t)EQ

If30 < w < 1 such that |U,(z,y)|| < @ ||Up—1(x,y)||,Vr € Z7T, then the approzimate se-

ries solution Z U (x,y) which is obtained by KHRDTM will uniquely converge to u(x,y,t).
r=0

Proof. Let Py(z,y) be the k' partial sums given by the recurrence formula (5.4.7)
k
Pk(xa y) - Z UT(I, y)
r=0
We have to show that {Pr(z,y)}32, is a Cauchy sequence in Banach space B.

Therefore, we consider

Pria(z,y) = Pe(z, )l < Unia(e,y)ll < @ U (2, 9)]]

@ U@, y)ll < .. <@ [ Us(@, y)]l-

N

Hence,

Pn(x7 y) - Pn—l(xa y) + Pn—l(xa y) - Pn_Q(-T, y)
+... + Perl(xay) - ,Pm<x?y)

[P, y) = P, y)ll =

< |[Pu(z,y) = Poa(@, y)|| + [Pou-1(z,y) — Po2a(z,y)||
+ooo (1 Prmga (2, y) — Prlz,9)||
< @ [|Uo(z, )l + =" |Uo(z, y)|| + ... + @™ |Un(, y) |
= " (1+w+..+@"" ") ||Us(z,y)|
< ot (%) |Uo(z, )|, ¥n,m € N. (5.5.1)

Since 0 < w < 1, we have 1 — @™ ™ < 1, therefore the inequality equation (5.5.1) can

be reduced to
m—+1

()
| Pu(z,y) — Pz, y)| < .

—w

[Uo(z,y)| - (5.5.2)

As Uy(z,y) is bounded, then ||P,(z,y) — Pn(z,y)|| — 0 when n,m — oo .
Thus {Px(z,y)}72, is a Cauchy sequence in Banach space and consequently it is con-

verges to u(z,y,t) € B such that
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5.6. Applications and numerical results

Now, suppose that the sequence {Py(x, y) }x>0 converges to two functions of u(zx, y,t), v(z,y,t) €
B, that is
lim Py(z,y) = u(z,y,t) and klim Pr(z,y) = v(z,y,t).

k—oo

Using the triangle inequality (5.5.2), we get

||U((E,y,t) - U(%yﬂf)” S ||U(l‘,y,t) - Pk(l',Q)H + Hpk(xay> - ’U(fE,y,t)” = 07

when k — oo.
Hence we conclude that u(z,y,t) = v(x,y,t).

The proof is complete. m

Corollary 5.5.1 If the series ZUr(x,y) converges, then it is an exact solution of the
r=0
nonlinear time-fractional partial differential equation (5.4.1).

Theorem 5.5.2 [19] The obtained solution (5.4.3) of equations (5.4.1)-(5.4.2) is estimated

to have a maximum absolute truncation error of the form

xya ZUHUZJ

Proof. Using Theorem 5.5.1 and the inequality equation (5.5.2), we get

N-+1

— 1Uo(z, 9]

N+1

1Pr(,y) = Pr(z,y)ll < 7—— IUo(z, y)]l - (5.5.3)

k
We suppose that Py (z,y) = > U(z,y) and since k — +o00, we get Px(x,y) — u(x,y,t),
I=0
so the inequality equation (5.5.3) can be rewritten as

xy, Zley

N+1

||U({L‘,y,t) - ,PN(x7y)|| = ||Uv0<a7 y)”

The proof is complete. m

5.6 Applications and numerical results

we demonstrate the validity and efficiency of the results obtained using the present method
to determine the exact solutions for three special cases of the nonlinear time-fractional

biological population model (5.1.4) subject to the initial condition (5.1.5).
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5.6. Applications and numerical results

Example 5.6.1 Let us assume that the nonlinear time-fractional biological population model

described in the sense of Caputo

82 2 82 2
Y L u0<a<], (5.6.1)

Cna,,
D= 0x? 0y?

having the following initial condition

u(z,y,0) = /sinzsinhy. (5.6.2)

Following the KHRDTM methodology presented in Part 5.4, we get the series solution

of our model
U(IE, Y, t) = Z Ur(xa y),
r=0
where in this case, we set

Pu? 0%u?
e * oy?

Lu(z,y,t) = u and Nu(zx,y,t)

For the convenience of the reader, the first few RDT of the nonlinear term Nu(x,y,t)

are as follows

2,2 52,2
0*ug — 0*uf

RO(xay) = Ox2 3y2 ’
82'LL0U1 82UO'U,1
= 2 2
Rl (337 y) aiUZ + ayQ )
02 (ugug)  0*u? 0% (ugug)  O*u?
My(v,y) = 2 Ox? Ox? 2 Oy? oy?

According to the recurrence formula (5.4.7), we get

Up(xz,y) = +/sinzsinhy,
tOl
Uy(z,y) = \/sinmsinhyr—

(a+1)’
Us(z,y) = \/sinarsinhyF

t2a
(2a+1)’

25301
Us(z,y) = +/sinzsinh T

(Ba+1)’

tka

Uk(z,y) = \/sinxsinhyr

(ka+1)
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5.6. Applications and numerical results

Thus, the k'"—order approzimate series solution is given by

,Pk(x7y) = U()(l’,y) + Ul(*ray) + UQ(xay) + Tt Uk(xay)

\/sin z sinh y + 4/sin x sinh r + 4/sin x sinh e
= in z sin inzsinhy—— inzsinhy——
Y Ta+1) T(2a +1)
3o tka
~++/sin z sinh ym + ...+ 4/sinz sinh ym

= +/sinzsinhy | 1+ r + r + £ + ...+ il
- Y T T2a+1) TBa+1) 7 T(ka+1)

(v +1)
= 4/sinzsinhy

t’I‘Oé

L(ra+1)

E

%
I
=)

So, the k" —order approzimate series solution converges to the exact solution as k — oo

k

.. (t)
= sin x sinh Yy kll_)f{.lo ; m
= +/sinzsinhyFE, (t%), (5.6.3)

where E,(t*) is the Mittag Leffler function defined by equation (1.5.5).
As o = 1 in equation (5.6.3), we have

R . - tr
o) = Ve
= \/mexp(t)7

which is the same exact solution found in the literature [38].

Figures 1 and 2 illustrate the 2D and 3D graphs of KHRDRM in solving equations
(5.6.1)-(5.6.2). Moreover, the comparison of the 6" —order approximate and exact solutions
of KHRDRM and their associated absolute errors for equations (5.6.1)-(5.6.2) are presented
in Table 1. The numerical simulation of the proposed method indicates that the numerical

solutions of the method can approximate the exact solution well.
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5.6. Applications and numerical results

8 T T T T T T T T T
P - -y m— Exactsolution
6k Cemea \ mEaE -1 N
/ ‘\‘t . smEE =09
«=0.8
4 4 a=0.7

Figure 1: 2D graphs of the 6""-order approximate series solution and exact solution with

y=1andt=1.5.

a=0.6 a=0.8

Figure 2: 3D graphs of the 6""-order approximate series solution and exact solution with

t=1.5.
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5.6. Applications and numerical results

UKHRDTM UKHRDTM UKHRDTM UKHRDTM UEzact U Ezact — UK HRDTM|
(z,y)/a  a=0.7 a=0.8 a=0.9 a=1 Ezxact solution  Absolute errors
0.1 0.12556 0.11892 0.11408  0.11052 0.11052 1.4090 x 1010
0.3 0.37667 0.35673 0.34224  0.33154 0.33154 4.2268 x 10719
0.5 0.62759 0.59437 0.57023  0.55239 0.55239 7.0425 x 10710
0.7 0.87776 0.83130 0.79753  0.77259 0.77259 9.8497 x 10710
0.9 1.12590 1. 06630 1.02300  0.99102 0.99102 1.2635 x 107

Table 1: Comparison of the 6!"-order approximate series solutions and exact solution and

their associated absolute errors for different values of «.

Example 5.6.2 Let us assume that the nonlinear time-fractional biological population model

described in the sense of Caputo

*u?  0*u?
0x? + 0y?

“Diu = +hu(l—qu),0 <a <1, (5.6.4)

subject to the initial condition

u(z,y,0) = exp <\/%(x + y)) : (5.6.5)

Following the KHRDTM methodology presented in Part 5.4, we get the series solution

of our model
U(ZL’, Y, t) = Z Ur(x7 y)u
r=0
where in this case, we set

*u?  0*u?
L t)=~h d N t) =

For the convenience of the reader, the first few RDT of the nonlinear term Nu(z,y,t)

+ hqu®.

are as follows

2,2 52,2
0%ug — 0*uf

RO (x7 y) = 81‘2 _'_ ayQ + hqu?)?

(92u0u1 82U0'U,1
Rl (.CC, y) = 2 8332 + 2 ayQ + thuoulv

0? (ugup)  0*u? 02 (ugug)  0*u? 9
Ry(z,y) = 2 2 92 +2 o + Iy + 2hquous + hquy.
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5.6. Applications and numerical results

According to the recurrence formula (5.4.7), we get

hq
Uo(w,y) = exp \/g(fwy) ,

hq ht®
Ui(z,y) = exp \/g(ﬂﬁLy) m,

hq h2t2a
Us(x,y) = exp \/g(%’ﬂLZ/) m;

h(] h3 ¢3¢
Us(x,y) = exp \/§($+y) TBat 1)’

kiko
Ue(z,y) = exp (\/%(a:—i—y)) %,

Thus, the k" —order approzimate series solution is given by

Pi(x,y) = Uo(z,y) + Ur(z,y) + Us(z,y) + ... + Up(z,y)
= exp (\/g(x—ky)) + exp (\/%(:p+y)) % + exp (@(Hy)) F((:Oi—cfn
+ exp ( %(any)) F((;Z—Cfl)-f-...—l—exp ( %(Hy)) F((:;—Tl)
- (\/%(m * y)> (1 * F(stj N F((inafl) * P((?)hoiai) ot %)
— e ( %(Hy)) i%

So, the k" —order approzimate series solution converges to the exact solution as k — oo

hq ()
= exp(ﬁx—l—y)lmz Tlra + 1)
= exp (\/%(x + y)) E,(ht?), (5.6.6)

where E,(ht) is the Mittag Leffler function defined by equation (1.3.5).
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5.6. Applications and numerical results

As a =1 in equation (5.6.6), we have

which is the same exact solution found in the literature [38].

Figures 3 and 4 illustrate the 2D and 3D graphs of KHRDRM in solving equations
(5.6.4)-(5.6.5). Moreover, the comparison of the 6" —order approximate and exact solutions
of KHRDRM and their associated absolute errors for equations (5.6.4)-(5.6.5) are presented
in Table 2. The numerical simulation of the proposed method indicates that the numerical

solutions of the method can approximate the exact solution well.

120 1
== Exactsolution
nEaE -1 I
100 a=0.9 I J
a=0.8
- a=0.7 I

Figure 3: 2D graphs of the 6""-order approximate series solution and exact solution with

y=1andt=1.5.
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5.6. Applications and numerical results

Figure 4: 3D graphs of the 6""-order approximate series solution and exact solution with

h=1andt=1.5.

UKHRDTM UKHRDTM UKHRDTM UWKHRDTM UEzact UBzact — U HRDTM|
(x,y)/a «a=0.7 a=0.8 a=0.9 a=1 Ezxact solution — Absolute errors
0.1 1.3877 1.3142 1.2608 1.2214 1.2214 1.5572 x 107
0.3 1.6949 1.6052 1.5400 1.4918 1.4918 1.9019 x 107°
0.5 2.0702 1.9606 1.8809 1.8221 1.8221 2.3230 x 107°
0.7 2.5285 2.3947 2.2974 2.2255 2.2255 2.8373 x 107°
0.9 3.0883 2.9249 2.8060 2.7183 2.7183 3.4655 x 107

Table 2: Comparison of the 6!"-order approximate series solutions and exact solution and

their associated absolute errors for different values of a.

Example 5.6.3 Let us assume that the nonlinear time-fractional biological population model

described in the sense of Caputo

82 u2 82 u2

C na
Diu = +
t 0x? Oy?

+hu Tt (1—qu),0<a <1, (5.6.7)
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5.6. Applications and numerical results

subject to the initial condition

h h
u(z,y,0) = \/quz v quﬂ +y+5, (5.6.8)

Following the KHRDTM methodology presented in Part 5.4, we get the series solution

of our model
U(ZL’, Y, t) = Z Ur(x7 y)u
r=0
where in this case, we set
22 u2

Lu(z,y,t) = hq and Nu(x,y,t) = +

-1
92 17 + hu™ .

For the convenience of the reader, the first few RDT of the nonlinear term Nu(z,y,t)

are as follows

2,2 2,2
o*uy — 0°ug

RO(mvy) = 81’2 + 8:(]2 +huala
A*ugu A ugu
Ri(z,y) = 2 31?2 L2 8;2 L hug *uy,

0% (uoug) — 0*u? N 282 (ugug) ~— O%u?

Ror,y) = 2 Ox? Ox? Oy? 0y?

—2 -3, 2
— hug “ug + hug “uj.

According to the recurrence formula (5.4.7), we get

h h
Uo(w,y) = \/Zq:v2+zqy2+y+5,
hq 2 hq 2 e [
U = h(2 - 5 -
1(z,y) (490 Ty Yy Tat 1)
hq hq 73/2 t2a
U. = —9Rn? | L%+ 492 5 S —
2(x,y) (495 t Yyt T@a T 1)
hg hq —5/2 30
U = 33 22 4 22 5 -
3(x,y) (456 VAR R TGat 1)
_ hq hq 1/2-r the
U — (=1 Ypnr [ L2 22 5 -
k(T y) (=1)"r (4fc+4y +y+ ) That 1)

97



5.6. Applications and numerical results

Thus, the k'"—order approzimate series solution is given by

,Pk(xvy) = Uo(l',y) + Ul(xay) + UQ(x7y) + ...+ Uk(may)

hg 5  hq , Y2 (hg 5 hq , e
= (= 5 - 5 —
<4x+4y +y+ + 4x+4y +y+ T(a+1)

hqg o  hq 4 e 2
—2h? 5 -

(4“774“4@/“’4r T(2a+ 1)
hq 9 753(1

; hq ) —5/2
3h° | — 5 _
- (4m+4y+y+) T(3a + 1)
t(k+1)a

E+1)a+1)

4 4

e et ey
B v) onyr C((r+1D)a+1) \Ud(z,y))

So, the k" —order approzimate series solution converges to the exact solution as k — oo
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uw(x,y,t) = lim Py(z,y)
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As a =1 in equation (5.6.9), we have

u(z,y,t) =

-
]
s

=
O
NS
[

ee)
— ! \U§(z,y)
ht ht
= Up(z,y)+ ex — .
o@ 9+ Gy p(U&(ae,y))

which is the same exact solution found in the literature [38].

Figures 5 and 6 illustrate the 2D and 3D graphs of KHRDRM in solving equations
(5.6.7)-(5.6.8). Moreover, the comparison of the 6" —order approximate and exact solutions
of KHRDRM and their associated absolute errors for equations (5.6.7)-(5.6.8) are presented
in Table 2. The numerical simulation of the proposed method indicates that the numerical

solutions of the method can approximate the exact solution well.

98



5.6. Applications and numerical results
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Figure 5: 2D graphs of the 6""-order approximate series solution and exact solution with

h=y=1andt=1.5.
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Figure 6: 3D graphs of the 6""-order approximate series solution and exact solution with

h=1andt=1.5.
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5.6. Applications and numerical results

UKHRDTM UKHRDTM UKHRDTM UKHRDTM UEzact U Ezact — UK HRDTM|
(z,y)/a  a=0.7 a=0.8 a=0.9 a=1 Ezxact solution  Absolute errors
0.1 2.3523 2.3328 2.3168 2.3039 2.3039 2.6928 x 10710
0.3 24113 2.3922 2.3765 2.3639 2.3639 2.1185 x 10710
0.5 2.4850 2.4664 2.4511 2.4389 2.4389 1.5841 x 10710
0.7 2.5755 2.5567 2.5413 2.5275 2.5275 1.1370 x 10710
0.9 2.6715 2.6541 2.6398 2.6284 2.6284 7.9112 x 10711

Table 3: Comparison of the 6!"-order approximate series solutions and exact solution and

their associated absolute errors for different values of «a.
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Conclusions and future work

In this thesis, we suggested a novel hybrid technique called Khalouta reduced differen-
tial transform method (KHRDTM) to find exact solutions for nonlinear fractional partial
differential equations (NFPDEs). This method is used directly without using any lineariza-
tion, perturbation, polynomials or restrictive assumptions in comparison with other existing
methods. Also, the method gives more realistic series solutions that converge very rapidly
in nonlinear fractional problems. KHRDTM is applied to determine the exact solutions of
some special cases of nonlinear fractional biological population equation. The exact solution
is described in terms of the Mittag-Leffler functions. The proposed method has proven to
be an accurate and appropriate analytical technique to solve NFPDEs. Thus, we conclude
that KHRDTM can be considered as an effective method for solving linear and nonlinear
fractional problems arising in mathematical sciences.

Fractional partial differential equations and fractional calculation are very important
fields in modeling many natural phenomena. Thus, our future work can be summarized in:

1- Resolve the nonlinear fractional biological population equation which involves other
fractional derivatives such as: Riemann-Liouville, conformable, Caputo-Fabrizio, Hadamard,
and Atangana-Baleanu, using the proposed method.

2- Suggest new analytical methods to solve other nonlinear fractional partial differential

equations arising in the application of nonlinear phenomena.
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Résumé:

Les équations aux dérivées partielles fractionnaires comme
généralisations des équations aux dérivées partielles entieres
classiques sont utilisées pour modéliser de nombreux problémes du
monde réel. La motivation principale de cette thése est de proposer
une nouvelle technique analytique pour résoudre le modéle de
population biologique fractionnaire non linéaire en temps. La
technique proposée utilise la transformée de Khalouta et la
transformée différentielle réduite pour construire la solution
analytique approximative du modeéle proposé. Trois applications
numeériques sont présentées pour illustrer l'efficacité et la précision
de la méthode proposée.

Mots clés: Equations aux dérivées partielles fractionnaires, Dérivée
fractionnaire de Caputo, Transformation de Khalouta.

Abstract :

Fractional partial differential equations as generalizations of classical
integer partial differential equations are used to model many real-
world problems. The main motivation of this thesis is to propose a
novel analytical technique for solving the nonlinear time-fractional
biological population model The proposed technique utilizes the
Khalouta transform and the reduced differential transform to construct
the approximate analytical solution of the proposed model. Three
numerical applications are presented to illustrate the efficiency and
accuracy of the proposed method.

Key words: Fractional partial differential equations, Caputo fractional
derivative, Khalouta transform.
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