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GENERAL INTRODUCTION

GENERAL INTRODUCTION

Industries are increasingly turning to modeling to solve multi-physics problems related
to the design of systems with complex geometries. The advancing performance of modern
computers allows for calculations involving coupled physical phenomena, such as thermo-
mechanical deformations of structures, coupled heat transfers involving conduction,
convection, and radiation, fluid-structure interaction, and electromagnetic-thermal coupling.
Numerous studies have been conducted using numerical and practical experimentation. While
laboratory experimentation is crucial for validating the initial approach, it is hindered by the
high cost of equipment and implementation difficulties. Numerical simulation remains the most
cost-effective and widely used method. The rapid evolution of computer capabilities over the
past two decades has significantly advanced our understanding of natural convection, thermal
radiation, and the coupling between these phenomena.

Coupled thermal phenomena in confined environments are of considerable interest in
the field of engineering. This interest is reflected in numerous applications, such as solar energy
collectors, electronic component cooling, thermal comfort in buildings, and furnaces, among
others. The study of natural convection in confined spaces is still the subject of extensive
research, both numerically and experimentally. In such problems, various modes of heat
transfer (convection, conduction, radiation) can occur in a coupled manner, particularly through
the walls.

The majority of these studies involve a relatively small temperature difference, for
which the Boussinesq approximation is used, assuming that fluid properties remain constant
except for a linear dependence of density on temperature in the gravity term. However, in many
physical and industrial applications, such as thermal insulation systems, chemical reactors,
atmospheric flows, and combustion processes, temperature differences can reach tens of
degrees. In such situations, the assumptions used to apply the Boussinesq approximation cannot
be justified, and a different modeling approach is required, one that takes into account realistic
variations in fluid properties.

Our work aims to study natural convection and the coupling between natural convection
and surface radiation in a differentially heated cavity in the non-Boussinesq case, in the
presence of a porous medium and internal heat generation. The objective here is to consider
large temperature differences by using low Mach number models that allow us to dispense with
the Boussinesq hypothesis while maintaining the decoupling between pressure and density
fluctuations characteristic of incompressible flows. The numerical resolution of this problem
primarily involves the finite volume approximation of the generalized Navier-Stokes equations.

Particular attention is given to examining the effect of the Boussinesq parameter, the
Rayleigh number, wall emissivity, the variation of thermophysical properties of the fluid with
temperature, the Darcy number, porosity, and the internal Rayleigh number on the temperature
distribution, the flow structure within the cavity, and the contribution of different phenomena
to overall heat transfer.

This manuscript is structured into six chapters.
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Chapter 1 provides an extensive literature review on natural convection in closed
cavities. It presents the generalities and definitions related to the studied phenomena, namely
natural convection, internal heat generation and thermal radiation, as well as their coupling. The
chapter also reviews different works that have addressed this type of problem, including studies
conducted under the Boussinesq approximation, using low Mach number models, and in porous
media.

In Chapter 2, we describe in detail the modeling steps used in a two-dimensional system.
Starting from a general formalism, we present the balance equations describing the unsteady
motion of a Newtonian, viscous, and compressible fluid. Then, simplifying assumptions are
applied to different degrees to achieve different types of flow (low Mach flow, incompressible
flow, and dilatable flow), highlighting the application limits relative to each system of
equations.

Chapter 3 describes the numerical solution methodology for the partial differential equations
presented in Chapter 2. Throughout this chapter, we briefly present the finite volume method
applied to fluid flows and, in general terms, the steps of discretization of mathematical
equations.

Chapter 4 focuses on the investigation of the coupling between porous medium and natural
convection with an internal heat source. The motivation for this study stems from the limited
number of research studies that have explored this specific coupling. Therefore, the objective
of the study is to examine how the presence of a porous medium and internal heat generation
influence fluid flow and heat transfer within a square cavity.

Chapter 5 is dedicated to presenting the numerical results of pure natural convection at
a low Mach number of a fluid (air) confined in a differentially heated square cavity. The
objective is to first validate the developed numerical code by comparing the obtained results
with those in the literature. Then, we study the validity range of the Boussinesq approximation
and examine the effect of various dominant parameters on the thermal and dynamic behavior
of the fluid, including the presence of a porous medium and its properties such as permeability
and porosity.

Chapter 6 focuses on the study of the coupling between natural convection and surface
radiation in a differentially heated square cavity in the non-Boussinesq case. Numerical
experiments are conducted to validate the method and highlight the effect of radiation on the
thermal and dynamic fields, taking into account the presence of a porous medium and its
properties.

The culmination of these six chapters leads to a comprehensive understanding of the
complex interplay between natural convection and other influential factors in diverse systems.
The findings contribute to the optimization and design of systems with complex geometries,
enabling advancements in fields such as energy systems, environmental engineering, and
geothermal technologies. By considering realistic variations in fluid properties, non-Boussinesq
conditions, and the coupling with porous media, this research pushes the boundaries of our
knowledge, paving the way for innovative solutions and improved system performance.
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.1 INTRODUCTION

With the prodigious development of modern techniques, it has become essential for any
engineer, regardless of the field in which they will be called upon, to possess a good knowledge
of the fundamental laws of heat transfer. This phenomenon is particularly significant in
technical sciences, engineering designs, and industry; it manifests in all aspects of life and has
a wide range of applications. Heat transfer is a complex process that occurs based on the
different fundamental modes, namely: conduction, convection, and radiation. Among these
modes, convection stands out as the most significant mode of energy transfer. Considering the
factors that induce fluid motion, convection can be classified into three categories: forced
convection, natural convection, and mixed convection

Natural convection of fluids in enclosures has garnered extensive research attention due
to its importance in mechanical, industrial, thermal, and engineering applications. It finds
practical applications in electronic component refrigeration, buried pipe protection, nuclear
reactor cooling systems, solar energy collection, and room ventilation, among others [1].
Researchers have explored numerous cavity forms, including rectangular configurations [2,3],
triangular shapes [4], trapezoidal structures [5], and other variations [6,7]. Sadeghi et al. [8]
have provided a comprehensive review of studies that employed cavities and enclosures with
different geometric designs.

The natural convection process within a square cavity has garnered significant interest
from researchers over the years due to its importance and wide range of applications across
various disciplines and sectors [9,10]. The first studies in this field date back to 1942 and
include notable works such as those by Elenbaas [11], and the syntheses conducted by Ostrach
[12,13], Batchelor [14], Shih [15], and Gebhart et al. [16]. In the latter reference, the validity
limits of the widely used Boussinesq hypothesis in the analysis of natural convection are
thoroughly discussed. In 1983, De Vahl Davis and Jones [9] confirmed the accuracy of the
benchmark solution, establishing a foundation for verifying different methods and computer
programs employed to generate contributed solutions.

Reddy et al. [17] conducted a numerical investigation on the flow of nanofluid inside a
square cavity under isothermal conditions on both side walls and adiabatic conditions on the
top and bottom walls. The finite difference method was utilized to solve the governing
differential equations expressed in terms of the stream function. The results indicate an increase
in the rate of heat transfer with higher values of the Rayleigh number (Ra).

The investigation conducted by Hassanzadeh et al. [18] focuses on the impact of a
revolving rough cylinder within a square cavity on the mechanism of natural convective heat
transfer. Six different cases are examined, and the differences between the cases become more
pronounced at lower Rayleigh numbers and higher rotating speeds.

In a study by Rui et al. [19], the process of natural convection melting in a square cavity
is explored. The authors developed an enthalpy-based lattice Boltzmann model (TLBM) in
combination with the pseudo-potential LB model to accurately track the solid-liquid interface.
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The results demonstrate that TLBM effectively simulates the solid-liquid phase transition
process with great precision.

In a study by Leporini et al. [20], the natural convection process of air within a square
cavity with active side and bottom walls was investigated. The authors examined the effects of
the position relative to the gravity vector and the temperature difference between the hot and
cold walls. Numerical simulations were performed using both a pure convection model and a
combined radiative-convective model. The results show good agreement with experimental
measurements, and the inclusion of radiance contribution does not affect the outcomes.

A numerical analysis of laminar natural convection in a square cavity filled with air (Pr
= 0.71) was provided by Alsabery et al. [21]. The cavity contained two cylinders of different
geometric shapes (square, circular, and elliptical), each with the same surface area. While the
other walls of the cavity were assumed to be fully insulated, the right wall was uniformly cooled
to a constant temperature, Tc. The results highlighted the significant influence of Rayleigh
numbers on the flow and heat transfer within the cavity

Karki et al. [22] employed the lattice Boltzmann approach to study the impact of
adiabatic obstructions on two-dimensional natural convection within a square enclosure. It was
observed that the average heat transfer along the hot wall increases with the size of the obstacles
until it reaches an optimum value. Further increases in size lead to a decrease in heat transfer.

The Boussinesq approximation, widely used for numerically simulating natural
convection problems, is based on the Oberbeck-Boussinesq principle. However, the accuracy
of this approximation was limited to small temperature variations. To address this limitation,
researchers and engineers were motivated to develop approaches that extend beyond the range
of validity of the Boussinesq approximation, particularly for buoyancy-driven flows with large
temperature differences. Mayeli et al. [23] collected and classified various methodologies for
the numerical modeling of laminar natural convection, including both Boussinesq and non-
Boussinesq approximations for Newtonian fluids. These classifications fell into two broad
categories: compressible and incompressible techniques. Figure 1 provides a summary of the
different approximations used for the numerical simulation of natural convection problems.
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Gay-Lussac Variable Non-linear density OB Thermodynamics
approximation properties state equation approximation  Boussinesq approximation

Figure 1.1: Classification of various approximations used in the numerical modeling of
natural convection issues.

1.2 BOUSSINESQ APPROXIMATION

In 1903, Boussinesq observed that density variations can be neglected, except when
multiplied by gravitational acceleration in the equation of motion for the vertical component of
the velocity vector [24]. This simple approximation has had a profound impact on various areas
of fluid dynamics. It allows us to treat flows with small density variations as incompressible
while still accounting for the primary effects of density variations. Moreover, it holds
significant analytical and numerical importance by eliminating acoustic modes, which can be
challenging to handle

Many problems in fluid dynamics have been successfully solved using Boussinesq-type
approximations, yielding results that align well with experimental data [25]. Notably, the work
of Gray and Giorgini [26] deserves mention, as they developed a new method for deriving
approximation equations for natural convection flows. By systematically applying this
approach, they defined specific conditions for eliminating different terms. This technique
effectively determines the conditions under which a particular Newtonian liquid or gas satisfies
the conventional Boussinesq approximation. The study used air and water at room temperature
as examples to illustrate the application of this technique.

Turkel [27] provided a general description of preconditioning the steady-state
compressible inviscid fluid dynamic equations. Extensions of the Navier-Stokes equations were
also taken into account. Various variations of the preconditioning matrix were presented, along
with implementation details.

Cherkasov et al. [28] discussed laminar natural convection in a gas confined between
two vertical isothermal plates, each heated to different temperatures. They obtained an
analytical solution using the Boussinesq approximation and compared it to a similar problem
involving a liquid.
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Hamimid et al. [29] investigated the combined effects of laminar natural convection
and surface radiation in a differentially heated square cavity. The computations were performed
using the finite volume method, a staggered grid, and the SIMPLER algorithm. A power-law
scheme was applied to approximate the advection-diffusion terms, while analytical formulas
were used to calculate view factors. The study examined the influence of emissivity on
temperature and velocity profiles within the enclosure. Additionally, results for local and
average convective and radiative Nusselt numbers under various parametric conditions were
provided and analyzed.

Meyali et al. [30] presented a formulation based on the Boussinesq approximation for
the numerical simulation of natural convection. By incorporating density variations into the
advection terms, the study accounted for centrifugal effects arising from both bulk enclosure
rotation and individual vortices, leading to more accurate results.

Many numerical and theoretical studies on natural convection in a cavity use the
Boussinesq approximation [28,31-35]. Recently, the ideal gas law and asymptotic expansion
methods have been employed to reevaluate this approximation. Generally, the Boussinesq
approximation is considered valid when the maximum temperature differences do not exceed
10% of the reference temperature of the gas [36]. However, this approximation has not been
questioned in the context of solute convection, highlighting the need to develop alternative non-
Boussinesq models, such as the low Mach number approximation, to address these situations

1.3 LAW MACH NUMBER APPROXIMATION

Boussinesq's approximation has sparked extensive discussion, as previously mentioned.
Over the past fifty years, numerous publications have addressed the validity of the Boussinesq
approximation, particularly in the context of closed systems [37—39].

Gray and Giorgini [26] provided detailed information on the Boussinesq
approximation, noting that its validity limit for air is around 28.6 K. This work has likely
influenced the ideas developed by Paolucci [40], which are currently being examined in several
studies. In particular, Rey [41] built on these ideas by specifying the limits of applicability of
this approximation and further explored its practical constraints.

In practical terms, Mach numbers are always extremely low for internal flows, rendering
the Mach number limit insignificant. Additionally, Pons and Le Quéré [42-44] raised concerns
about the impact of pressure forces and even viscosity [45].

In general, density fluctuations in physical flows can arise from compressibility
(pressure variation), dilatability (temperature variation), or a combination of two species (fluids
with different densities). When the Mach number in a flow exceeds unity, the flow becomes
supersonic and may exhibit shock waves that significantly influence the flow behavior. Even at
low fluid velocities (such as in natural or mixed convection), numerically processing the
conservation equations in their compressible form presents challenges.

The concept of a low Mach number arises when studying compressible flows at low
speeds. This condition is characterized by a flow's characteristic velocity, U, being significantly
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lower than the speed of sound, ¢ (which represents the propagation speed of pressure waves).
Consequently, the Mach number, Ma, defined as the ratio of U to c, is much less than unity.
Such flows are encountered in various physical phenomena, including oceanic circulation,
respiratory and vocal processes, natural convection, aeroacoustics, and industrial processes
such as gas cooling or heating in enclosed domains and combustion. In these cases, significant
density variations occur due to heat generated by chemical reactions. Furthermore, even in
hypersonic flows, regions near stagnation points and adhesive surfaces can exhibit zero
velocity.

Paillere et al. [46] investigated two numerical methods for solving low Mach number
compressible flows and their application to single-phase natural convection problems. One
method is based on an asymptotic model of the Navier-Stokes equations, which is valid for
small Mach numbers. The other method is more general than the Boussinesq incompressible
flow model.

Jagannathan et al. [47] presented results from direct numerical simulations of
stationary compressible isotropic turbulence conducted at very high resolutions. They analyzed
compressibility effects by decomposing the velocity and pressure fields into solenoidal and
dilatational components. They proposed a critical turbulent Mach number of approximately 0.3,
which delineated two distinct flow regimes.

Arima [48] investigated a mathematical model for environmental fluids that described
fluid flow motions with significant density variations. The model was formulated as an unsteady
low-Mach number flow based on the compressible Navier-Stokes equations. By making this
assumption, the detailed acoustic effects were eliminated from the governing equations.

Boscarino [49] presented a finite volume shock-capturing method that asymptotically
preserved all Mach numbers for numerical solutions of the compressible Euler equations of gas
dynamics. Numerical tests were conducted in one and two dimensions to demonstrate the
performance of the proposed scheme in both compressible and incompressible regimes.

Yu Zhang et al. [50] numerically investigated the non-Boussinesq effect in thermal
convection within an air-filled horizontal concentric annulus using the variable property-based
lattice Boltzmann flux solver (VPLBFS). The study analyzed various solutions, including the
real solution considering total fluid properties, constant property solution, dynamic viscosity,
partial Boussinesq approximation, thermal conductivity, and fluid density. The study revealed
complex flow instability behavior under non-Boussinesq conditions and its correlation with
heat transfer characteristics. It emphasized the significance of considering the integral effect of
total fluid properties and fluid density variation.

The low Mach number approximation has become a valuable tool in fluid dynamics and
thermodynamics. It simplifies the mathematical representation of fluid flow phenomena when
the flow velocity is much smaller than the speed of sound. This technique is based on the
understanding that density variations due to compressibility are negligible at low Mach
numbers. As a result, it has been widely applied across various scientific and engineering fields.
From astrophysics to combustion science, and from environmental modeling to biomedical
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engineering, the low Mach number Approximation has provided valuable insights and
predictions for complex fluid behaviors.

1.4 NATURAL CONVECTION IN POROUS MEDIA

Natural convection in porous media is a fascinating field where the low Mach number
approximation plays a crucial role. Natural convection refers to the flow of a fluid driven by
temperature gradients and the resulting density differences, while porous media involve
materials with interconnected voids filled by a fluid. Understanding the interaction between
natural convection and porous media is of great importance in various domains, including
geothermal energy extraction, subsurface environmental remediation, and the study of heat
transfer in porous materials such as soils. Researchers typically use a combination of the Darcy-
Brinkman equation, which describes fluid flow through porous media, and the heat conduction
equation to analyze natural convection in porous media. These equations are often solved
together to model the coupled phenomena.

Modeling natural convection in porous media presents challenges due to the complex
geometry of porous materials and the interplay between fluid flow and heat transfer. Accurate
simulation and prediction of these phenomena often require high-performance computing and
advanced numerical techniques.

In the past decade, significant progress has been made in this field, particularly with
regard to the low Mach number approximation. This approximation has paved the way for new
insights into understanding and leveraging the complexities of convection in porous media.

Gray and Giorgini [26] introduced a novel method for deriving approximate equations
governing natural convection flows. This approach allows for the explicit identification of terms
that can be neglected and establishes conditions under which the conventional Boussinesq
approximation is applicable to both liquids and gases.

In a review by Stauffer et al. [51] on thermally driven convection in porous media, it
was revealed that air exhibits a critical Rayleigh number of 472, However, the thermal gradient
decreases due to adiabatic effects. Finite amplitude analysis predicted the onset of convection
in air-filled porous media, and the resulting Ra vs. Nu curves aligned with experimental data
for water.

Peirotti et al. [52] investigated the validity of the Boussinesq approximation in natural
convection within a fluid-saturated porous cavity with insulated walls. Numerical calculations
were performed for water and air, considering various Rayleigh numbers and aspect ratios. The
findings demonstrated significant differences between the Nusselt numbers obtained using the
Boussinesq approximation and those predicted by the model

In recent years, there has been a growing body of literature dedicated to advancing our
understanding of low Mach number natural convection in porous media. Researchers have
focused on exploring the complexities of fluid-solid interactions, the influence of heterogeneity
in porous structures, and the effects of porosity and permeability on convective heat and mass
transport. The integration of numerical simulations and experimental investigations has played
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a crucial role in validating and refining theoretical models, leading to more accurate predictions
and the design of more efficient systems.

Lebeau et al. [53] proposed a numerical model for convective heat and mass transport
in both compressible and incompressible gas flows with soil-water phase change. The model
considered adiabatic processes of compression heating and expansion cooling, allowing the
inherently compressible gaseous phase to be treated as incompressible. The method employed
a Galerkin finite element formulation with adaptive mesh refinement and dynamic time step
control. The significance of this model became evident as the thermal gradient approached the
adiabatic gradient, indicating that pore-air compressibility could not be ignored in medium to
large-sized enclosures with small temperature differentials.

Johnson et al. [54] investigated numerical models of flow in unsaturated porous media,
focusing specifically on the use of retention functions to account for capillary effects. However,
many porous systems undergo changes in porosity, which in turn affect the retention function
during the simulation. To address this issue, they introduced a new retention function that
updates the maximum capillary pressure, residual saturation, and maximum saturation before
applying the saturation fit. This correction helped rectify unphysical model behaviors and led
to significant changes in simulation outcomes, particularly in systems dominated by capillary
effects. The porosity-dependent retention function proved essential for obtaining meaningful
simulation results in systems with varying porosity

Shankar et al. [55] investigated the linear stability of thermal buoyant flow in a fluid-
saturated vertical porous slab, considering both weak and strong horizontal permeability
heterogeneities. The study examined linear, quadratic, and exponential heterogeneity models
and found Gill's proof to be ineffective. It presented neutral stability curves and calculated the
critical Darcy-Rayleigh number for convective instability. The research highlighted both the
similarities and differences between the various heterogeneity models concerning fluid flow
stability

In their research, Yan et al. [56] explored the impact of low- or high-permeability
inclusions on density-driven free convection in porous media. The study conducted sensitivity
analyses using the modified Elder problem, focusing on permeability contrast, effective area,
and distance. The results indicated that high-permeability inclusions had stronger effects due to
unbalanced solute distributions, that larger effective areas influenced free convection, and that
free convection was more sensitive to inclusions that were vertically closer. The findings also
revealed that high-permeability inclusions had a more significant impact at the early stage,
while those located far from the source zone exhibited a later impact. These insights contributed
to the understanding of unstable density-driven flow and solute transport in porous media with
structured heterogeneity

Barletta et al. [57] analyzed buoyancy-induced parallel flow in a cylindrical porous
layer with an annular cross-section, assuming a radial thermal gradient originating from a
uniformly distributed heat source. The study investigated the onset of convective instability by
utilizing the heat-source Rayleigh number and the ratio between the internal and external radii.
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Neutral stability curves and critical values were computed numerically, revealing that
axisymmetric modes were the most critical type of instability.

.5 NATURAL CONVECTION IN POROUS MEDIA WITH AN INTERNAL HEAT
SOURCE

In the realm of natural convection within porous media, the introduction of internal heat
generation adds a layer of complexity. The interaction between fluid dynamics and thermal
processes becomes intricately intertwined as the porous matrix itself acts as a heat source,
leading to significant implications across various fields. The presence of an internal heat source
further complicates porous media convection, opening up diverse applications such as
geothermal reservoir management, nuclear reactor safety protocols, and optimization of
subsurface heat transport. Extensive research efforts have been devoted to understanding this
phenomenon, as demonstrated by the study by Hardee et al. on heat transfer characteristics in
fluid-saturated porous media. Their investigation combines analytical models with
experimental data, and derives an approximate criterion for dry out in two-phase boiling heat
transfer within stationary beds [58].

Furthermore, Hdhiri et al. [59] employed a numerical methodology to explore natural
convection within a square cavity filled with a porous medium. Using the Darcy-Brinkman
model, they predicted heat transfer within the porous material and obtained numerical solutions
for varying Grashof, Prandtl, and Darcy numbers. Their research emphasized the significant
impact of increasing Prandtl numbers on average Nusselt number values, noting that
homogeneous media tended to overestimate heat transfer rates compared to porous media.
Additionally, their work established valuable correlations for heat transfer rates in scenarios
involving porous media.

Turkyilmazoglu published two papers. The first paper investigated free convection
flow on a heated, vertically stretching permeable surface within a porous medium. The
governing equations were transformed into self-similar nonlinear ordinary differential
equations, which were solved analytically using exponential series. Closed-form solutions were
obtained under specific conditions, providing insights into heat transfer mechanisms [60]. In
the second paper, the author analyzed free convection flow of fluids in saturated porous media
with a nonconstant heat flux at the wall and internal heat generation/absorption. The focus was
on obtaining analytical solutions for the temperature field of the porous medium.

Closed-form solutions were found, revealing either unique or multiple solutions depending on
whether the medium was cooling or heating. Thresholds for multiple solutions were determined,
with algebraically decaying solutions dominating. The paper also validated the exact solutions
through simplified real models. The results contributed to further research on free convecting
flows in porous environments, emphasizing the need for justification of numerical methods
[61].

Another study conducted by EI Ahmed et al. [62] involved the numerical simulation
of magnetohydrodynamic free convection and heat transfer in wavy enclosures filled with a
heat-generating porous medium. The study employed complex models, including Buongiorno's
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model with Brownian motion and thermophoresis for nanofluids, as well as the Darcy model
for porous media. The wavy enclosure was subjected to an inclined magnetic field and a
constant heat generation source. The system was numerically solved using an implicit finite
difference method and compared with published data.

Shankar et al. [63] conducted a study on the stability of natural convection in a vertical
layer of heat-generating Darcy porous medium with Oldroyd-B fluid, using a local thermal non-
equilibrium (LTNE) model. This model incorporated two heat transport equations for the fluid
and solid phases, accounting for uniform volumetric heating in both phases. The introduction
of internal heating induced flow asymmetry, resulting in competing modes.

Khan et al. [64] investigated triple-diffusive free convection in porous chambers, with
a specific focus on internal volumetric heat generation and temperature. The study examined
square, trapezoidal, and triangular porous chambers, using different concentrations of NaCl and
Sucrose as solutal components. The research explored the effects of internal heat generation
rate, Rayleigh and Lewis numbers, buoyancy ratios, salt concentration, and Nusselt, Lewis, and
Sherwood numbers. The triangular cavity exhibited the highest heat and mass transfer rates
among the investigated configurations.

Rao et al. [65] studied natural convection in a wavy cavity involved in cooling a heat
source with a constant heat flux. The non-dimensional governing equations were solved using
a finite difference method. Parameters considered in the analysis included heater length,
effective Rayleigh-Darcy number, and the waviness of the right vertical wall. The results
indicated that convection in the wavy cavity depended primarily on € only at high Ra, and a
significant enhancement of convection was observed as the surface roughness increased.

Al-Amir et al. [66] conducted a study on the significance of natural convection and
entropy generation in enclosures, particularly when using nanofluids and porous media. These
processes enhanced heat transfer, fluid flow, and overall system performance. Optimizing them
led to improvements in thermal management systems such as heat exchangers, electronic
cooling systems, and renewable energy devices. The study focused on investigating entropy
generation and natural convection in a Z-staggered cavity filled with a porous medium
containing TiO»-water nanofluid. The results demonstrated that increasing the Rayleigh number
and nanoparticle volume fraction enhanced heat transmission, while decreasing the Darcy
number and heat generation factor reduced the Nusselt number. The most effective streamline
configuration was achieved at an inclination angle of 60 degrees.

Fereidooni's research focused on the free convection of Cu-H>O nanofluid flow and
heat transfer in a wavy circular porous domain using the finite element method (FEM). The
study examined the influence of the shape factor of nanomaterials on flow and heat transfer
characteristics. The results revealed that the average Nusselt number increased with the
concentration of the nanofluid and the shape factor of the nanoparticles, while it could decrease

by reducing the values of the wavy wall’s contraction ratio A and the number of undulations D
[67].
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Collectively, these studies represent a significant body of research that not only
enhances our understanding of natural convection in porous media but also provides practical
insights for various applications, including geothermal energy extraction, nuclear reactor safety,
and the optimization of subsurface heat transport. This research serves as a foundation for
further exploration and underscores the importance of ongoing efforts to unravel the
complexities of this captivating field.

Moreover, several studies have explored specific aspects of this phenomenon, including
the effects of nanofluids and magnetohydrodynamics. Additionally, research has focused on the
stability of natural convection in heat-generating porous media and the influence of surface or
volumetric radiation on this phenomenon. These investigations have significantly advanced our
understanding of the complexities associated with heat transfer and fluid flow within porous
materials.

1.6 NATURAL CONVECTION IN POROUS MEDIA WITH SURFACE RADIATION

Surface radiation plays a crucial role in heat transfer within porous materials. These
materials can induce fluid motion through natural convection driven by temperature differences.
However, the presence of radiation emission and absorption on the surfaces of these materials
adds complexity to the heat transfer process. The interaction between radiation and natural
convection is significant in various fields, including geothermal energy, heat insulation, and
environmental science. Depending on factors such as temperature variations and the radiative
properties of the porous materials, radiation can either enhance or hinder natural convection.

Researchers use mathematical models, computer simulations, and experimental studies
to examine how radiation affects heat transfer rates and fluid flow in porous materials. These
studies aim to develop more energy-efficient systems and improve materials for various
applications, ranging from underground energy storage to nuclear reactors

In a study by Yih [68], numerical solutions were presented for the influence of radiation
on natural convection in an isothermal vertical cylinder embedded in a saturated porous
medium. The Keller box method was employed to transform the partial differential equations
into non-similar boundary layer equations. The results showed that the local Nusselt number
increased with the transverse curvature parameter &, and the local heat transfer rate rose with
the conduction-radiation parameter Rd and the surface excess temperature rate H.

Hossain et al. [69] examined the effect of radiation on the flow of optically dense,
viscous, incompressible fluid induced by Darcy’s buoyancy on a heated inclined flat surface.
They employed the Keller box elimination method, the implicit finite difference method, and
the Rosseland diffusion approximation. The results showed that the local Nusselt number
increased with the buoyancy parameter. The study also demonstrated the impacts of the surface
temperature excess ratio and the conduction-radiation parameter.

Scarella et al. [70] expanded the investigation of the interaction between natural
convection and radiation heat transfer in a differentially heated cavity to the low Mach number
approximation in 3D for both transparent and participating media. They solved the Navier-
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Stokes and energy equations using the finite volume method and the discrete ordinates method.
The work was validated using the Boussinesq approximation and simulations.

Gorla and Bakier [71] examined radiation and convection heat transfer in porous
media using Darcy's model. They considered a rectangular profile fin with three types of fins:
a long fin, a finite-length fin with an insulated tip, and a finite-length fin with an exposed tip.
The study discussed the effects of the porosity parameter S, the radiation parameter G, and
the temperature ratio Cr on temperature distribution and heat transfer rate. The results showed
that radiation transferred more heat compared to a similar model without radiation.

Darvishi [72] investigated convection heat transfer in porous media using the homotopy
analysis method (HAM). The study considered a rectangular profile fin with three types: long,
finite, and exposed. The heat transfer equation was formulated using Darcy's model, and the
effects of porosity, radiation, and temperature parameters were analyzed. The results showed
that radiation transferred more heat compared to a similar model without radiation. The
auxiliary parameter in the HAM was derived using the averaged residual error concept, which
reduced computational time. The study found that the base heat flow increased with medium
permeability and buoyancy effects and was enhanced by surface radiation or the tip Biot
number.

The work of El-Kabeir et al. [73] investigates the effect of thermal radiation and
nonlinear Forchheimer terms on boundary-layer flow and heat transfer from a vertical cylinder
in a porous medium with nanofluids. A model was created, and the governing equations were
numerically solved. Parametric research was conducted after comparisons with earlier work
indicated a high level of agreement.

Xu [74] investigated the utilization of nanofluids and metal foam in thermal engineering
to enhance heat transfer rates. Metal foam offered advantages such as low weight, high specific
surface area, and thermal conductivity. Nanofluids, with their increased thermal conductivity,
served as effective heat transfer mediums. The study examined the flow and heat transfer modes
of nanofluids, metal foam, and their combination, aiming to urge researchers to focus on
fundamental transport concepts for improving heat transfer in porous media. This
understanding could contribute to enhancing the performance of miniaturized heat exchangers
and heat sinks used for electronics cooling.

In their article, Badruddin et al. [75] presented a comprehensive review of recent
research on heat transfer in porous media, focusing on various geometrical shapes such as
vertical plates, cavities, and cylindrical shapes. The review encompassed phenomena such as
natural convection, mixed convection, thermal equilibrium, and thermal non-equilibrium.
Despite more than a century of research, new discoveries continue to deepen our understanding
of porous media, highlighting its significance in various applications.

1.7 CONCLUSION

Natural convection, particularly within square cavities, is of significant importance in
engineering applications such as electronic component cooling, solar energy capture, and room
ventilation. Extensive research has been conducted on cavity geometries, as well as on factors
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like rotation, fluid properties, and the development of numerical models to simulate these
processes. Although the Boussinesq approximation is a fundamental approach, its limitations
have led to the exploration of alternative methods, such as the low Mach number
Approximation. These advancements have greatly enhanced our understanding of heat transfer
and fluid dynamics, with practical applications in both engineering and environmental science.

The study of natural convection in porous media is a complex, multidisciplinary field
that has made substantial progress over the years. It involves intricate interactions between
fluids and solids, as well as various mechanisms of heat transfer. Darcy's law is commonly used
to represent porous media, describing the relationship between fluid velocity and the pressure
gradient within the medium. The low Mach number approximation can be seamlessly integrated
into Darcy's law to account for low-speed, incompressible flows.

Heat transfer in porous media involves conduction through the solid matrix and
convection through fluid-filled pores. The low Mach number approximation simplifies the fluid
flow aspect of this heat transfer, allowing for a more accurate depiction of natural convection
patterns within the porous material.

Mathematical modeling and numerical simulation are tools used to study the impact of
factors such as surface radiation, internal heat generation, and nanofluids on heat transfer rates
and fluid flow within porous media. They allow for the examination of interactions between
parameters such as temperature, porosity, radiation intensity, and fluid properties in these
media. These interactions are crucial in advancing our understanding of natural convection in
radiation-influenced environments. The integration of the low Mach number Approximation
will further expand the field of study, providing valuable practical insights.

Internal heat generation within porous media is a phenomenon that can significantly
influence natural convection patterns. Understanding how heat sources affect fluid motion and
temperature distribution is essential for optimizing systems and processes. Consequently, we
have relied on mathematical modeling and numerical simulations to explore the intricacies of
natural convection in these contexts, providing valuable insights into heat transfer rates and
fluid flow patterns.

This comprehensive review aims to synthesize the latest developments and trends in the
study of low Mach number natural convection in porous media, providing an up-to-date
resource. We delve into the theoretical foundations of this approximation and explore key
findings in the field. By doing so, we hope to offer researchers, engineers, and scientists a
valuable reference for understanding the complexities of convection in porous materials and
designing innovative solutions that leverage the low Mach number approximation
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1.1 INTRODUCTION

In this chapter, we explore the fascinating world of fluid mechanics, where we study the
behavior of different types of fluids like water and air. We start by developing a set of equations
that help us understand how these fluids move and change over time. As we go through the
chapter, we break down these equations into simpler forms to make them easier to work with.
We also discuss the assumptions we make about the flows, like assuming the density stays
constant or that the flow is one-dimensional. By understanding these basic principles, we can
gain a better understanding of how fluids behave and open the door to more advanced studies
in fluid dynamics.

1.2 CONSERVATION EQUATIONS

The state of flow of a fluid is characterized by its velocity vector V', density p , pressure

p , and temperature T . The velocity vector Vv components are denoted as u,v in the x,y and
z directions, respectively. Assuming that the internal properties x,41,c,, ¢, namely density

and temperature, are known, equations exist to determine the values of the six dependent
variables u,v ,w, p,p,T as functions of time and space x,y,z and t . The balance equations

governing the fluid motion in a spatial domain consist of three conservation laws, along with
the fluid's equation of state:

e Conservation of mass, which ensures the conservation of mass for fluid particles.

e Conservation of momentum, which applies Newton's law to fluid particles.

e Conservation of energy, which states that energy cannot be created or destroyed and
preserves the energy of fluid particles.

e The thermodynamic equation of state (or constitutive equation), which establishes a
relationship between the state variables f (p, 0,T).

11.2.1 Compressible Flow

This model, which does not involve approximations, is the most comprehensive and can
be used to accurately describe flows with high compression ratios.

11.2.1.1 Conservation Equations

By disregarding heat loss through radiation, we can derive a system of six equations
[1,2] for a two-dimensional compressible flow of a viscous Newtonian fluid that satisfies
Stokes' hypothesis and the perfect gas law. Assuming that the only volume force present is

gravity F =g , the equations are detailed in Appendix I:

e Continuity equation:
gt—p+v.(p\7)=o (11.1)

e Momentum equation:
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— — — —~ 1 —
VvV — |=pg —-Vp+V.uW +=VuVV 1.2
p(( )\/+atj PY=VPp+VUW +2V (11.2)
e Energy equation:
oT  (+ dp .=
pCp(E+(V V)Tj=r+V.kVT + W (11.3)

e State equation:
p=pRT (1.4)

Equations (I1.1-11.4) are universally applicable and hold true regardless of variations in physical
properties related to pressure and temperature. Furthermore, it is feasible to establish a set of
simpler equations, although their scope is more limited, that correspond to various specific
cases.

11.2.2.2 Summary of the Equations

In the low Mach number approximation, we have Ma <« 1. Therefore, terms of
order higher than or equal to Ma®can be neglected in the continuity, energy, and state

: . Ma? N N
equations. The momentum equation is solved at the order 0( ) resulting in the simplified
equations that govern low Mach number flows.

)
aé"t—*w.p(% ©_0 (11.5)

vp©@ =0 (11.6)

ov© 1 o= 1_ 4 L 1.
P e +p (v (O)V)v © :E'D(O)g —;Vp( '+ Re* V.1 Ovv © +§Re‘ ViOvy @  (11.8)

(0) _ (0)
P, © (5;;* v OVT ((»j —pet (V.k OyT © ) Lr-l d(;)t* (11.9)
I

p@ = pO1 © (11.10)
11.2.2.3 Redimensioning the conservation equations

To reestablish the conservation equations in dimensional form, we utilize the
velocity scale and the pressure scale. The dimensionless variables can be expressed as follows:

X =x /gt =t /(1,10 )V O=V 10U ;p@ =ppy, [ o0 = pl py
1=l K =K Ik T =T ITgie, =c,/¢,6:9" =9 /9o, p” =P/ p,
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Finally, we obtain the conservation equations in the low Mach number approximation in
dimensional form (omitting the superscripts "0" for simplicity):

o

Ep+v.pv =0 (1.11)
Vp=0 (11.12)
p£%+v vV j:pa—Vpdyn +V.uVV +%vw.\/ (11.13)
pCp[%r—i-V Vsz(V.kVT)Jr% (11.14)
p=pRT (11.15)

In the particular case of constant density #, convection does not occur. Assuming that this state
is represented by:

V=0 P=Py P=PogT :To,equation (2.13) gives:
0=p,g - Vp, (11.16)
With : Po = 0,0y

Where a temperature difference exists, density changes with temperature. Pressure Pan can

therefore be expressed as the sum of perturbed pressure P"and static pressure Py = Py :
Payn = P'+ Po (11.17)
The total pressure can therefore be written as: p(f,t) =p'+p, —B(t)

By subtracting equations (11.13) and (11.16), we can write:

— — — , — 1 —
p[(V v)v +EJ:(p—po)g —Vp'+ VLW + VUV (11.18)

It is also assumed that the dynamic viscosity is either constant u(T ) = u(T,) = 4, or given by
Sutherland's law [7]:

3/2
T
pT) (T} TetS, (11.19)
Ho T, T +S#
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With T,=273k, S, =110.5K , 1, =1.68x10°kg.m"s™* [8-10]. Thermal conductivity is
given by:

COkO
() = u(T )=

Yo

(11.20)

11.2.3 Dimensionalization of the Low Mach Number Equations

To ensure the generality of the solutions for numerical validation of the calculation
code and comparison with literature results, the conservation equations of the low Mach number
model are introduced with the following scaled variables:

2 _ . o
p= @ ox Xy Y gty W PRSP T e
H H a a pa Po
AT =T, T, , T,=1 ZTC

Where: &, = AT / 2T, represents a parameter that measures the temperature difference between
the active walls.

The dimensionless thermophysical quantities are defined based on their values under reference
conditions:

P =plpy il =pul u;k =k Ik, et C; =C,/C,,=1,[3].
Based on these considerations, we obtain the following system of dimensionless equations:
ap*v

ap*  9p*U

T ox T oy =0 (1.21)
«(oU ou ou oIl 0 . oU 0 . oU 1 . -

— U —+V — |=——+Pri— |y — |+ —| g — |[+=Vu' VWV 11.22
p[af x avj ax+r{ax(”axJ+aY(”an+3” } (11.22)
*(ﬂw Y ﬂ):-‘a—H—RaPr” -1,

ot oX oY oY 2¢g,

a *av 6 *aV 1 *, -
Pr + +=VuVV 11.23
{ax[”ax)av(”avjs” } (11.23)
« x (06 a0 90\ _ 0 (,.00) , 8 (,,00\  y-1dP
P tp (§+Ua_x+va_y) _ax(k ax)+ay(k 6Y)+2£bydt (11.24)
* 5

= 11.25
P = 26,041 (11.25)
The dynamic viscosity and thermal conductivity become:

. 1+S [T
i =(25,60+1)"" (1+5,/T,) (11.26)

26,0+1+S T,
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k™(6) =@ (11.27)

In addition to these equations, we have the dimensionless form of the equation of state, which
IS given by:

. P
_ 11.28
P = 2s0+]) (11.28)

When solving these equations numerically, the problem is that there are more unknowns than
equations (at 2D, there are six unknowns). This is due to the pressure decomposition, which

introduces thermodynamic pressure p (or p‘®) as an additional unknown. In order to close the

problem, we need an additional equation translating the initial state, which is the conservation
of mass equation.

11.2.3.1 Calculation of p
The thermodynamic pressure is the ambient pressure:
p(t)=1 vt (11.29)

in an open cavity and is determined by the conservation of total mass:
jgde=Mo=jQp0dQ , V't (11.30)

in a closed cavity. The volume of the system is denoted by Q , and M ;s defined as the initial
mass of the system:

_ _ 1D
Mo_jQpOdQ_EjQT—OdQ (11.31)

From the equation of state, we obtain:

,o:L and p, = P (11.32)

RT RT,

Integrating over a control volume, we have:

P oo [ Po P R
jQR—TdQ_ QR—TOdQ =N ijT—dQ_pOjQT—OdQ (11.33)
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Finally, we obtain the expression:

1
fQTOd Q

1
[y a0

P =P (11.34)

11.2.3.2 Calculation of (L—tp

The second additional equation is given by the calculation of the term (jj_t . The

conservation of mass equation, combined with the energy equation and the equation of state,
allows us to write the divergence of velocity in the form given by equation (2.38). We have:

For the equation of state:

dp_1dp__p dI

= — 11.35
dt RT dt RT?dt (11.35)
For the continuity equation:
vy —_L1dp 1dT (11.36)
pdt T dt
For the energy equation:
L L ) (11.37)
dt Pdt e, pc, dt
Combining equations (11.10) and (11.11), we have:
vwo_tdp, 7l gygr vl de (11.38)
p dt  pyRT pyRT dt
With:
¢ - IR
y—1
Integrating over the control volume of equation (11.38), we get:
[ wida=] _1de vty et 2 2229R g (11.39)
o S pd py y dt
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Applying the divergence theorem for impermeable wall conditions:

L;WdQ:L,V nds =0 (11.40)

We obtain:

[ iid_pm:j 7lykvTda (11.41)
Qpydt 2 py

p only depends on time, thus:

1dp

_r-1
T deQ_TjQV.kVTdQ (11.42)

Using the divergence theorem:

[ vkvTdQ=[ kvTds =] k s (11.43)
Q S S an

Therefore:

ld—pj dQJ—_lj kVTdS (11.44)
y dt e y s

Finally, we have:

' (y—l)L kVTdS

11.45
dt [do (1149
Q
By dimensioning the expressions of p and %—tp , We have:
— aqQ
P = fgl— (11.46)
f02£b9+1dQ
dpP 1 K aeds (11.47)

E: ZEby.m.L 8_n
Q
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In the case of the Boussinesq approximation, the dimensionless equations are as follows:

NN (11.48)
oX oY

| +U |V +V U =— or +Pr aZUZ +—82U2 (11.49)
or  oX oY  oX X2 oY

N N o7 gy aﬂ/ﬁaﬁ\/z +RaPro (11.50)
or  oX oY oY oX % oY

2 2
30 ., 90, 90 _ 20 &0 (1151)

P - 7T 2
ot oX oY oX° oY
11.2.4 Incompressible Flow

In an incompressible flow, the density remains constant and uniform. This characteristic
is reflected in the continuity equation, where the flow is considered isovolumetric: VW =0.

This property also implies that pressure does not need to be interpreted as a thermodynamic
quantity. In this approximation, we impose p = p, everywhere, effectively neutralizing the
equation of state p = p(p,T ), which becomes meaningless. This approximation is equivalent

to assuming that the speed of sound is infinitely greater than the flow velocity. Pressure, which
was a thermodynamic quantity in compressible flows, becomes solely a dynamic quantity that
satisfies the constraint.

In this case, we assume that the fluid properties ( p, &,k ) are constant and equal to their values

in the reference state. Additionally, we neglect the thermodynamic pressure gradient. These
assumptions are valid for low Mach numbers, where the variationsin p’ and T are very small.

Payn =P+ Po = P'= Pyyn — £,9Y (11.52)

= (P= )9 —VP' = (0= 0)9 —V(Pyn — 29y ) = P — VP (1153)

The following incompressible equations result from simplification of the low Mach number
equations:

VW =0 (11.54)

(% V vV jza—indyn + VA (11.55)
at 0

%w VT =aTl A (11.56)
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The thermal problem and the dynamic problem are decoupled, allowing for separate solution.
In the case where gravity can be neglected, the dilatable equations (Boussinesq equations) are
identical to the incompressible equations, resulting in the decoupling of velocity and
temperature.

11.2.5 Dilatable Flow (Boussinesq Approximation)

The assumption of an incompressible fluid is often too simplistic for certain flows, as it
fails to account for changes in density caused by temperature variations. In the presence of
gravity, these density changes give rise to an Archimedean force field that can induce fluid
motion. However, it's important to note that this type of movement differs in nature from the
sound waves that we typically want to filter out or ignore.

To incorporate these density variations while still considering the dominance of sound waves,
we employ the Boussinesq approximation. This approximation assumes that the speed of sound
waves is infinitely greater than the velocity of the flow. By doing so, we can capture the effects
of density variations on fluid motion without explicitly accounting for the compressibility of
the fluid.

In cases of natural convection where density variations within the fluid are small and flow
velocities are relatively slow (low Mach number), the fluid can be treated as nearly
incompressible. The Boussinesq approximation allows us to neglect density variations (o )
except in the gravitational force, known as Archimedes' term, which drives thermo-convection.
This hypothesis simplifies the analysis while still considering the essential influence of density
variations on the fluid flow [11].

Therefore, we have:

VV =0 And (L—tpzo (11.57)

The equation system then becomes:

VW =0 (11.58)

2 v)\/ U G pO)g Lvpiww (11.59)
o

%Tw VT —aT A (11.60)

So to use this approximation, the ratio between density variation and density must be small:

_ (P=po) « 1
P Po
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In actual fact, this assumption involves simplifying the equation of fluid state by linearizing the
expression of p as a function of temperature variations T , as follows:

p=p0+|:aanj| T -To) (11.61)

For a perfect gas:

p op__p
P L oP__Pr 11.62
p RT oT T ( )
This gives us:
PZAﬁ{'B}U-JQ (11.63)
T 0
= p=p 20Ty (11.64)
0

And since: = _l(a_pj = L (for a perfect gas), we finally obtain:
p\aT J,_p T,

p=p,L=-BT-Ty))

Then, noting that the value of £ is small and that temperature gradients are rarely very high,
we can replace p by p in all the terms of equations (11.11)-(11.14) (low Mach number

equations) except in the gravity term (Archimedes term or buoyancy force), which is linearized
as follows:

P9 =pod —pB(T —To)g (11.65)

And the system of equations describing the natural convection flow of a Newtonian fluid,
assumed to be a perfect gas, under Boussinesq's assumptions is:

VW =0 (11.66)
— — a]_/ N 1 ’ —
(VO)V+==B(T —Ty)g ——Vp' +vWV (11.67)
ot Po
%Jrv VT =aAT (11.68)

In the present work, the flows considered are compressible flow with low Mach number
and incompressible dilatable flow, or simply Boussinesq flow.
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11.3 THE COMPOSITE FLUID/POROUS SYSTEM

The low Mach number approximation in the porous media equation enables efficient and
accurate modeling of fluid flows through porous materials in various engineering applications.
It facilitates simulations and analyses of phenomena such as groundwater flow, oil reservoir
simulations, filtration processes, and heat transfer in porous media. By simplifying the
equations while still accounting for essential flow characteristics, this approximation provides
a valuable tool for understanding and predicting fluid behavior in porous media systems.

The governing equations for the system are expressed in a dimensional form [12].

Fluid region:

dp dpu 0 .
gp  opn PV _ (11.69)
Jat  Ox dy

ou OJdu Ju op [0 Ou_ 0 Ou)] 1 0%u  0d%u (11.70)

PGt o2 V5 T Tax Tlax Pax T3l TR

ov oy o (1.72)
p(aﬂ'ua‘l'va)

__%+[_ w9 _] LA

R FrAGE R G (u a 2t Hg) ~ 9 = po)

; \ o [ L, 9,97 9 9T dp (1.72)

(p p)f( ) (pCp)y (u Yoyl Tax“ax Tay oy T dr
5= oRT (11.73)
Porous region:
dp Odpu 6,0;17 (11.74)

ot T ox Tay 0
10u 1 odu 1 Jdu
P(zau—z“a%—z”@)
0 10, duw, 140, duy 11/ 9%u 8% (1.75)
=‘a+za(“a)+z@(%) “( Hoxz ”ay>
— Dx
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(16v+1 6v+1 av)
Plear " e2%ox szvay

B 613+1 6( 6v)+1 0 ( av)+11 62v+ 0%v D (11.76)
0y eox\"ox/) edy #ay 3¢ \Hox2 ‘u(?)y2 Y
—9(p = Po)
oT 0 0T 40 _oT dp (1.77)
PCPYerr G + ooy [u+v5 ] = 2ok Sk k4
p = pRT (11.78)
With:
u 175 p u (1.79)
Dx = po—
K V150 \/—g /2
v 1.75 p v (11.80)

D
Y= hoxt Asovkea

Based on the above description, and with the following variable changes:

t X y uH
T=—F5 X =— Y == U=
H H H Qoff
Cerf
e?pH? T—-T, AT=Tu-Tc vH
= 2 0= AT (Tu+Tc) V=
pPagss To=——— Qeff
AT — 7
& = — P = ﬂ
2Ty Po

Based on the assumption of mass, momentum, and energy conservation, the following
equations describe the unsteady two-dimensional flow with natural convection in a porous
cavity [13]:

Fluid region:
dp*  dp*U  0dp'V (11.81)
ot Tax Tav 0
. 6U+U6U+ U
PGt Uty
__om [ U Lo 1 0% 0% (11.82)
~ T ox ax Wty W T3 Waxz T aYZ)
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LoV av 0 (11.83)
p (E + Uﬁ + vﬁ
_ 6 + [ ] 02 V 0%V
ax ¢ | T 3W g tH Gy
p* -
RaPr 2e,
i} a6 a6 a0 (11.84)
pen(5:)+ (U +Var)
_ak*ae+a a0 y-— 1dp
X~ aX ' ay oy 2&py dt
. P (11.85)
P = 260+ 1)
Porous region:
dp*  dp’U  9dp'V (11.86)
ot 09X v
., ou Y ou N ou
P tUax T vy
on
= ax TEPT [ax Wax ax (“ ay)]+ W ax2 (11.87)
N ,0%U *U, Pr, L 75 10l
K Y2 Da 150 Da ¢ /2
4 av av (11.88)
p (86— + Uﬁ + Uﬁ
_ Om 4P [ ]+ 0%V
“ Ty T ax(“ ax (“ ay) G ax2 TGy
-1 P 1.75 vV
— szRaPrp 2ty —|3—|
2€, Da 150 Da g°/2
26 96 (11.89)
7(50)+ (U35 ¥ ay)
o .00 L2 Jd 090 y-1 dp
~a9x ' ax avay 2&py dt
. P (11.90)
P = 260+ 1)
With [14]:
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_ e(pCp)s + (1 — €)(pCp)s
(pCp)y

_ (PpCD)esr (11.92)
(pCp)f
11.3.1 Dilatable Flow (Boussinesq Approximation)

The fluid completely saturates the porous medium, which is assumed to be
macroscopically isotropic, homogeneous, and in local thermal equilibrium. The thermophysical
properties of the porous medium are considered constant. Furthermore, the temperature
differences within the flow domain are assumed to be small, justifying the use of the Boussinesq
approximation.

p(T) = po[1 = B(T = Ty)] (11.92)

Where: B——— EP

Also, the Darcy-Brinkman-Forchheimer model is used in the momentum equation [20].

The conservation equations of mass, momentum and energy can be expressed as follows:

Fluid Region
ou 0Jv
2 Ta, =0 (11.93)
ou ou ouw\ _  9p 0%u = 9%u
P(E"'”;"'v@) = - TGzt 52 (11.94)
4 9 d d 92 52
P(a—:+u£+v£)=—§+u(a—;+a—;)—prefg (11.95)
ar ar %t  a%T
pCp at+pCp (u—+v5)—k(ﬁ+a—yz) (“96)
With: prer = p — po = —poB(T — To)
Porous region
ou 0Jv
o, =0 (11.97)
1w 1 0w, 1. 0u_ 10D, Heffpa,
cot | £2 " ox | e2 ay_ pax+ pe Vou Dx (“-98)
v 100, 1.0v_ 10D, Heff2 _ _
T ot ta2Vs, = 5oy T e Vv TBT —To)g =Dy (11.99)
or 02T | 9T
(pcp)effE‘F(P ) (u—+v )= kerr (ﬁ-ka_yz) (11.100)
(0Cp),;, = & (Cp) + (1= )(pCy), (11.101)

Where D, and D,,, represent the matrix drags per unit volume of the porous medium in x and y
direction respectively. |V| is the magnitude of the velocity vector given by:
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V| = Vu? + v2 (11.102)
The solid matrix drag per unit volume can be expressed in the following form:
D = AV + BV? (11.103)

For a one-dimensional flow with velocity V, the above form of drag expression is
supported by a number of packed bed and fluidized bed correlations, including the widely used
Ergun’s (1952) correlation.

It can be shown that the contribution of the solid matrix drag for a two-dimensional flow
takes the following form:

1
D, = Au + B(u® + v?)zu (11.104)
D, = Av + B(u? + v¥)Y?p (11.105)
The constants A and B involved in the Ergun's correlation are given by:

_ (1-)% ur
A=150"— o7 (11.106)

_ (1-¢) p_f
B =175"—7~ >, (11.107)

Where D, is the effective diameter of particles.
By introducing the permeability K of the medium:

__£Dp
K= oo (11.108)
The solid matrix drag components Dy, Dy, become:
_ By, oy 175 pr VI
Dy =Fu+i=2L-u (11.109)
D, =My 17800 V1 (11.110)

y K V150 VK £3/2
The effective properties of the porous medium, kg, (pCp)e . and p_. generally depend

on its porosity and the tortuosity of the solid phase as well as the local fluid velocity. In this
work, the interest is not focused on the effects of these parameters, but for simplicity, the
corresponding fluid properties are used throughout the study. The momentum equations in the
porous region thus become:

10u 1 Odu 1 Ju 10p U -2 u 1.75 1 |I7|
-— — =4 —lVUu——uUu—-—=—=—u 11.111
£ ot 2" 9y pox  pe pK V150 VK £3/2 ( )

€2 ox
10v 1 dv 1 0v _ 10p

cot | 2 =

L2 Tyt ts Ll
+p£|7 v+ B(T—-Tyg k¥ T T vV

The governing equations are converted to non-dimensional form using the following non-
dimensional variables:

(11.112)

e2 " ax | g2 a_ p oy

t x uH vH e2pH?
=, X=2y=2 yu=2yv=2 p=22_
H? H H a a pa?
a
T-T, Ty+T
0 = ATO,AT:TH—TC,T(,: “2 <
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Considering the previous assumptions, the governing equations for an unsteady 2-D
problem can be written in dimensionless form:

Fluid Region
Z_ZJFZ_ZZO (11.113)
Zru v =24 pryzy (11.114)
T+ UZ+VE =24 Pry?V +RaPro (11.115)
(o) (242 9

Porous region
Z_ZJFZ_ZZO (11.117)
e 4 US4V = -2y previU — g2l — 175 |—— |VUZ+ VZ|U (11.118)
eZ+UZ 4V = -2 4 PreV?V + RaPre? 0 — oe?V — 175 |—— |VUZ+ VZ|v
(11.119)

s.(pcp)f+(1—e)(pcp)s

With: o =
(pCp )y

11.4 CONCLUSION

In this chapter, we have made significant progress in creating a mathematical model
for compressible flow. By simplifying the equations, we have uncovered the assumptions made
for different types of flows, such as low Mach number flow and incompressible flow. It's
important to consider the limitations of each equation system, as they affect how applicable
they are in real-life situations.

Moving forward, the next chapter will focus on a numerical method called the finite volume
method. This method is a powerful tool for solving equations and obtaining numerical solutions.
It allows us to simulate and analyze complex flows, considering the complexities of the
compressible flow model we established in this chapter.

By combining theoretical understanding with computational techniques, we can gain a deeper
knowledge of fluid dynamics and apply it to practical scenarios. The next chapter will provide
valuable insights into how we can implement this mathematical model in practice, empowering
us to tackle challenging problems and make informed engineering decisions.
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CHAPTER I Numerical resolution

111.1. INTRODUCTION

The equations introduced in the previous chapter are nonlinear, elliptic, coupled partial
differential equations. Due to their complexity, analytical solutions are not feasible, and
numerical methods are employed for their solution. Various numerical techniques have been
developed [1], including finite difference methods [2,3], finite element methods [4-6], finite
volume methods [7-11], and spectral methods [12]. Among these methods, the finite volume
method is widely used due to its numerous advantages, including:

e Conservation of momentum and energy balances: The difference equations derived
from the finite volume method accurately reflect the conservation principles of
momentum and energy. This ensures that the conservation principle in discretized form
is satisfied for the entire numerical domain.

e Numerical robustness and ease of use: The finite volume method is known for its
numerical stability and ease of implementation. It provides a formalism that closely
resembles physical reality, specifically the conservation of energy and momentum
balances.

In the following sections, we will describe the finite volume method in detail, highlighting its
advantages and discussing its application to the solution of the conservation equations.

111.2. GENERAL FORM OF CONSERVATION EQUATIONS

To simplify the presentation, the dimensionless form of the low Mach number
conservation equations, as discussed in the previous chapter, can be mathematically translated
into scalar function transport equations. These equations take the general form of convection-
diffusion equations ¢ :

g(p¢)+v.(p\7’¢):v.(rv¢)+s¢ (In.1)

The first term in this equation: the transient term, g(p¢) , represents the accumulation of ¢ in

time. The second, V.( N ¢) , represents convective transport ¢ . In the second member, the first

term,V.(FV(,/S), corresponds to diffusion transport ¢, and the last,S,, source term, to local

production of ¢. the termes : ¢,T"and S, and are explained in detail in Table I11.1.

39




CHAPTER I Numerical resolution

Table I11.1: Expressions of ¢,I"and S, for Mach weak equations (Case of fluid region).

Equation ¢ r S,
Continuity P 0 0
Momentum following x U * I 0
J Pru 1V,u V.V‘ -
3 . 0X
Momentum followin \Y * o 0 *—1
9y Pru va.\/ —2Z _ RaPrt
3 y ay 2€p
Energy 0 k* y-1dP
2,y dt

Table I11.2:Expressions of ¢,I"and S, for Mach weak equations (Case of porous region).

Equation ¢ r S,
Continuity P 0 0
Momentum U e Pru* 1 . —>| 5 PT 1.75 |0 on
following x €3 vuwv.v x £ ba u V150 Da ¢°/2 )¢
Momentum V * 1 = P 1.75 |V a
| P elvpy V| -2y - Bly-2=_
following y 3 Y Da 150 Da ¢°/2 Y
e2RaPr2=—
2€p
Energy 0 k* 74@

2,y dt

111.3 THE FINITE VOLUME METHOD
111.3.1 Principle

Conservative formulations of partial differential equations offer the advantage of being
able to be reformulated integrally using the divergence theorem. The conservation principle is
the fundamental law of the finite volume method. It states that the variation of a property
depends on the net flow across the boundary S enveloping the volume Q. The control volume
method is, therefore, a discretization technique for solving equations written in conservative
form. Its principle is very simple, initially developed in the case of compressible flows by
Godunov [13] and Glimm [14], then spread to the scientific community of mechanics by
Patankar & Spalding [15] in the 1970s and discussed in detail by Patankar [16] in 1980. The
principle of the finite volume method is to integrate the equation to be solved on each of the
control volumes.

As shown in Figure 111.1, the domain is discretized using a dimensional grid (uniform
or non-uniform) in both directions and oriented positively to the right (East) and upwards
(North) respectively. To write the discretization scheme at a point P, we choose a nomenclature
adapted to the principle of the finite-volume method for storing variables in our mesh, all with
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the aim of making things easier in the subsequent discretization. We therefore consider the
element P as shown in Figure 111.1, and note that the uppercase indices (E, W, N, S) characterize
the variables relating to the centroids adjacent to P, while the lowercase indices (e,w,n,s) refer
to the faces of the element.

OX,, OX,
| < >e——>
4 r—
é‘yn ................................................... '..,n,, ,:_ __________________
1 W | E
— oo Pc g'e —
é‘ys _______________________________ ' ___________________
: S
- | —
s
T R A . iA%< N R L
% | > €Dle—>>
't OX, ' OX, OX, OX.
X

Figure 111.1: 2D control volume.

111.3.2 Offset mesh

The discretization of a diffusion transport equation over a control volume using the finite
volume method involves the velocity values at the volume interfaces (u,,u, v, v ). Itis

therefore advantageous to calculate these velocities directly at the interfaces (without having to
perform interpolations). On the other hand, discretizing the continuity equation and the pressure
gradient using linear interpolation can induce significant errors due to the "checkerboard,
jagged, zig-zag" pressure or velocity distribution (an oscillating pressure field in a collocative
mesh, (Figure 111.2a) [17] is seen as a uniform field). To circumvent these difficulties, we prefer
to use staggered grids (Figure I11.2b). However, recent methods have been proposed on
collocative meshes by Rhie & Chow [18], which eliminate the problem of harmful oscillations
by means of appropriate interpolation [19].
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J+1 + o,
. B T e
] N u,IP, ; L J Uiy :; i : i
; .v,'J | . i !
_1 : : J _1.. ................ IL - _,~"_~~,_,_F_E ___________________
J N DR e e Vi
-1 ——
i -1 i -1 i
-1 | I +1 -1 I I +1
(a) (b)

Figure 111.2: Velocity-pressure formulation mesh: (a) collocative mesh; (b) offset mesh.

The main mesh (Figure 111.1) is decomposed into three secondary meshes. A main mesh
is constructed to compute the pressure, temperature, density (P, ¢, o ), and the conservation of
mass equation (at the center of each control volume). Two shifted meshes, one to the right and
one upwards, are used to compute the velocities (u,v ) in the two directions (on the faces of the
control volume). This means that not all unknowns of the problem are computed on the same
computational mesh. Different meshes, control volumes, and storage points can be used for
different variables. The relative arrangement of the different variables is schematically
represented in Figure 111.3.

Volume de contréle pour u

A * L2 AN A
I N_+_) | | L I
—t> ° — > ° o —> o T —>
Vn
e
1
B B S N 'zp,a,—li) S 4>9—> ¢ >
A A A A
I ?” | | I
—>° —[—>°g—®> o —p> o —p>-° —1>
A A A A A
I I | | I
—> o —> 0o —>» ©°© —p>» ©°© —> /jo-—1>
A A A A A
@ | | 1 | \4 |
X O Nceud principafp'@ Volume de

Figure 111.3: Control volumes for scalars and velocities.

Vitesse selon x
Vitesse selony

contrdle pour v
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The MAC (Marker And Cell) approach, which is used for numerical modeling of free-
surface flow, has shown to be particularly well-suited for the offset mesh, which Harlow and
Welch first presented in 1965 [17]. Due to the clustering of discrete velocities around pressure
nodes, which creates a very compact structure, this mesh arrangement has a number of benefits.
It thus permits concise approximations with reasonably close spots. Additionally, the spatial
convergence properties of the staggered mesh make it a superb option for precise simulations
[16].

111.4 DISCRETIZATION OF CONSERVATION EQUATIONS

When the general version of the unstable differential equation (111.1) is integrated in time
over the control volume Q_, around the present node P, we obtain:

H —(p¢ dtdQ+” div (pgu dtd Q—

], div(rgrad g)dtd Q= | s dde (111.2)

Using Gauss's divergence theorem, we obtain:

H —(p9) dtdQ+_” (p¢u)dAdt—H rgradqﬁ)dAdt_” SAtdQ  (111.3)

Where A is the surface bounding the control volume €, .
111.4.1 Transitional term

To integrate this particular term, we consider only the variation in time, assimilating the
variable ¢ to its value at the center of the control volume:

|1=U%§p¢dmt={(p¢)P—(p¢)‘;}AQ (111.4)

Where Q designates the control volume of ¢ and AQ its measurement (AQ = Ax Ay ) in the
2D case, and the exponent 0 indicates that the quantity is considered at the previous time step.

111.4.2 Convective term

=] jACV (pgu)dA dt = | jACV (pgu)(dA, —dA, +dA, —dA, Xt

={(pguA), —(puA), +(pdA), —(pdA), | At (111.5)
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We define the variable F, =(pvA), , which represents the convective mass flow through the
surface (i), i =(e,w,n,s) .

Table 111.3: Convective coefficient expression.

Face E W n S
Convective F, =puA, F, =pu,A, F =pVv,A, F =pVvA,
mass flux

It comes that:
|2:{Fe¢e_Fw¢éN+Fn¢n_Fs¢s}At (“|6)
111.4.3 Diffusive term

Finally, the gradient of ¢ at the interfaces is determined by assuming that varies linearly
between each mesh point (Figure 111.4). The conclusion is as follows:

'3:H (Fgfad¢)dAdt—{(Fa¢ ). (F8¢A) +(F25A) —(Fa¢ )}At (11.7)

¢E _¢P ¢P _@v ¢N ¢P ¢P ¢S
l=| (T A), — (T A), +(T A), —(T At (111.8)
( (6%), (6% ), (6Y), ]

Peuan!

I e

I <—Ax S

Figure 111.4: Interpolation for the gradient ¢

The diffusive coefficient is given by D, = I;_A, , wherei =(e,w,n,s)
X .

Table 111.4 : Diffusion coefficient expressions.

Face E W n S
Diffusion _ FeAe D = FWAW D = 1—1nAn D = 1—1SAS
conductance °  Sx, " 6X, " dy, toy,

The final result is:

I;=(D, (¢ —4,)-D, (¢ — )+ D, (A —4)—D, (4 —4))At (111.9)
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Calculating conductance T":

In general T', # T, , thermal conductivity is a function of temperature " =T'(T ) or even

a function of space I'=T"(x) for composite materials. If we consider the flux at the interface
"e" (Figure I11.5), it can be expressed as:

g - TeTe _T.-T.
TTox, ox; O

I, 1I¢ I,

(111.10)

[€—5X, > [ €—X, >

qe F FP 1_‘E E P qe

Figure 111.5: Diffusivity for a composite material.

From equation (111.10), we derive the expression for thermal conductivity at the control
volume interface:

oX r.I'c

e =T ———=0X, - (1n.11)
oX,  OX, [oox, +Tox,
+7
r, T
. OX. OX, .
If we define the parameters: f, = §xe and 1-f_ = 5xe , equation (I11.11) becomes:
1 r,r
T, = = P_E (111.12)
-f, . fr,+@-f)r
r, T,
111.4.4 Source term
Given by:
'4:L o S4Q=5AtAQ (111.13)

Where S is the average value of S over the considered volume.
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111.4.4.1 Linearization of the source term

The source term S, often depends on the variable @ . It can be expressed as a linear

function of ¢p . Pantakar's method [16] is recommended for linearizing the source term. It

involves writing:
S=S. +Sp6, (111.14)

Where S, represents the constant part of S (which does not depend on ¢-), While S, is the

coefficient of ¢, (S, does not represent S evaluated at P).

Using the expressions for 1,,1,,1; and |, , equation (3.3) can be written in discretized form
as:

{(p¢)p _(p¢)2}AQ+{Fe¢e _Fw@v +Fn¢n _Fs¢s}At -
(De (¢E _¢P)_DW (¢P _@v )+ Dn (¢N _¢P)_Ds (¢P _¢s ))At :(Sc +Sp¢p )AtAQ (“'-15)
111.4.5 Continuity equation

In the case of Navier-Stokes equations, we also need to solve the continuity equation:

op 0O 0 B
EJFa—X(PU)Jfg(/N)—O (111.16)

Integration of this equation over the control volume Q, leads to:

L(ch de)dt +Lt(jﬂw %(pu)dgjdt +LUQC %(p\/)dQ}it =0 (111.17)
(9 = PE) 3+ (PUR), = (AUA), +(WA), ~(VA), =0 (.16
This gives:

(Pp—/?g)%ﬂzw -F, +F -F, (111.19)
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Performing the operation [(III. 15) — (¢p X (II. 19))] , we obtain:
s AQ
Pp A_t+FW _Fe +Fs _Fn _SPAQ ¢P +{Fe¢e _FW%/ +Fn¢n _Fs¢s}_

(D,# —D.¢h D, ¢ +D, dy +D,dh D, —D.dh + D,k ) =S AQ+ p? OAA—Q (111.20)

111.4.6 Numerical schemes

In equation (111.20), the unknown variable ¢ is not yet expressed on its domain of
definition (in convective terms), which are the discretization nodes. The interpolation that

accomplishes this depends on the choice of spatial discretization scheme. Several schemes are
available, such as CDS, upwind, exponential, hybrid, and power, which provide the value of
the variable ¢ on its domain.

Assuming that Pe :% represents the mesh Péclet number, the conservation equation, once

implicitly discretized in time, takes the form:
aSJrl Fr,1+l:aEn+l¢£+l+avr\}+l¢z\r;+l+a£+l ’{l1+l+a5n+1¢sn+l+b (“|21)

The coefficients of equation (3.41) are expressed in the following general forms:

a. =D,A([R,])+ -F.,0 (111.22)
3, =D,A([R,])+ F,.0 (111.23)
a, =D,A(|P,|)+ -F,.,0 (111.24)
a; =D,A(|P])+ F..0 (111.25)
a, =a. +q, +a, +a, +aJ -S, (111.26)
3 =pp % (111.27)
b =S.AQ+alg (111.28)
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The expression in square brackets represents the maximum between the quantities and A(|P |)

serves as a characteristic function of the chosen scheme (Table 111.4) [20].

Table 111.5: Expression of the function A(|P|) for different schemes.

Schéma A (||:>|)
CDS 1-05[P|
Upwind 1
Exponentiel |p |/(exp(|P |) _1)
Hybride H0,1-0.5|P|H

Power Law %O, (1—0.1|P |)SE

The exponential scheme discretizes all convective and diffusive terms, unlike
conventional schemes such as off-center and upstream. This discretization involves the
expression of the J coefficients on the faces of the control volumes. These coefficients are
interpolated between the two nodes separating the faces in such a way that the stationary 1D
convection-diffusion equation is satisfied between these two points, regardless of the problem
being solved.

The hybrid scheme [21] and power scheme [20] used in this study are derived directly
from the exponential scheme. Both schemes are based on the approximation of coefficients
where the exponential term appears, which can be computationally expensive. Depending on
the Peclet number, the hybrid scheme performs a piecewise linear approximation of the function
A (P), and the power scheme performs a polynomial approximation.

111.4.7 Discretization of the momentum equation

The approach to obtaining the values of the velocities u and v is to solve the Navier-
Stokes equations similar to the general transport equation (I11.1), replacing each of these
variables with the corresponding shifted meshes to calculate the coefficients a, (

a.,a:,3a, ,ay,a ). The parameters are calculated so that a translation (shift) is made for the

main mesh by one value §x =Ax/2 in the direction x to obtain u and by one value Sy = Ay/2
in the direction y toobtainv .

Scalar quantities such as pressure, temperature, etc., will be denoted with the index (1, J),
while vector components will be calculated on a grid shifted by half a mesh in the direction of
the corresponding component (Figure 111.6).

In this case, the pressure gradient at a node of the offset mesh is integrated by considering the
pressure difference between the two neighboring points of the main mesh.
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Figure I11.6 shows the continuous lines of the mesh numbered using capital letters. In the
x direction, the numbering is ..., I-1, I, I+1, .... etc., where scalar variables (temperature,
pressure, density, etc.) are calculated. In the y direction, the numbering is ...., J-1, J, J+1, .... etc.
The discontinuous lines that construct the scalar cell faces are denoted by lowercase letters: ...,
I-1,1,i+1, ... and ..., j-1, J, j+1, ... in the x and y directions, respectively.

Thus, the nodes of scalar variables (T ,P, p.....) are defined by the intersection of
continuous lines indicated by capital letters. For example, point P in Figure 111.6 is identified
by the index (I, J). Velocity components (u, v) are stored at the centers of mesh faces (scalar
cell), faces (e, w) of the scalar cell for the u component, and faces (n, s) for the v.component.
Their corresponding nodes are located at the intersection of a continuous line with a broken
line, and are therefore defined by a combination of lowercase and uppercase letters. The u

component of velocity is defined by the index (i, J), and the v component is defined by the
index (1, j) (Figures I11.7, 111.8)

PR S N S S S

J+1 —1 —- 1 = 1 .

:. |
| w(-1,3) - W(-1.J) | E2R) ' e(i,9) E(I+1,J) %_
[ | I
[ ORI ) A NN ST SR I_
I s(lji-1) I
J -1 v
=z S(1,3-1) ? =

Figure 111.6: Control volume for scalar quantities (P, ¢ ) and continuity equation.
The offset between the pressure grid and the velocity grids allows for the calculation of

velocity field divergence directly at the pressure nodes, avoiding pressure oscillations observed
when using collocated grids.
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Figure 111.8: Control volume for the v component and its adjacent components.
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Expressed in the new coordinate system, the momentum equation in the x direction discretized
at point (i, J) is given by:

P,-P —
Uy = D U —%AVU +SAV, (111.29)
Where:
Ui 5 zzanbunb +(PI71,J -P, J )Ai J +b, J (111.30)

Where AV, is the volume of the control volume of u, by =S AV, is the source term of
the momentum equation along x and A, ; is the area of the face (e or w) of the control volume
of u.

In the new numbering system, the neighboring nodes E, W, N and S of the sum
(D au,, ) are given by the indices (i-1,J), (i+1,), (i.J+1) and (i,J-1) (see Figure 111.7).

The values of the coefficients a, ; and a,, can be calculated with one of the previously

presented numerical scheme differentiation methods (Upwind, Hybrid, Power....) adapted for
convection-diffusion problems. The coefficients contain combinations of convective flux per
unit mass F and diffusion conductance D at the faces of the u-velocity control volumes.
Application of the new notation system (offset mesh) gives us the values of F and D for each
of the faces e, w, n and s of the control volume for u.

F,+F. + +
F, =(pu), = - 1 Pria TPy u,+ Py TP u (111.31)
2 2 ' 2 '
F + +
F, =(pu), = Fias Thg |:(p|+1a P ) " +(pl J 2pl—l,J ]Uig} (111.32)
Fi+HR + +
F =(w), = M REIE. |: ,0 pl J—l v, | _'_[pl—u 2P|—1,J—1]v|_1’j} (111.33)
F.iatH + +
F=(w), _M %KM Ja TP J v, J+1+{%]V'—LM} (111.34)
r
D, =——— (111.35)
Xi =Xi4
r
D, =—= (111.36)
X=X
= (NS YRS NEFER S YR (111.37)
4(yJ _y.]—l)
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D — Uygatpa+ D+ (111.38)

" 4(yJ+l_yJ)

The following movement quantity equation is analogously changed to:

a vy :Zanbvnb +(PI,J—1_PI,J )AIJ +b|,j (111.39)

Similarly, the coefficients a ; and &, contain combinations of F and D, their values are
obtained by the same calculation procedure as the speed u and are given by:

E —(pu), = F. 3 +2Fi J— %{Lpl 3 +2p|1,.] jui,J +£pll,J12-|_pl Jl]ui,Jl}

(111.40)
F = (ou), = Fi+l,J +2Fi+1,31 _ %|:(pl +1,J2+pl 3 Juiﬂn] "‘[%juﬂml}
(111.41)
F..+F . + +
Fo=(), = |,J—12 Li — %|:(pl,\]1 2P|,J2Jvl]j_l+(pu 2plyjljv|,j:|
(111.42)
F.+F . + +
F =(v), = 1, . Li+t — %{(pu Zpullvl,j +(pl,\]+12 P ]V|1j+l:|
(111.43)
_ D+l 0+ g, +10
W 40X, =X, 4) (111.44)
D :FI,J—1+FI+1,J—1+FI,J +1 1,
i A%, 0 —X,) (111.45)
D, = | B
Yi=Yia (111.46)
D, = I,
Yia ™Y, (111.47)

111.5 VELOCITY-PRESSURE COUPLING

The Navier-Stokes equations cannot be solved independently for each velocity
component because the continuity equation imposes a constraint that relates to all three
components of velocity or momentum. However, if we divide the resolution by component, we
refer to it as velocity prediction, which needs to be followed by a correction step to satisfy the

incompressibility condition, for example (divV =0).

There are several methods that can be categorized into two families: one eliminates the
pressure problem by taking the curl of the Navier-Stokes equation, and the other addresses
pressure by establishing a specific equation. In the first case, we have the Vorticity-Vector
Potential formulation in 3D or the Vorticity-Current Function formulation in 2D (Q—-%¥ ). In
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the second case, we have the Primitive Speed-Pressure (P, V) formulation. In certain
applications, the energy equation can also be coupled, such as in the case of natural convection.

The coupling problem arises due to the presence of velocity and pressure variables in
both momentum equations. The pressure gradient acts as the driving force in these equations.
Unfortunately, there is no transport equation available for the pressure variable, unlike the two
velocity components. In other words, if the pressure gradient is known in advance, we can
calculate the velocity field that satisfies the continuity equation. However, pressure is always
as unknown as velocity. A given velocity field may satisfy the continuity equation but not the
momentum transport equations. This characteristic of the equations necessitates the use of a
pressure-velocity coupling algorithm.

111.5.1 SIMPLER Algorithm

Techniques for coupling the Navier-Stokes equations, equivalent to the projection
method, were developed and implemented by Spalding and Patankar at Imperial College
London in the 1960s-1970s. These techniques gave rise to multiple versions known as SIMPLE,
SIMPLER, SIMPLEST, and so on.

The most universal and widely used algorithm is undoubtedly the SIMPLE algorithm
by Patankar and Spalding [15]. Subsequent variations include SIMPLEC (van Doormal and
Raithby [22]), PISO (Issa [23]), and SIMPLER (Patankar [16]), which were used in this work.

The superiority of the SIMPLER algorithm over SIMPLE lies in the fact that the
derivation of the pressure equation does not involve any simplifications. In SIMPLE, the

derivation of the pressure correction equation involves canceling out the term Zanbu;b :

Consequently, the pressure field in SIMPLER is closer to reality than that in SIMPLE since
estimating an initial velocity field is generally easier than estimating a pressure field. It is worth
noting that the SIMPLER algorithm does not require an initial pressure field. The pressure is
directly generated from the initialization of the velocity. As a result, more consistent under-
relaxation coefficients can be used for the velocities. Furthermore, no under-relaxation is
necessary for the pressure. While it is true that one iteration following the SIMPLER algorithm
takes about 30% more time than that of SIMPLE, this effort is largely compensated by a
significant reduction in the number of iterations required for convergence.

However, in terms of computational convergence speed, the SIMPLER algorithm is
30% to 50% more efficient than SIMPLE, according to Anderson [24] and Jang [25].
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b= " STEP 4: Solve pressure correction equation
ap by =a,F; +g, B +a B +aly +b
PF

A

STEP 5 : Correct velocities

u, =u, +d, (P, ~P})
=v, +d,(Py—Py)

V!

d

uy,P.¢

STEP 6 : Solve all other discretised transport equations
apy =ay @, +a, dy +aydy +ad +b¢s

Convergence ?

Figure 111.9: SIMPLER algorithm.
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111.5.2 SIMPLER transient algorithm

To describe transient phenomena, a temporal discretization is performed in addition to
the spatial discretization. This is characterized by the time step At .

The SIMPLER algorithm, used to solve steady-state problems, can also be used to solve
unsteady-state problems. The momentum equations now contain unsteady terms.

In unsteady regimes, with implicit formulation; the iterative SIMPLER procedure is
applied at each time level until convergence is achieved. Figure 111.10 shows the structure of
the algorithm.

Initialize u,v,p and ¢

Put on the time step At

uvpand ¢

t=t+At

W —uy’=v,p =g =

A

lterative SIMPLER process until convergence

No m

Yes

Figure 111.10: Transient SIMPLER algorithm.
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111.6 RELAXATION

The iterative process used in SIMPLER requires controlling the rate of change of the
unknowns at each iteration. This is accomplished through sub-relaxation methods [24]:

Consider ¢, the value of ¢, at the current iteration. If ¢, satisfies equation:

apfo =D 8,y +b (111.48)
nb

So, for the system to be solved for the current iteration, we estimate a value of ¢, given by:

zanb nb +b
— _nhb

. (111.49)
ap
The change in ¢, from one iteration to the next is given by:
Zanb nb +b
b =4, (111.50)
ap
The change in ¢, is a fraction o defined by:
Zanb nb +b
bo=tp +a| B (111.51)
8p
After rearranging the terms, we find:
a l-a -
_P¢P :Zanb¢nb +h+——a. ¢, (111.52)
(04 nb a

Thus, the new value of the magnitude ¢, depends on the previous value ¢, and its correction

Zanb nb +b

Ap=-"2—— 4 using the under-relaxation coefficient « whose value is strictly less
P

than 1.

111.7 SOLVING THE LINEAR SYSTEM OF DISCRETIZED EQUATIONS
111.7.1 THOMAS algorithm (TDMA)

Developed by Thomas in 1949, this is a direct method for one-dimensional (1D) situations
but can be used iteratively line by line to solve two-dimensional (2D) problems.
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Finite volume discretization yields a tridiagonal system for the 1D case, a penta-diagonal
system for the 2D case and a septa-diagonal system for the 3D case. Other discretization
schemes give more than one diagonal, e.g., the QUICK scheme gives seven diagonals in the 2D
case. In this case, the source term is two diagonals.

A tridiagonal system can be written in the general form, (see [26] for details):
ai¢|—1+bi¢| +Ci¢|+1:di (111.53)

In matrix form, this system can be written as

b, ¢, 0 0 &, d,

aZ b2 C2 ¢2 d2
a, b, c; . . = |. (111.54)

o Coy : :

0 a, b, | | 4] 1d,

The calculation is as follows:

o For i=2, we use the equations:

Pzzb_z, Q2:dZ+—CZ¢1 (|“55)
a2 a2

o For i varying from 3 to N-1, we use the equations:

P :b—i, | _di+CQiy (111.56)
q _CiPi—l q _CiPi—l

With P, =0 and Q, =4, (where ¢, isa boundary condition).

The last step determines the unknowns; for i varying from N-1 to 1, we use equation:

¢ =P.4 ., +Q
¢ and ¢, are domain boundary values.

111.7.1.1 Application of the THOMAS algorithm to 2D problems (TDMA)

Thomas' algorithm (TDMA\) can be applied iteratively to solve a two-dimensional system
of equations [20]. Let's consider the mesh considered in Figure I11.11 and a general transport
equation discretized as:

s =P +8y dy +ay +as¢s +b (111.57)
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To solve this system, Thomas' algorithm is applied for a selected line, for example the North-
South (N-S) line. The discretized transport equation is rearranged as:

—asdy +ad —aydy =8z +ay dy Db (111.58)

The right-hand side of equation (111.58) is assumed to be temporarily known. Equation (111.58)
is of the same form as equation (111.53), with:

ﬁj:as
D, =a

b (111.59)
aj =ay

Cj :a/v@v +aE¢E +b

We can now solve the system along the (N-S) direction of the chosen line for values
] =2,3,4,....... ,n as shown in Figure 111.11.

Nord

West East

Sud

Figure 111.11: Line-by-line application of the TDMA method.

e Points at which values are calculated

e Points at which values are considered to be temporarily known
»® Known values at the boundary

On the left-hand side of equation (111.78), only the tridiagonal system can be efficiently
solved by Thomas' algorithm. The solution is first calculated on the second row of the control
volumes, the values on the first row are assumed to be known (known values on the boundary)
and the values on the third row are assumed to be temporarily known. After the [, ] vector has

been calculated using Thomas' algorithm, we move on to the [ 4,] vector and assume that the

second line has already been calculated (in the previous iteration) and the values of the fourth
line are assumed to be temporarily known, then more generally to the [ ¢, ] vector, where the

entire resolution zone is thus scanned.

The line-by-line calculation procedure is repeated until the solution reaches convergence.
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111.8 CONVERGENCE CRITERION

The convergence criterion used in SIMPLER is max (4,,, —¢, ) <e,: , scanning all cells

in the domain where n is the iteration order and ¢ denotes U,V or 6 . In most cases e, , €, , e,

u?! v
are taken to be less than 107, For pressure and pressure correction, the convergence test is
performed on the velocity divergence, which must be less than 107, Steady state is assumed to
be reached when the deviation between two variables calculated for two successive time steps
is less than 10°°.

111.9 CONCLUSION

In this chapter, we have provided a brief overview of the finite volume method as applied
to fluid flows and the general steps involved in discretizing the mathematical model.
Furthermore, we have presented a detailed explanation of the velocity-pressure coupling
algorithms, namely SIMPLE and SIMPLER. Our focus was on the CDS, Upwind, Exponential,
Hybrid, and Power schemes, which were selected for their effectiveness in terms of both results
and computation time in this particular study. Additionally, we discussed the resolution of
algebraic equations using the line-by-line method based on Thomas' algorithm (TDMA).

Moving forward, the next three chapters will apply the methodology outlined thus far to
address specific problems. These include the analysis of natural air convection under the low
Mach approximation, the coupling of natural convection in the non-Boussinesq case with
radiation, and the consideration of a magnetic field gradient during the convection process.

By delving into these topics, we aim to gain deeper insights into the behavior of fluid
flows and explore the interaction of convection with various physical phenomena. The
application of the finite volume method, along with the specific schemes and algorithms
discussed, will provide us with valuable tools to examine and understand these complex
scenarios.
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CHAPTER IV Coupled Natural Convection and Internal Heat Generation in a Square
Cavity with a Fluid-Saturated Porous Layer

IV.1 INTRODUCTION

Natural convection in a porous media enclosure has received considerable
attention from the research community in recent years due to its many applications in
engineering and environmental problems. The comprehensive literature on these applications
can be found in Adjal et al. [1], Astanina et al. [2], Wu et al. [3], Dutta et al. [4], and others.
Various enclosure geometries, including square [5-7], rectangular [8], triangular [9, 10],
parallelepiped [11], trapezoidal [12], quadrantal [13], cubic [14], and rhombic cavities [4],
have been studied.

The square cavity has been one of the most extensively studied geometries,
particularly in conjunction with internal heat generation and other phenomena such as
magnetic fields [15, 16], surface radiation [17], volumetric radiation [18], and porous media
[19, 20]. The extended Darcy model, which incorporates the Forchheimer and Brinkman
extensions [21], has been frequently employed to account for porous media effects.

Recent studies by N. Hdhiri et al. [19] and S. Hamimid et al. [17] have explored
natural convection heat transfer in differentially heated square cavities filled with working
fluids and porous media. These studies have examined the influence of parameters such as
Prandtl number, emissivity, and internal heat generation on heat transfer rates and flow
patterns. Similarly, M. S. Astanina et al. [5] investigated transient natural convection with
temperature-dependent viscosity within a partially porous square cavity, while M.G.
Sobamowo et al. [22] analyzed the thermal performance of a natural convection porous fin
with temperature-dependent thermal conductivity and internal heat generation.

Other studies have delved into the effects of heat sink and heat source on entropy
generation, MHD natural convection flow, and heat transfer in tilted porous enclosures filled
with nanofluids [23], as well as the heat removal process of a heat-generating porous bed
using bottom injection of a cold fluid [24]. The influence of porous medium permeability on
flow mechanisms has been explored, along with the natural convection cooling of a heat
source implanted on the bottom wall of a nanofluid-filled enclosure [25].

Despite these studies, there remains a gap in the research regarding the coupling
between porous media, natural convection, and internal heat generation. Therefore, the
objective of this chapter is to examine how the presence of a porous medium and internal heat
generation affect fluid flow and heat transfer in a square cavity. The study aims to provide a
better understanding of the combined effects of influential parameters such as external
Rayleigh number (Rag), internal Rayleigh number (Rai), porosity (¢), and Darcy number (Da),
with a particular focus on the competition between the two Rayleigh numbers (Ra; and Rag).

V.2 PHYSICAL MODEL AND GOVERNING EQUATIONS

The studied domain is a two-dimensional square enclosure of dimension H. It contains a
fluid-saturated porous layer of finite thickness that is located in the center of the cavity and
surrounded by two vertical fluid layers of equal widths. The vertical surfaces are maintained
at constant temperatures T.andT,, , leading to free convection motions within the cavity, and

the horizontal walls are assumed to be adiabatic. Figure IV.1 depicts the composite
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fluid/porous system, boundary conditions, and coordinate system for the problem under
investigation.

U=V==-=0
oY
g
q H
T=T, . SR . T=T,
U=V =0 Fluid 2 P-oro’urs'. 3 Fluid U=V=0
U:V:QI:O
oY

Figure IV.1: Schematic representation of the cavity

The fluid is assumed to be homogeneous and laminar and satisfies the classical
hypotheses of an incompressible Newtonian fluid with internal heat generation. The porous
medium is completely saturated by the fluid and is assumed to be macroscopically isotropic,
homogeneous and in local thermal equilibrium. In addition, the thermophysical properties of
the porous medium are considered constant. Moreover, it is hypothesized that the temperature
differences in the flow domain under consideration are small enough to justify the
employment of the Boussinesq approximation.

p(T) = po[1 = B(T —To)] (IV.1)
Where: f = __(a_r P

Also, the Darcy-Brinkman-Forchheimer model is used in the momentum equation [20].

The conservation equations of mass, momentum and energy can be expressed as
follows:

Fluid Region

3_1; Z_; —0 (IV.2)
ou_ 0w ow\ oy o o

p(6t+uax+v6y)_ ax+“ax2+ 2) (V-3)
ov v ov

p (E + u-- + ’U@) = + (ﬁ + —) Prefrd (1IV.4)

arT ar ar
pCp—+ pCp (ua+v£) k(ﬁ+—)+q (IV.5)

With: prer = p — po = —poB(T —Tp)
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Porous region

%+%=o (IV.6)
S Su 4 Z—;=—%Z—Z+%V2u—Dx (IV.7)
§%+§u§—z+€%vg—;=—%Z—S+%VZU+B(T—TO)g—Dy (IV.8)
(pCp)effg—: + (pCp)f (ug—z + vz—;) = kefs (3277; + Ziyz) +q (1V.9)
(pcp)eff =& (pcp)f +(1—e)(pCy), (IV.10)

Where D, and D,,, represent the matrix drags per unit volume of the porous medium in x and
y direction respectively. |V| is the magnitude of the velocity vector given by:

V| = v + v2 (IV.11)
The solid matrix drag per unit volume can be expressed in the following form:
D = AV + BV? (IV.12)

For a one-dimensional flow with velocity V, the above form of drag expression is
supported by a number of packed bed and fluidized bed correlations, including the widely
used Ergun’s (1952) correlation.

It can be shown that the contribution of the solid matrix drag for a two-dimensional
flow takes the following form:

1
D, = Au+ B(u? + v?)zu (1V.13)
D, = Av + B(u® + v¥)"?p (1V.14)
The constants A and B involved in the Ergun's correlation are given by:

_ (1—¢)? Hf
A=150—~ o7 (IV.15)
B =175%2% (IV.16)

> Dp

Where D, is the effective diameter of particles.
By introducing the permeability K of the medium:

__&Dp
= 5009 (IvV.17)
The solid matrix drag components Dy, Dy, become:
_#p, 175 pr 7]
D, = U + NN (Iv.18)
S NI
D, = P + \/ﬁ\/fé/zv (IV.19)
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The effective properties of the porous medium, K, (pCp)e . and p g generally depend

on its porosity and the tortuosity of the solid phase as well as the local fluid velocity. In this
work, the interest is not focused on the effects of these parameters, but for simplicity, the
corresponding fluid properties are used throughout the study. The momentum equations in the
porous region thus become:

10u 1 du ., 1 0du 10p | U o2 U 175 1 |V|
-——t=su—+=sv—=—-—-—-—4+— —_—— U= V.20
£ ot t &2 ox N g2 oy pdx  pe pK V150 VK £3/2 ( )
19v 1 dv . 1 v 10p | U o2 u 175 1 |V|
——tsu—+Ssv—=—-—+—V% T—Tyg——v———=—>,v (V.21
£ dt t g2 6x+ g2 9y p oy H pE +'8( O)g pK V150 VK £3/2 ( )

The governing equations are converted to non-dimensional form using the following
non-dimensional variables:

Ty+Tc
2

T-T
9= ATO’AT:TH_TC’T():

Considering the previous assumptions, the governing equations for an unsteady 2-D
problem can be written in dimensionless form:

Fluid Region

Z_;’ Z_‘;=o (IV.22)
ZHrUZ v =-Z 4 prr2y (IV.23)
A+ UZ+VZ =—2 4 Prv2V +Rag Pro (IV.24)

Rag and Ra; are the external and the internal Rayleigh numbers defined respectively as:

_ gBATH3 _ 9gBqH®
Ray = o) and Ra; = —
Porous region
ou  av
T = 0 (1V.26)

v v ov _ _9o° 2 P2y € p 2
e +U—+V_=——+PreV?U——¢’lU - 175 |VUZ+VZ[u (v.27)

150Da
e uZavZ= —a—P+Prs\72V+RaEPr£29—P—rsZV—
ot ax ' ' oy ay Da
175 [— |[VUZ + V2|V (IV.28)
150Da
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3, (g 4y _ (70, PO) , e
9% N (Uﬁ N VE) - (ax2 N ayz) H Rag (IV.29)
e(pCp) +(1-8)(pcC )s
With: ¢ = ——2 2
(pCp)f

The boundary conditions on the vertical walls are:

U=V =0, =60.=-05 at X =0 for 0<Y <1
U=V =0, =6,=05 at X =1 for 0<Y <1

The adiabaticity conditions applied on the horizontal walls gives:

U=V =0, Z—YQ:O at 'Y =0 for 0<X <1

U=V =0 ,2—5:0 at 'Y =1 for 0<X <1

IV.3 NUMERICAL PROCEDURE

A finite volume approach with a staggered grid is used to numerically solve the
governing equations and boundary conditions. The control volumes of the grid are employed
to integrate the conservation equations, and a power scheme is applied to approximate the
advection-diffusion terms.

The outer iterative loop, known as the unsteady SIMPLER algorithm, is repeated until a
steady state is reached, indicated by the simultaneous satisfaction of the following

convergence criteria: |<p’i‘jew — <p§’jld| < 107>, where ¢ represents the variables U, V or 0.

The average Nusselt number, which characterizes the contribution of convection
through the hot vertical wall, is defined as follows:

196(X.Y)
0 ox lIx=1

Nug, = — dy (IV.30)

IV.4 GRID SENSITIVITY AND VALIDATION TEST

A grid sensitivity test is conducted to optimize the balance between required precision
and computing time. This is achieved by comparing the average Nusselt numbers on the hot
wall at steady state within a grid range from (120x120) to (200x200). The computational
parameters for the investigated configuration are as follows: Rag=10°, Ra=10%, Xp=0.2,
£=0.4, and Da=103. Figure IV.2 presents the results obtained from various grid
configurations. It is observed that the average Nusselt number increases significantly as the
grid fineness improves. Particularly, the results for mesh sizes ranging from (160x160) to
(200%200) are almost identical. This demonstrates that the solution becomes independent of
the mesh size starting from (160x160). Consequently, using a mesh size of (160x160) is
considered an ideal compromise between precision and computation time. By employing this
mesh size, we can effectively verify the accuracy of the code.
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Figure 1V.2: Grid size effect on the average Nusselt number

In order to examine the reliability of the proposed formulation, the code is compared to
results available in the literature and tested in three different situations, which are all
differentially heated cavities.

The first one is completely filled with air in the absence of an internal heat source.
Figure 1V.3 shows good agreement between the results of the present code and those reported
by De Vahl Davis [26]. In the second configuration, the code verification is performed in the
case of natural convection with internal heat generation.

The results in Figure 1V.4 compare the evolution of the average Nusselt number on the
hot wall for different values of the internal source Sq. A good agreement is obtained by
comparing these results with those of Berrahil et al. [16].

The third comparison is with the numerical results of N. Hdhiri et al. [19], considering
the case of natural convection with internal heat generation and different working fluids in a
porous medium (Figure IV.5). These results thus reinforce the accuracy of the present
numerical method and the reliability of our computational code, which allows us to study
natural convection in a square enclosure in the presence of an internal heat source and a
porous medium.
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Figure 1V.3: Comparison of streamlines Figure 1V.4: Variation of the average Nusselt
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et al. [16] for Pr=0.0321 and Rag=3.21x10*
18

1 ® N.Hdhiri et al. &
164 ®  Present work

14

12+

104

NuA\-'G

4 v r ' r — v
0,01 0,02 0,03 0,04 0,05 0,06
Pr

Figure IVV.5: Comparison of average Nusselt number values for different Prandlt numbers
with the study of N. Hdhiri et al. [19] for So=500, Xp=1, Da=10"2and £=0.6.

IV.5 RESULTS AND DISCUSSIONS

For a differentially heated square cavity with an internal heat generating fluid at Pr =
0.71, a numerical study is conducted considering the following control parameters: internal
Rayleigh number (Raj), external Rayleigh number (Rag), Darcy number (Da) and the porosity
of the porous medium (g). Particular effort is made to investigate the effects of these
parameters on the flow and natural convection heat transfer of the porous.

1V.5.1 Influence of Raiand Rae on heat transfer and fluid flow

This section presents a typical set of results obtained for streamlines, isotherms,
velocities, median temperature and average Nusselt numbers from the numerical code for
different values of internal Rayleigh number Ra; and external Rayleigh number Rag. In this
case, the fixed parameters are: Da=103, Xp=0,2 and e=0.4.
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1VV.5.1.1 Flow fields

It can be clearly seen from Figure V.6 that the highest velocity is obtained for Rag=10’
when Rai<7.108, and for Rag = 10° when Ra; > 7.108.

For law values of the internal Rayleigh number (Rai<10®), the maximum velocities
increase with Rai, except for Rae=10" and increase with increasing Rae. For large values of
the internal Rayleigh number (Ra;>108), the maximum velocity values increase with
increasing Ra; and decrease when Rae increases. The profiles of the maximum velocity
indicate that the internal and external Rayleigh numbers are the most influential parameters
on the flow fields. This effect of internal heat generation on the flow field is reasonable
because internal heat generation contributes to buoyancy forces by accelerating the fluid flow
(Figure IV.7).

The influence of the internal Rayleigh number (Rai) on the streamlines is illustrated in
Figure 8 for the following test cases: homogeneous medium (Xp=0), in the presence of a
porous layer (Xp=0.2), and a fully porous medium (Xp=1), with Rag=10°.

For the two cases of homogeneous medium and fully porous medium, the streamlines
are characterized by a single symmetrical counterrotating cell occupying the entire cavity
when the ratio Rai/Rag < 1 and by an asymmetrical counterrotating cell occupying the entire
cavity when the ratio Ra//Rae =1. This is as a result of the fluid rising in the center and falling
on the sides of the enclosure due to buoyant forces produced by the difference in fluid
temperature. In addition, although the shape of the circulating cells remains constant, their
intensity increases as the internal Rayleigh number increases in both cases (homogeneous
medium and porous medium). This asymmetrical cell moves to the left corner at the bottom of
the cavity at Ra/Rae =10, and a second cell appears in the right corner at the top of the
enclosure. These cells tend to be more intense when the internal Rayleigh number is dominant
especially when Rai/Rag>10.

However, in the second case, when a porous layer of thickness Xp=0.2 is present in the
center of the cavity, and when Rai/Rag<1, many cells appear due to the high buoyancy forces.
When Rai/Rag>1, new cells develop and the fluid structure begins to take on new
contributions. This is due to the high values of the internal heat generation parameter.

1\VV.5.1.2 Thermal fields

According to Figure V.7, the presence of a heat source inside the enclosure causes an
increase in the temperature of the fluid and a reduction in convective heat transfer at the hot
wall for both low and high buoyancy forces (Figure 1V.10). In addition, it can be observed
that at high buoyancy forces the reduction in convective heat transfer is less pronounced. This
can be attributed to the fluid motion being stronger in comparison to the case of low buoyancy
forces.

However, the isotherms in Figure 1V.9 depict a symmetric distribution for low values of
the internal Rayleigh number (Raj), where the contours are almost parallel and the thermal
boundary layers are so intense that convection phenomena are established and the external
Rayleigh number is dominant. As the internal Rayleigh number (Ra)) increases and the ration
Rai/Rag>1, symmetry is lost and the isothermal density becomes significant near the top wall.
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Due to the predominance of internal heat generation, it is the fluid that drives the heat
exchange rather than the heated walls, resulting in a decrease in the intensity of thermal

boundary layer development.
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Figure 1V.6: Evolution of the maximum velocity values as a function of internal and external
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Xp=0

Ra,;=0 Ra;=10% Ra;=10° Ra;=10’ Ra;=10°

Figure 1V.8: Streamlines for various values of Ra; and Rag=10°

Rai=0 Ra=10* Ra=10° Ra=10’ Ra=10°

Figure 1V.9: Isotherms for various values of Rajand Rag=10°

As we have seen in Figures IV.7 and V.8, the ratio Rai/ Rag is a parameter that affects
the flow and temperature fields in the cavity and is also indicative of the heat transfer
direction. Accordingly, two distinct regimes are observed. For Ra/Rage < 1, external heating
is significant and heat transfer is an increasing function of Rae. For Ra/Rag> 1, heat
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generation in the cavity becomes dominant over external heating and heat transfer becomes an
increasing function of Ra.

For clarity of presentation and to better highlight these two regimes, Figure V.10
illustrates the variation of the average Nusselt numbers for different values of the internal
Rayleigh number (Rai) and the external Rayleigh number (Rag). The positive values of Nuavg
indicate that there is ascending motion near the hot wall, although circulation is slowed by the
buoyancy effect generated by internal heat generation.

Therefore, as Raj increases, the average Nusselt number decreases, indicating the
descending motion near the hot wall, and the negative sign corresponds to the apparition of
the small cells previously shown in Figure IV.8. It is noticeable that the absolute value for the
temperature gradient has a maximum value at the hot wall since these cells arrive at the hot
wall at the upper corner; thus, the values of the average Nusselt numbers along the hot side
wall are governed by the direction and intensity of the flow adjacent to the hot wall.
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Figure 1V.10: Variations of the average Nusselt number on the hot wall as a function of
internal and external Rayleigh numbers

Table IV.1 summarizes some of the results obtained in terms of the average heat
transfer rate along the hot wall. For Ra; =0, the average Nusselt number Nuayg increases with
Rae and takes positive values for Rai/Rag < 1.

By having a negative sign, the values of the average Nusselt number are improved by
increasing the Rai/Rag ratio. According to the positive and negative Nusselt numbers, the heat
exchange on the active walls results from the variations between their temperatures or that of
the fluid, respectively.

It is important to note that when Rai/Rae is equal to one, the average Nusselt number is
always positive. Furthermore, when Rai/Rag> 1 heat transfer is produced by internal heat
generation. A general observation clearly shows that as the Rai/Rag ratio increases, the heat
transfer increases.
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Rayleigh numbers

Rae 103 104 10° 1068 107
Rai

0 1,0098 1,96078 4,20588 8,13745 14,94118
103 0,5588 2,20588 4,20588 8,02961 14,94118
104 -2,82353 1,48039 4,15686 8,01832 14,94118
10° -3,72549 -2,72549 3,71569 8,00941 14,93137
106 -496,9274 -42,18628  -0,45098 0,45098 14,88233
107 -4976,647 -488,6078 -41,71569  -3,73529 14,69608
108 -51088,96 -5099,421 -497,9804 -39,95098 -10,62745
10° -544633,9 -5234553 -5159.451  -484,451 -30,26471

1VV.5.2 Effect of Rajand Da

Calculations are performed for a wide range of internal Rayleigh number 0< Ra;<10°
and with different Darcy numbers 10° < Da < 1 taking into consideration Rag=10° Xp=0.2
and € = 0.4. Figure IV.11 shows the relationships of the natural convection parameter Nuayg
with the Darcy number and the internal Rayleigh number.

As expected, we observe that the average Nusselt number (Nuayg) increases with
increasing Da and decrease with increasing Ra,. This figure shows a linear dependence of the
Nusselt number on the Darcy number, which implies that the strength of convective motions
is enhanced with increasing permeability of the porous layer. However, this improvement is

reduced near the hot wall when Ray is increased for the reasons mentioned previously.
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Figure 1V.11: Variations of the average Nusselt number as a function of internal Rayleigh
numbers and Darcy numbers for Rag=10°
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Table 1V.2 also shows that the average Nusselt number is positive for low heat
generation (Ra/Rae<1), and the heat exchange is approximately constant. When Ra, =107,
Nuavg Starts to take negative values, especially when the permeability of the porous layer is
low (Da=10®). From Ra;>107, all values of Nuayg are negative, and the heat transfer tends to
improve while considering the negative sign. This means that heat is transferred from the
fluid to the hot wall (the hot wall absorbs heat from the higher temperature inner fluid).

On the other hand, for law Darcy number (Da <10°), heat exchange is important and
NUavg is positive except when Ra; exceeds 10°. For the highest values of Darcy number (Da
>10°), the Nusselt number and heat exchange remain almost constant with respect to Darcy.
Figure 1V.12 confirms these findings by describing the flow behavior in the cavity and
determining the evolution of maximum velocities which increase with increasing Da humber.

Table 1V.2: Average Nusselt number variations as a function of internal Rayleigh number
and Darcy number for Rag=10°

Da 106 10° 104 103 102 101 1
Rai

0 3,54902  7,53922 850000  8,02941  7,78431  7,71569  7,66667

10° | 3,54902 7,53922  8,50000 8,01961  7,78431  7,71569  7,66667

104 | 3,53922  7,52941  8,50000  8,01961  7,78431  7,70588  7,65686

10° | 3,50000 7,49020  8,45098  8,12745  7,73529  7,69608  7,67647

105 | 3,04902 7,03922  8,00980  7,68628  7,19608  7,14706  7,26471

107 | -1,38235 2,77451  3,85294  3,73529  2,97059  3,17647  3,89216

108 | -44,7255 -38,1078 -37,91177 -39,95098 -36,1078 -43,93137 -42,38235

10° | -501,784 -511,1078 -504,5392 -484,451 -499,1078 -477,8431 -408,422
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Figure 1V.12: Evolution of the maximum velocity values as a function of internal Rayleigh
number and Darcy number for Rag=10°
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IV.5.3 Impact of Rajand ¢

In this section, computations are performed for a wide range of internal Rayleigh
number 0 < Ra; < 10°, as well as for various porosity values 0.01 < ¢ < 1. The other
parameters are: Rag=10°, Xp=0.2 and Da = 103, Figure IV.13 shows the variation of the
average Nusselt number along the hot wall as a function of porosity and internal Rayleigh
number. It can be seen that the heat transfer rate increases with increasing Ra;. This may be
due to enhanced convection, which leads to an increase in fluid temperature.

It is also important to note that increasing porosity does not significantly affect the
average Nusselt number, especially for low Ra; values (see Table 1V.3). When Ra/Rag>1 an
excellent heat exchange is observed for all values of porosity.

These observations are substantiated by the findings presented in Figure 1V.14, which
describe the flow characteristics within the cavity and establish a correlation between the
evolution of maximum velocities and the increase in porosity. Interestingly, it is revealed that
at low Ra values (< 10°), the influence of porosity € on the flow is minimal, whereas it
becomes more pronounced as a function of ¢ for high internal Rayleigh values.
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Figure 1V.13: Variations of the average Nusselt number as a function of internal Rayleigh
number and porosity for Da=10" and Rag=10°
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Table 1V.3: Average Nusselt number variations as a function of internal Rayleigh number
and porosity for Da=10" and Rag=10°

€ 0,01 0,2 0,4 0,6 0,8 1
Rai

0 7,62745 7,75490 8,02941 8,48039 8,75490 8,80392
108 7,62745 7,75490 8,01961 8,48039 8,75490 8,80392
104 7,61765 7,75490 8,01961 8,48039 8,75490 8,79412
10° 7,47059 7,71569 8,12745 8,43137 8,70588 8,74510
106 7,14706 7,29412 7,68628 7,98039 8,26471 8,30392
107 3,71569 3,29412 3,73527 4,02941 4,23529 4,10784
108 -41,70588 -39,3235 -39,3333 -39,46078 -39,46078 -40,15686
10° -509,3726  -489,951  -484,451 -498,4314 -510,0981 -511,6373
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Figure 1V.14: Evolution of the maximum velocity values as a function of internal Rayleigh
number and porosity for Rag=10°

IVV.6 CONCLUSION

In this chapter, the focus was on investigating the heat transfer through natural
convection in a square cavity subjected to differential heating. The cavity configuration
includes a vertical porous layer and a uniform internal heat generation. The conservation
equations of mass, momentum, and energy, which incorporate Brinkman and Forchheimer
terms, were solved using the finite volume approach and the SIMPLER algorithm. Based on
the ratio between the internal and external Rayleigh numbers (Rai/Rag), two distinct regimes
were identified. For Rai/Rag <I, the heat transfer is an increasing function of the external
Rayleigh number. The direction of heat transfer is similar to the classical case of a
differentially heated cavity, flowing from the hot wall to the cold wall. For Ra/Rag>1, the
heat transfer is an increasing function of the internal Rayleigh number. Its direction is towards
the outside of the cavity, occurring at both the hot and cold walls. In general, the presence of a
porous layer with a low Darcy number or porosity value reduces heat transfer and increasing
these two parameters progressively increases the heat reduction.
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CHAPTER V Natural Convection Heat Transfer in Porous Square Cavity Under
Low Mach Number Approximation

V.1 INTRODUCTION

The study of heat transfer by natural convection in porous media is an area of research
that holds significant importance in various fields, such as geothermal energy, environmental
restoration, and heat insulation. Several recent studies [1-4] have focused on understanding
the interplay between natural convection and porous media, emphasizing the crucial role of
the properties of the porous medium. Enhancing heat transfer in cavities using porous
materials has garnered considerable attention, with factors such as permeability, porosity, and
the thickness of the porous layer identified as key influencers of convective heat transfer [5-
7]. By manipulating these parameters, it is possible to achieve improved thermal management,
enhanced energy efficiency, and overall system performance

Earlier research has examined various aspects of natural convection in porous media.
For instance, Hamimid et al. [8] conducted an analysis of buoyancy-driven convection within
a square cavity containing a porous layer saturated by a binary fluid. Yan et al. [9] focused on
the migration of a dense salt plume affected by high-permeability inclusions. By emphasizing
the disparity between gas and water permeability, Tanikawa et al. [10] highlighted its
significance in understanding fluid flow dynamics. Additionally, Tan et al. [11] developed
predictive models for both permeability and porosity in porous media. Civan [12] made
valuable contributions by exploring variations in porosity and permeability through fractal
properties. Habbachi et al. [13] investigated natural convection heat transfer within a cubic
enclosure featuring a central porous medium. In contrast, Ouarhlent et al. [14] studied heat
transfer in a cubic chamber partially filled with porous material. The work of Lee et al. [15]
focused on electrode performance in fuel cells, while Gao et al. [16] extensively studied
transport phenomena in porous media. Lastly, Kan et al. [17] analyzed the effects of porosity
on laminar flow and drag reduction.

While heat transfer in porous media has significant industrial applications, there is a
research gap concerning natural convection in a porous medium filled with a compressible gas
at low Mach numbers. This chapter aims to address this gap by examining the impact of
porous media properties on the thermal and dynamic characteristics of natural convection in
such a gas, with a specific focus on the low Mach number model. To accurately simulate fluid
dynamics at velocities much lower than the speed of sound, the low Mach number
approximation method is employed. This approach allows for a comprehensive understanding
of the phenomenon.

This chapter investigates variations in thermophysical properties, such as thermal
viscosity and conductivity, which are temperature-dependent. By considering these factors
collectively, the study aims to establish a comprehensive understanding of the interplay
between porous media properties and compressible gas behavior, specifically concerning the
thermal and dynamic characteristics of the system.

The uniqueness of this study lies in integrating multiple parameters, including porous
media properties, compressible gas behavior, and the use of the low Mach number
approximation, inside a square cavity with defined boundary conditions. The study examines
how porous media properties influence fluid motion, heat transfer, and the Nusselt number,
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which serves as a metric for assessing heat transfer rates in both fluids and porous media. This
comprehensive examination aims to improve the understanding of natural convection in
porous materials with compressible fluids, while exploring its potential applications in various
fields.

V.2 MATHEMATICAL FORMULATION

The system under study is a two-dimensional square cavity of dimension H. The
enclosure contains a Newtonian fluid with variable properties, including density p, molecular
viscosity u, thermal conductivity k, and temperature T. Positioned at the bottom of the cavity
is a fluid-saturated porous layer with finite thickness. The porous medium is fully saturated
with fluid and is assumed to exhibit macroscopic isotropy, homogeneity, and local thermal
equilibrium. The temperatures of the vertical surfaces are maintained at Tn and Tc (Tu>Tc¢),
resulting in laminar free convection within the cavity. Given the lack of any influence from
the horizontal walls, it can be postulated that these surfaces exhibit adiabatic characteristics.
The enclosure's four walls adhere to boundary conditions of no-slip and zero-mass flux. The
initial conditions include constant distributions of reference pressure Po and temperature
To = (Ty + T¢)/2, as well as a stationary flow with V=0.

Figure V.1 shows the boundary conditions, coordinate system, and the combined fluid/porous
system relevant to the investigation.

=i = (O lg Hlu=v=20

Figure V.1: Physical geometry and associated boundary conditions

To accurately capture significant temperature variations within the differentially
heated cavity, a low Mach number flow model is used [18-20]

The use of low Mach number (LMN) models allows for the precise representation of
these variations, overcoming the limitations associated with the Boussinesq assumption.
Moreover, these models maintain the characteristic pressure-density decoupling observed in
incompressible flows.
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Under the given conditions, the Navier-Stokes equations are expanded in a series
using a small parameter M2, where M represents the Mach number. The total pressure p is
further decomposed into the mean thermodynamic pressure p and the dynamic pressure p'.

The following equations represent the dimensional governing equations for the
system:

Fluid region:
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p = pRT (V.5)
Porous region:
9p 4 dpu 4 90 _ (V.6)

at ox dy

oo 2vd) -~ Z o2 (:2)+ ) 3], o
<

(e o) <22 () 242 + s -

g9(p —po) — D, (V.8)
(PCPYess (55) + (0CP)y [u S + v 5| = ko + ke T+ (V.9)
(pCo),,, = (pCp) , + A= )(pCp), (V.10)
p = pRT (V.11)

The parameters D, and D,, in the momentum equations correspond to the drag forces
per unit volume of the porous medium along the x and y directions, respectively.
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In the case of one-dimensional flow with velocity V, the drag expression is based on
various correlations for packed and fluidized beds, such as the well-known Ergun's (1952)
correlation. For a two-dimensional flow, the contribution of the solid matrix drag can be
mathematically expressed as follows:

_ K 175 py |V

Pe =54 F v ere (V12)
_ K, 175 pp [V

Py =%+ Fsvrer” (V13)

Where: [V| = VuZ + v2

The walls of the system adhere to non-slip boundary conditions, which leads to the following
expressions for the boundary and initial conditions:

u=v=T=0,att=0
u=v=0,T=Tyfor0<y<Handx=0
u=v=0,T=Tcfor0<y<Handx=H

u=v=0,3—§=0 foro<x<Handy=0

u=v=0,3—§=0 for0<x<Handy=H

The governing equations are supplemented by Sutherland's law for the temperature
dependence of transport properties, u and k:

w( (T 3/2 To+Sy _ Cpoko
eD = (T—) T and k(T) = u(r) e

Where S, = 110.5 K
Depending on the case studied, it is assumed that these properties either vary with temperature

or remain constant.

The equations of momentum in the porous region can be expressed as:

Dy L O L0 00 1[0 (00 0 (00 41 p)
p(£6t+szuax+£2v6y)_ 0x +£ 0x ”ax +6y “ay +3AHAV

k1750 [7]
‘uK V150K €3/2

PGt muntavy) = o il (5) + 5 (W5) + 3] - 96— p0)

(V.14)

v 1.75p ﬂ

_‘uK \/1501<s3/2v (V.15)
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To make the conservation equations (V.1-V.6, V.9-V.11, V.14, and V.15) dimensionless, the
following dimensionless parameters are used

uH vH 2prH?
,x——, y=2 v=2v==2 =22
H2 H a a pa’

, P =

Where: AT =Ty —T¢, Ty = TH;TC » €p = ZATT
0

The governing equations are transformed into their dimensionless form, as shown below

Fluid region:
dp* | dp*U | dp*V _
ot Ty =0 (v13)
d . LOU, 1 .o =
P rUE vy = -2y pr [—(u Bt~y +3vuy.V (V.14)
« (O v vy _ _9r _ p—1 OV o (,x2
p(ar+Uax+Vay)_ ay RPr +P [ ( )+ay(“ ay)+
lruw. v] (V.15)
* * y-1 d_P
P ( T U + VaY) )¢ (k ) Yy (k ay) 2epy dtT (V.16)
P
P T (2ep0+1) (V-17)
Porous region:
a_p* op*U | 9p*V _
or tox Ty =0 (v.18)
19U 10 1 ] «0U 0 ( .0U 1o o 77| _
(ot aUstave) = —mat Pl (w0 5) + 5 (0 5) + 37w 7]
pro. 175 |7|
Da 150 Da £°/2 (V.19)
10V 10m 1 a av d ( v\, 1o o =]
P (o SV Ve = :25+;P (1050 + oy (W 5) + 37w 7]
1 _pry, s J7
RaPr 2¢, Da 150 Da ¢°/2 (V.20)
x . y-1dp
ot + U + V ay aX (k ) ay (k 6Y) + 2epy dT (V'21)
B
p T (2ep0+1) (V-22)
With:
o= e(pCp) p+(1-)(pCp)s (V.23)
(pCp)f
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The governing equations for the cavity flow and heat transfer are influenced by
dimensionless numbers that play a crucial role. These dimensionless numbers are defined as
follows:

Da = K /H? Darcy number
Pr = v/a Prandtl number
Ra = gBATH?3/va Rayleigh number

The corresponding dimensionless boundary conditions are:
U=V =0,0=0yfor 0<Y<landX =0
U=V=0,0=0,for 0<Y<landX =1

U=V=O,g—z=0 foro0<X<1landY =0

U=V=0 =0 for0<X<landY=1
The dimensionless transport coefficients u*(8) and k*(6) are given, respectively, by:

1+S,/To ¥ A
2ep0+1+S,/T, and k*(0) =

Pr

w(0) = (25,0 + 1)1

V.3 NUMERICAL MODELLING

The governing differential equations for velocity, pressure, and temperature fields in
two dimensions are solved numerically using a finite volume technique. Advection-diffusion
terms are approximated using a power scheme (refer to chapter three). To handle the pressure-
velocity coupling, the SIMPLER (Semi-Implicit Method for Pressure Linked Equations
Revised) method with a staggered grid, as detailed in Patankar [18], is employed. The
equations are formulated for transient analysis, and an entirely implicit transient differencing
scheme is used iteratively until convergence to a steady state is achieved. The algebraic
equations are solved using a combination of the line-by-line method, which includes both
direct (Thomas algorithm) and iterative (Gauss-Seidel) methods. This approach involves
solving the discretized equations with two directional sweeps.

V.4 GRID SENSITIVITY

To optimize the trade-off between accuracy and computation time, a mesh sensitivity
test was conducted in a domain with varying grid sizes, ranging from (80x80) to (260x260).
The test compared the average Nusselt numbers on the hot wall in steady state (Table V.1).
The configuration under consideration is defined by the following computational parameters:
Ra=108, Yp=0.2, €=0.4, Da=10"°, AT=360 K. Initially, the medium is at rest and has a uniform
temperature of TO=300K, with a corresponding Prandtl number of 0.71.
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Figure V.2a presents the results obtained for different grid resolutions. It is observed
that as the mesh becomes finer, the average Nusselt values decrease. For grid sizes ranging
from (160x160) to (260x260), the results yield similar values, indicating that the solution
becomes independent of the mesh beyond (160x160). Therefore, (160%160) is considered the
optimal compromise between accuracy and computation time, and it is used to validate the
code. Figure V.2b illustrates the mesh model diagram. The number of meshes is 25600.

Table V.1: Average Nusselt number for different mesh sizes

80x80 100x100 120x120 140x140 160x160 240x240 260%260
Nuy 7,1572 77,1091 7,0826  7,0652 7,05299 77,0535 7,05329

ANuy (%) | 0,67 0,37 0,25 0,17 0,01 0,003 /
Nuc |71112 7,075 7,04312 7,01976 7,0012 6,9981 6,99619
ANuc(%) | 0,51 0,45 0,33 0,26 0,04 0,03 /

7,14 —— Ny
7,12
7,10

7,08

Nu,,,

7,06
7,04
7,02
7,00
6,98

80x80 100x100 120x120 140x140 160x160 240x240 260x260
Grid

(@) (b)
Figure V.2: Mesh sensitivity test (a) Evolution of average Nusselt numbers for different
grid values (b) Mesh diagram

V.5 VALIDATION TESTS

The code utilized in this study underwent verification by comparing our findings with
those of previous studies [13,14] and [21]. Figure V.3 illustrates the temperature distribution
at mid-height (Y=0.5). To ensure the validity of our research, we replicated the conditions of
the modeling setup described in Habbachi et al. [13], specifically by setting Yp=Xp at the
center of the cavity. This allowed us to compare our results with theirs by examining different
thicknesses of the porous layer (Yp), with Ra=10° and Da=10°. To ensure the code was
working correctly, we used a Boussinesq code to predict how porous materials interact with
natural convection. Our numerical results aligned well with the previous findings reported by
Habbachi et al.
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Figure V.3: Temperature profiles for Ra=10°, £¢=0.2, Da=10®, and various values of
dimensionless thickness of the porous layer in a vertical median plan (Y=0.5).

Figure V.4 depicts the average Nusselt number distribution across various Rayleigh
numbers. Consistent with the methodology outlined by Ouarhlent et al. [14], comparable
configurations were employed, featuring a square-shaped porous layer (where Xp=Yp)
positioned at the center of the enclosure. This setup allowed for a comparative analysis
between our results and those of Ouarhlent et al. across different porous layer thicknesses (Yp
or 1) and for Da=10%. Notably, the parameter n, chosen at 20%, 50%, and 80% in the
investigation conducted by Ouarhlent et al., represents the dimension Yp of the square porous
layer as a percentage of the cavity's unit dimension. To assess the interaction between porous
media and natural convection, the code was validated using the Boussinesq model. The
numerical results from this investigation align with those previously reported by Ouarhlent et
al. [14].

The conclusions drawn are supported by the findings presented in Table V.2, which
indicate minimal relative differences. Specifically, a marginal variance of 0.2% is noted for
Ra=10°, while average differences of 2.43%, 3.04%, and 6.04% are recorded for Yp values of
0.2, 0.5, and 0.8, respectively.
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Figure V.4: Variation of average Nusselt numbers with different Rayleigh numbers and

for Da=10° (Comparative analysis)

Table V.2: Relative difference in Nusselt numbers between our investigation and the

findings of Ouarhlent et al. [14]

Yp 0.2 0.5 0.8

Ra
103 0,77 1,77 8,47
104 5,62 9,39 6,79
10° 3,12 0,75 8,71
106 0,20 0,24 0,20
Average deviations 2,43 3,04 6,04

Additionally, validation of the non-Boussinesq code was performed against a
benchmark solution representing convection in a partially heated square cavity without a
porous material. Tests were conducted for both constant and variable characteristics, focusing
on a significant temperature difference (e,=0.6) at Ra=10°, with a reference temperature of
To=300 K. The results, as presented in Table V.3, demonstrated excellent agreement with the

findings reported by P. Quéré et al.[21], particularly regarding the average Nusselt number.

Table V.3: Comparative analysis between the average Nusselt numbers in this study and

those reported by Le Quéré et al. [21]

Constant properties

Variable properties

Le Quéré Present work Le Quéré Present work
Nuy 8.85978 8.854992 8.6866 8.679508
Nuc 8.85978 8.863162 8.6866 8.700842
P 0.856338 0.85576 0.924487 0.923238
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Overall, the code used in this study was validated by comparing our results with those
of previous studies [13,14] and [21]. The verification process involved replicating physical
configurations, employing Boussinesq and non-Boussinesq codes, and evaluating the
consistency of our findings with established benchmarks and reference data.

V.6 RESULTS AND DISCUSSIONS

V.6.1 Impact of constant and variable thermophysical properties under large
temperature differences

This section employs the low Mach number code to examine the influence of the
Boussinesq parameter (gp) on heat transfer and fluid dynamics in the presence of a horizontal
porous layer at the bottom of the cavity. Two cases are compared: one featuring constant
temperature-dependent fluid characteristics and the other with variable properties following
Sutherland's law.

The simulation parameters are set as follows: Pr = 0.71, Ra=10°, To = 300 K, Da=107,
Yp=0.2 and €=0.4. To examine the impact of the Boussinesq parameter, different values
ranging from &, = 0.017 to 0.6 are considered. In the Boussinesq solution, the temperature
difference (AT) is set to 10 K. It should be noted that in previous works, it was demonstrated
that, under the condition b < 0.05, corresponding to a temperature difference AT < 30°C, the
incompressible model using the Boussinesq approximation can be applied to simulate both
pure natural convection and combined natural convection with surface radiation [22, 23].

Figures V.5-V.11 provide an opportunity for two simultaneous comparisons. They
present the results obtained for three cases: Boussinesq (e = 0.017), weak non-Boussinesq
(ep = 0.3), and strong non-Boussinesq (e» = 0.6) at Ra = 10°. These simulations are conducted
in the presence of a porous layer with a porosity of € = 0.4 and low permeability characterized
by the Darcy number Da = 107, with a dimensionless thickness of Yp = 0.2. The main goal is
to explore the impact of the Boussinesq parameter on flow and heat transfer phenomena.
Additionally, these figures enable a comparison of the results achieved with constant versus
variable fluid properties. This analysis allows us to examine how fluid properties affect both
flow and heat transfer.

Figure V.5 illustrates how the parameter &, influences the flow by presenting the vertical
and horizontal velocity profiles at Y=0.5 and X=0.5, respectively. The U component profiles
show that, in contrast to the scenario with a low €b value (€,=0.017), the boundary layer
contracts near the lower wall due to the presence of the porous layer (Yp=0.2) and expands
near the opposite wall. The V component profiles along the vertical sides exhibit a similar
pattern, albeit with varying ratios. It is worth noting that the flow for the V component
remains unchanged in the stratification zone, while the peak at the cold vertical wall is
significantly larger for es=0.6 compared to ,=0. 017. Additionally, there is a distinction in the
maximum value of the V component within the boundary layer between constant and variable
fluid properties, despite the porous layer being located at the bottom of the cavity. However,
for the U component, this difference is more pronounced throughout the entire enclosure,
except for the region occupied by the porous layer, where the flow remains stagnant due to the
low permeability and porosity of the porous material.
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Figure V.6 displays the horizontal and vertical fluid temperature profiles. At £,=0.6, the
thermal boundary layer thickens near the hot wall and thins near the cold wall, causing a shift
of the temperature peaks towards the cold wall. This behavior is solely attributed to non-
Boussinesq factors.

As &y Increases for the variable properties, the fluid within the central region becomes
hotter, leading to a reduction in stratification. The vertical temperature profile is impacted by
the existance of the porous layer at the cavity’s base.

The porous layer significantly influences the vertical temperature profile, with the most
pronounced effect depending on factors such as the variation of fluid characteristics with
temperature and the high value of &p.

Figure V.7 illustrates the temperature distribution on the horizontal walls. For small
values of &, the presence of a porous layer is observed to result in a slight reduction in
temperature profiles on the bottom wall (Y = 0). In this region, the impact of fluid properties
on heat exchange is relatively minimal. However, on the upper wall, the effects of fluid
properties become more pronounced. When comparing the cases of constant properties (CP)
and variable properties (VP) for &, = 0.6, a notable difference in temperature distribution is
observed. The utilization of variable properties greatly enhances thermal transfer at the upper
wall. It is important to note that the temperature distribution on the horizontal walls is higher
when considering variable properties compared to constant properties, especially in the
presence of large temperature differences.
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. B
200 - —o—£,=0.017 (CP) 80 , £,=0.017 (VP) ' -
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Figure V.5: Vertical (a) and horizontal (b) velocities for Ra=10°, Da=10"°, Yp=0.2, £ = 0.4
and different values of &
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Figure V.6: Cross-section of horizontal (a) and vertical (b) temperature profiles for Ra=108,
Da=10°, Yp=0.2, ¢ = 0.4 and different values of &,
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Figure V.7: Distributions of lower (a) and upper (b) wall temperatures for Ra=10°, Da=107,
Yp=0.2, ¢ = 0.4 and different values of &p.

Figure V.8 illustrates the streamlines, isotherms, pressure, and density profiles. In
general, when the temperature difference is small (e» = 0.017), there are no significant
variations between the solutions for variable and constant properties and all profiles exhibit a
symmetrical structure relative to the core region of the cavity. The isotherms on the horizontal
sidewalls indicate the presence of temperature gradients towards the bottom wall.
Additionally, due to the low permeability and porosity of the porous layer, there is a moderate
flow in the vicinity of the porous layer along the streamlines. As ey increases to 0.3, the flow
intensifies, resulting in the loss of symmetry in the streamlines, isotherms, pressure, and
density contours. When the temperature difference becomes large (e» = 0.6), the symmetry of
the flow is completely disrupted.
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Figure V.9 also demonstrates the effect of fluid properties on heat transfer and flow. In
both the boundary layers and the core cavity, the temperature rises notably. The impact of

fluid properties
cavity's bottom

and the porous layer on streamlines and pressure is most noticeable near the
wall, in the middle, and close to the top. It is important to note that, whether

the properties are constant or variable, the boundary layers near the hot wall maintain a
thicker profile, indicating that the primary cause of this phenomenon is the nonlinear variation
of density, especially for ey = 0.6.

(VP)
£=0.017

(CP)

(VP)
ep=0.3

(CP)

(VP)
ep=0.6

(CP)

Figure V.8: Streamlines (a), isotherms (b), pressure (c) and density (d) profiles for variable

(\VP) and constant (CP) properties and for different values of &
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Figure V.9 illustrates the changes in the Nusselt number at the hot and cold walls.
When examining convective heat transfer, significant variations are observed in the patterns
of the hot and cold walls based on the Boussinesq parameter e,. This behavior is particularly
pronounced at the top of the cavity, where the Nusselt number is higher for &, = 0.6 on the hot
wall compared to ep = 0.017. Conversely, the opposite behavior is observed on the cold wall.

The presence of the porous layer also affects heat transfer. For Y <Yp, regardless of
the value of &, and whether the properties are constant or variable, the Nusselt number
remains almost constant. However, when Y >Yp, the profiles of the Nusselt number are no
longer constant, and increasing the values of the Boussinesq parameter (ep> 0.017) leads to
higher Nusselt number values. Incorporating variable properties somewhat enhances heat
exchange at the top wall compared to fixed properties.
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Figure V.9: Variations of convective Nusselt numbers at the hot and cold walls
for Ra=10°, Da=10"°, Yp=0.2 and £ = 0.4

Figure V.10 presents the variations in the average Nusselt numbers (Nuavg) considering
different Darcy (Da) numbers (a), and porosity (&) numbers (b). When low Darcy and porosity
numbers are considered (Da <10®° and ¢ < 0.4), the porous layer acts as a solid block and
approaches nearly isothermal conditions, as shown in Figure V.6 (a, b). As the porosity and
permeability increase, the flow penetrates the porous region, resulting in a monotonic increase
in heat transfer.

Eventually, for very high porosity and permeability values (Da > 10, &> 0.4), where
the friction within the porous medium becomes minimal, the Nuayg Stabilizes at a constant
value, resembling the solution for a completely fluid-filled cavity. These scenarios showcase a
progressive shift from conduction to convection within the porous zone. We have specifically
chosen these values of porosity and permeability for further analysis, which will be elaborated
in detail in our future work.

The incompressible approach based on the Boussinesq hypothesis is applicable for
simulating natural convection in a cavity without a porous medium (Yp=0) as well as
convection in a cavity containing a porous medium (Yp>0) for low temperature gradients.
According to Figure V.11, when the temperature difference (AT) is less than 30°C, which
corresponds to a value of the Boussinesq coefficient (ep < 0.05), there are no significant

93




CHAPTER V Natural Convection Heat Transfer in Porous Square Cavity Under
Low Mach Number Approximation

differences between constant properties and variable properties. However, as the temperature
difference increases, there is a substantial divergence between the results of the Boussinesq
model and those of the low Mach number model, especially when &, reaches its highest value
of 0.6, corresponding to AT = 360°C. It can be observed that variable properties exhibit
greater heat exchange than constant properties, as noted previously.
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Figure V.10: Variation of the average Nusselt number as a function of Darcy number (a) for €
= 0.4 and porosity ¢ (b) for Da=10"
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Figure V.11: Variation of the average Nusselt number as a function of difference temperature
AT for Da=10%and ¢ = 0.4

V.6.2 Impact of porosity characteristics the flow and heat transfer

The objective of this section is to explore the effects of fluid penetration into the
porous layer and the related heat transfer mechanisms. Our proposed modeling configuration
involves the placement of a porous layer at the base of a square enclosure. We investigate
variations in the permeability of the porous layer (measured by the Darcy number) and the
porosity () across the non-dimensional thickness (Yp) of the porous layer, spanning from 0 to
1. Throughout the computational analyses, we keep the Rayleigh number (Ra = 10°) and
Boussinesq parameter (ep = 0.6) constant.
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V.6.2.1 Influence of Darcy number

The Darcy number plays a crucial role in comprehending the dynamics of heat transfer
and fluid flow within porous materials. Adjusting the Darcy number reveals its impact on both
the horizontal and vertical temperature profiles, as illustrated in Figure V.12. As the Darcy
number rises (indicating increased permeability and fluid flow through the porous medium),
even with Yp=0.2, the heat transfer process becomes more effective. A higher Darcy number
results in a more uniform horizontal temperature distribution and a reduction in temperature
differentials across the porous layer. This phenomenon is attributed to enhanced convective
heat transfer, driven by significant temperature gradients at ,=0.6.
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Figure V.12: Temperature profiles at the midpoint height Y= 0.5 (a) and the midpoint plane
X=0.5 (b) for Ra=10°, Yp=0.2, € = 0.4, £,=0.6, and different Darcy number values

In terms of fluid dynamics (see Figure V.13), a rise in the Darcy number leads to
higher velocities within the porous medium (Y<Yp). This enhanced flow is attributed to the
decreased resistance to fluid motion resulting from higher permeability. As a result, the fluid
tends to distribute more uniformly in the remaining cavity (Y>Yp). However, changes in the
Darcy number have a relatively minor influence on vertical velocities. Vertical flow is
predominantly governed by buoyancy forces, influenced by parameters such as the Rayleigh
number (Ra) and the Boussinesq parameter (ep). While the Darcy number impacts flow
patterns and the presence of a porous layer with limited permeability results in a rapid
velocity reduction within the fluid region, its effect on vertical velocities is less significant
compared to horizontal velocities. This suggests that heat transfer predominantly occurs via
conduction within the porous region.
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Figure V.13: Vertical (a) and horizontal (b) velocities at the horizontal cross section and the
vertical cross section for Ra=10°, Yp=0.2, € = 0.4, £,=0.6, and different Darcy numbers

Figure V.14 demonstrates the impact of the Darcy number on streamlines and
isotherms. At low Darcy numbers (Da<107?), the porous layer behaves as a solid wall,
exhibiting nearly uniform temperatures. With increasing permeability (Da>10"), fluid flow
penetrates the porous medium, leading to improved heat transfer. At very high Darcy numbers
(Da>1072), streamlines and isotherms stabilize, remaining relatively constant. This stability
signifies that the streamlines and isotherms indicate that the convective flow patterns and
temperature distribution reach an equilibrium, ensuring consistent heat transfer efficiency.

This balance is reflected in the attainment of a uniform average Nusselt number, akin
to fully fluid-filled enclosures. Notably, there is a substantial rise in Nu for lower Darcy
values (refer to Figure V.15). These findings illustrate a gradual shift from conduction-
dominated to convection-dominated heat transfer within the porous domain. Additionally, the
decrease in the average Nusselt number between scenarios with a small Boussinesq parameter
(ep=0.017) and a large Boussinesq parameter (e»=0.6) can be attributed to the impact of large
temperature differences and the thermodependency of thermophysical properties.
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Figure V.14: Streamlines (a), isotherms (b), for Ra=10°, Yp=0.2, € = 0.4, &, = 0.6, and

different values of Darcy number
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Figure V.15: Variations of the average Nusselt number as a function of Darcy number, for
low (ep=0.017) and high (&r=0.6) temperature differences

V.6.2.2 Impact of porosity &

The porosity of a porous material represents the fraction of voids or pores relative to
the total volume of the substance. These voids or pores acts as conduits for fluid circulation
within the porous medium. Thus, adjusting the porosity parameter directly affects the volume
of space accessible for fluid motion, consequently influencing the dynamics of heat transfer
and fluid flow.

An increase in porosity implies a greater presence of voids within the porous material,
which creates wider channels for fluid flow. This increase in void space decreases the
interaction between the solid matrix and the fluid, consequently reducing the efficiency of
convective heat transfer. As a result, the temperature distribution within the cavity changes,
often showing more pronounced temperature gradients across the porous layer (see Figure
16). Elevated porosity values typically correspond to diminished heat transfer effectiveness
due to reduced convective thermal effects.
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Figure V.16: Temperature profiles at mid-height Y= 0.5 (a) and mid-plane X=0.5 (b) for
Ra=10°, Yp=0.2, Da=10", &, = 0.6, and different values of porosity coefficient
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Figure V.17 illustrates that higher porosity values are associated with lower horizontal
and vertical velocities in fluid flow. This decline is a result of the increased empty space
resulting from higher porosity, which in turn raises the resistance to fluid flow. Consequently,
fluid velocities diminish, enhancing flow through the porous media (Yp<0.2).
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Figure V.17: Vertical (a) and horizontal (b) velocities for Ra=10°, Yp=0.2, Da=10", ¢, = 0.6,
and different values of porosity coefficient

Changes in porosity significantly impact streamlines and isotherms, which, in turn,
reflect changes in fluid flow patterns and heat transfer characteristics within the porous
medium (see Figure V.18). Greater porosity values (¢ > 0.4) promote increased fluid
penetration, leading to larger temperature gradients across the porous material. Conversely,
lower porosity values (e < 0.4) yield more intricate streamlines and smoother isotherms,
signifying enhanced convective heat transfer and reduced temperature gradients.
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Figure V.18: Streamlines (a), isotherms (b), for Ra=10%, Yp=0.2, Da = 107, &, = 0.6, and
different values of porosity coefficient

The distribution of the average Nusselt number, as depicted in Figure V.19, illustrates
a relationship between the porosity number and heat transfer. It is apparent that with the
increase in the porosity number, the average Nusselt number initially decreases. However, it
eventually stabilizes at relatively constant values (¢ > 0.6). This observation suggests the
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presence of a critical porosity value beyond which further increases have minimal effect on
heat transfer and fluid flow. This result aligns with previous studies indicating that higher
porosity encourages fluid penetration, leads to larger temperature gradients, and enhanced
convective heat transfer. Conversely, lower porosity values result in smoother flow patterns,
reduced temperature gradients, and improved convective heat transfer efficiency.
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Figure V.19: Variations of the average Nusselt number as a function of Porosity coefficient
for low (ep = 0.017) and large (e = 0.6) temperature differences

V.6.2.3 Impact of porous layer thickness Yp

Our study also examines the impact of the dimensionless porous layer thickness (Yp)
on both flow patterns and heat transfer processes. In Figure V.20, temperature profiles in the
horizontal and vertical midplanes (X=0.5 and Y=0.5) are depicted for different Yp values. For
thinner porous layers (Yp < 0.4), the temperature profiles exhibit notable gradients, indicating
a predominantly convective situation with stratification at the cavity’s base. In contrast, with
an increase in Yp (Yp> 0.4), the temperature profiles tend to adopt a more linear trend,
resembling the behavior typically observed in a fully conductive cavity.
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Figure V.20: Temperature profiles at mid-height Y= 0.5 (a) and mid-plane X=0.5 (b) for
Ra=10°, Da=10"°, £ = 0.4, &, = 0.6, and different layer thickness values.
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Figure V.21 illustrates the profiles of horizontal and vertical velocities in the
transverse plane (X-Y). Within the porous region, the velocity profile demonstrates a near-
linear pattern. At Yp=0, the profiles signify a purely convective nature. Furthermore, the
vertical velocity profiles exhibit a symmetric feature, each profile displaying two peaks within
the boundary layers. These peaks diminish in amplitude as the porous layer thickness
increases. At Yp=1, representing a fully porous enclosure, both velocity profiles become
predominantly linear, indicating a primarily conductive flow. Each horizontal velocity profile
also reveals two peaks near the vertical wall, gradually transitioning to a more linear behavior
as they approach the bottom of the cavity. Notably, the profiles indicate the absence of
circulation in the lower region of the cavity.
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Figure V.21: Vertical (a) and horizontal (b) velocities for Ra=10°, £=0.4, Da=10">, ¢, = 0.6,
and different layer thickness values

In Figure V.22, contour plots depict isotherms and streamlines, offering insights into
flow and heat transfer characteristics. For Yp=0 (no porous layer), the streamlines reveal two
cells rotating clockwise at the cavity center, illustrating pure natural convection. With an
increase in the porous layer thickness (Yp > 0.2), the strength of these cells diminishes
compared to the initial scenario, until reaching the configuration of a fully porous cavity (Yp
= 1), where a single cell dominates the cavity space.

For a fully porous cavity (Yp = 1), the isotherms within the porous medium exhibit a
predominantly vertical orientation, indicating vertical heat conduction through the porous
material. Heat is conducted from the warmer (high-temperature) fluid in the upper region to
the cooler (low-temperature) fluid in the lower region. With a substantial thickness of the
porous layer (Yp = 1), flow obstruction within the porous medium is notable, and flow
primarily occurs through diffusion in the porous material.
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Figure V.22: Streamlines (a), isotherms (b), for Ra=10%, ¢ = 0.4, Da =107, &, = 0.6 and

different layer thickness values
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Figure V.23 illustrates the distribution of the Nusselt number concerning the
dimensionless thickness of the porous layer (Yp). The plot illustrates that as the porous layer
thickness tends towards zero, corresponding to pure natural convection, the Nusselt number
converges to a singular value. likewise, as the thickness of the porous medium approaches
unity, representing a state of pure conduction, the flow transitions towards a predominantly
conductive regime across the medium.

The influence of a porous medium on natural convection flow is more significant
compared to a system without a porous medium. The presence of a porous medium
significantly alters the characteristics of fluid flow and heat transfer within the system.
However, when examining the average Nusselt number, which acts as an indicator of
convective heat transfer, the impact of the porous medium is relatively minor until a certain
porosity value is attained, approximately around Yp = 0.8. This suggests that within this
range, the porosity of the medium has limited effects on heat transfer.

However, prior to reaching this critical porosity value, a considerable decrease in the
average Nusselt number is observed. This reduction is attributed to the inhibition of
spontaneous convection movement caused by the presence of the porous medium. In other
words, the porous medium hampers the natural flow of the fluid, leading to a reduction in
convective heat transfer.

The graph can be divided into three distinct zones. The initial zone signifies a
predominantly diffusive region, indicating minimal flow effects (Yp > 0.8). The third zone
corresponds to mostly convective flow, leading to substantial heat transfer (Yp=0). The
intermediate zone is characterized by a drastic decline in the Nusselt number as a function of
Yp.
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Figure V.23: Variations of the average Nusselt number as a function of layer thickness for
low (e»b=0.017) and large (ep = 0.6) temperature differences
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V.7 CONCLUSIONS

This chapter presented a comprehensive analysis of the coupled natural convection and
porous media within a square cavity, employing a Low-Mach-number approach and a control
volume method. By examining the effects of temperature difference, porous layer
characteristics (porosity and permeability), and temperature-dependent fluid properties
(constant or variable), we have gained valuable insights into the flow patterns and heat
transfer performance of the system. Key findings from this study can be summarized as
follows:

- Under non-Boussinesqg conditions and with increasing temperature gradient, there is a
notable difference between the solutions obtained using compressible (ep > 0.017) and
incompressible (ep = 0.017) models. Hence, the coupled natural porous media system can
be accurately simulated by employing the compressible model with the assumption of a
low Mach number.

- Fluid compressibility in porous media can have a significant impact on natural convective
heat transfer. It can change the fluid flow patterns, thereby affecting the rate of heat
transfer. Furthermore, fluid compressibility can also influence the thermal expansion and
contraction of the porous medium, introducing additional complexity to the system.

- The presence of a porous layer at the bottom of the cavity reduces stratification in the
central region and promotes flow along the horizontal walls and at the upper section of the
cavity. This configuration also decreases fluid temperatures, resulting in substantial
alterations in flow patterns and temperature distribution.

- Variations in thermophysical properties can significantly affect thermal transmission and
flow patterns.

- The presence of a low-permeability porous layer caused a significant decrease in heat
transmission. In contrast, it was noted that heat transfer coefficients increased with higher
permeability of the porous material. The Nusselt number achieves its peak at a low
porosity value of 0.1 and stabilizes at a consistent value as porosity rises to 0.8. This
indicates the presence of an optimal porosity range for maximizing heat transfer
efficiency.

- With the increases in the Darcy number, the thermal and dynamic fields within the porous
layer becomes more pronounced. This implies that as permeability rises, the behavior
starts resembling that of a fluid medium. The Nusselt number reaches its maximum and
remains stabilizes when the Darcy number reaches 107, indicating the optimal condition
for heat transfer efficiency in relation to Darcy permeability.

- The Nusselt number exhibited an inverse correlation with the increase in Yp (the porous
layer thickness), converging towards a steady value when the thickness approached zero,
indicating pure natural convection. Similarly, as Yp approached unity, it stabilized at an
almost consistent value at Yp = 0.8, akin to the porosity-related behavior, highlighting the
significance of thickness in regulating the heat transfer efficiency within the porous
medium. The flow through the porous medium transitioned towards a fully conductive
state.
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The conclusions drawn in this chapter have significant implications for enhancing the
design and performance of systems integrating porous layers across diverse engineering
applications.

In the realm of thermal engineering, understanding the influence of permeability and
porosity on heat transfer facilitates the advancement of more effective thermal management
strategies for energy-efficient buildings and heat exchange systems. Similarly, in geothermal
energy and oil recovery sectors, a deep understanding of fluid flow and heat transfer in porous
reservoirs aids in optimizing recovery conditions and elevating energy production rates.
Profound insights into heat transfer in porous media are crucial for designing and optimizing
heat exchangers in the petroleum industry. Furthermore, utilizing porous materials in
electronics cooling enhances the performance and reliability of electronic systems. These
outcomes also have the potential to refine mathematical models and simulation methodologies
for fluid dynamics simulations that incorporate porous media effects.
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CHAPTER VI Influence of Surface Radiation on Heat Transfer and Fluid Flow in a
Square Cavity with a Porous Layer at the Bottom

VI.1 INTRODUCTION

In a variety of natural phenomena and engineering applications, such as grain storage,
air-conditioning systems and building insulation [1,2], as well as in many industrial
applications such as furnaces, combustion equipment, burners, electronic component cooling
and printed circuit boards [3-5], the interplay between natural convection and heat transfer in
porous/fluid composite domains is apparent in problems of natural convection coupled with
thermal radiation [6,7]. Most of these applications involve significant temperature variations
and require modeling that takes into account real variations in fluid properties and the impact
of compressibility. The low Mach number (LMN) assumption is an important numerical issue
for low-velocity compressible flows, as it allows realistic fluctuations in fluid properties and
compressibility effects [8,9]. Global pressure is divided into two terms: mean thermal
pressure and dynamic pressure. This decomposition eliminates acoustic waves, enabling
substantial fluctuations in density as a function of temperature. Numerous numerical models
and tests have been carried out in recent years to study natural convection and heat transfer
processes in cavities, with and without thermal radiation [10-12]. The differentially heated
cavity problem is a famous case in CFD code verification that focuses on the influence of
surface thermal radiation on natural circulation in a differentially heated cavity filled with a
porous medium and with large temperature changes.

Several previous studies have been conducted on the coupling of natural convection
and surface radiation phenomena [13-17]. Hamimid et al. used a numerical approach with a
finite volume method to investigate the combined laminar natural convection and surface
radiation in a differentially heated square cavity. The study analyzed the impact of emissivity
on temperature and velocity profiles within the cavity and presented results for convective and
radiative Nusselt numbers under various conditions [13]. Another numerical analysis was
conducted to study the combined effects of laminar natural convection, internal heat
generation, and surface radiation. The researchers employed a finite volume method with a
staggered grid and the SIMPLER algorithm to examine an air-filled square cavity with
uniform emissivity on all four walls. The study reported results illustrating the influence of
emissivity and internal heat generation on streamlines and temperature contours within the
cavity. It also presented the effects of different parametric conditions on convective and
radiative Nusselt numbers [14].

This chapter focuses on investigating natural convection and heat transfer in a
differentially heated cavity partially filled with a porous layer while considering the influence
of surface thermal radiation. The cavity is a square enclosure with an adiabatic condition
applied to the upper and lower walls. By varying the emissivity of the vertical surface
radiation within the cavity (ranging from 0 to 1), we aim to understand the specific impacts of
low permeability (Da = 10®) and high permeability (Da = 10°%) of the porous medium on heat
transfer and fluid flow phenomena. To obtain quantitative and qualitative information, we will
perform simulations by setting up appropriate scenarios and analyzing the results. This
chapter endeavor will provide a comprehensive understanding of the complex relationships
between convection, radiation, temperature differences, and characteristics of the porous
medium.
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V1.2 PROBLEM FORMULATION

This study investigates a two-dimensional square cavity with a side H (FigureVI.1).
The cavity is filled with a porous layer at its bottom and a variable-property Newtonian fluid.
The natural convection problem is characterized by two vertically heated walls with specified

temperatures T_,T, =T_,. The assumption is made that horizontal surfaces experience

. I : - T
combined contributions from both convection and radiation —k a—+qr =0. All four walls

are subjected to no-slip and zero-mass flux boundary conditions V = 0, maintaining the same
emissivity value.

A Cartesian (x,y ) coordinate system is employed, and the gravitational vector 6 IS
applied along the y-coordinate. Initial conditions include constant pressure p, and
temperature T, distributions, as well as stationary flow V =0. The Boussinesq parameter
g, =AT /2T, is introduced using the mean temperature and the temperature difference
between the walls AT =T, —T,.

U=Vv=0,6 = 6; for t=0
U=v=06 =6,=05 for 0<Y<landX=0
U=Vv=0,6 =0, =-05 for 0<Y<landX=1

U=V=021— NrQr=0 for 0<X<1landY=0
U=V=02— NrQr=0 for 0<X<landY=1

A flow model developed for low Mach numbers[13-15] is used to investigate the
dynamics of the heated cavity. In this case, the Navier-Stokes equations are expressed as
powers of a very small parameter M2 (where M denotes the Mach number). The total pressure

P is then divided into two components: average thermodynamic pressure p(t) and dynamic
pressure P'. At an initial temperature of 300 K, the fluid (air) is considered to behave as an

ideal gas in the current study. Sutherland's law is applied to calculate the transport parameters
i (T) and k (T).

1+S T
p=(25T +1)"° (1+5,7To) (V1.1)
25T +1+S [T,
WhereS ,=110.4 [18]. The conductivity is given by:
k(=40 (V1.2)
Pr
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FigureV1.1: Flow configuration and coordinate system.

V1.3 GOVERNING EQUATIONS

The Low-Mach-Number equations are used to represent this flow as we are concerned
with a case of significant temperature variations [16,19].

Fluid Region

%P %_X“ %_o (VI1.3)
(gt o) =~ (213 + 5(u5) + 17} v
p (a—z+ uz—z+ vz—;) =—g(p — po) —%+ {:—x (,uZ—Z) +aa—y(,u§—;) +§|7u|7. 17} (VL5)
pCp(%+V VT]:(V.kVT )+% (VL6)
p=pRT (VI.7)
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Porous region

9, opu_ v _, (V1.8)
o4 ox oy
10u 1  du 1 du apP'  1[a ou a ou 1 =
P(;F:z”w:z”a) =—%t: a(ﬂa%a(%) +30uaV|
v _ 175 W, (V1.9)

_HK V150K £3/2

p(la—v+i —+l a—v)= i + a(ua—”)+i(uz—;)+§AuN7]—g(p—po)

e ot g2 dy ay ox ox ay
v 175p V]
Ry ™ Visok ez ¥ (V1.10)
aT aT aT ]
(PCPYers GO + (pCP)y [u T + v 3| = Tk o+ Tk T+ 2 (VI.11)
(pCp),;p = & (pCp), + (1= )(pCp), (V1.12)
V] = VuZ + 2 (VI.13)
The non-dimensional variables are used to make the non-dimensional equations.
2 !H2 _ . o
T:ﬂ, X :i, Y :L, U zﬂ,\/ :\ﬂ, H:g P e P:_i, 9=T T
H H H a a pa p AT
where: AT =T, T, , T, _T ZTC
Fluid Region
U  pV _, (V1.14)
ot oX oY
(R ) [0 () 2 ey (V1.15)
ot oX oY oX oX oX ) oY oY ) 3
(ﬁ T vﬁjz_a_“_Rapr Lopr i(,;ﬂji(y 5V)+1vﬂ vV (VI16)
or oX oY oY 2¢g, oX oX ) oY oY) 3
oC (%+U ﬁ+V%j:i(k*%)+i(k*%)+ 7_1d_P (VIl?)
Plor oX oY ) oX oX ) oY oY) 2gydr
P
(V1.18)

T
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Porous region

9 Y N _, (VI1.19)
ot oX oY
L (L AN
& 0T & oX & oY g°oX ¢ oX oX oY oY 3 (V|.20)
_Pry_ 118 MU
Da  +/150Da &¥*
P10 L W) LA g2 (), 0, Ly g2
cor & X & o 2o ¢ |ox\"ox) ov\"av) 3 2¢, (VI1.21)
Py, 11 M
Da  /150Da &**
a0 20 6 _ 8 (, 36 8 (, 0 y—1dP
9% +U ax +V ay  9x (k ax) + oy (k aY) + 2epy dT (V1.22)
P
P = Gepre) (V1.23)
With o= S(Pcp)f"'(l_f)(l’cp)s

(pep)r
V1.4 RADIATIVE ANALYSIS

The surface radiation does not modify the equations governing fluid motion but only
alters the thermal boundary conditions. The coupling of natural convection with surface
radiation occurs solely through the thermal boundary conditions. Without surface radiation,
the adiabatic condition implies that the temperature gradient normal to these walls is zero. In
the presence of surface radiation, the adiabatic condition is translated by the balance between
conductive and radiative fluxes:

kL +q, =0 (V1.24)
ly—o, H

q-is the net radiative flux density, determined by the following systems of equations:

4y =—(T* =) (V1.25)
Al =b (V1.26)
J is the radiosity vector

A is a matrix whose elements are given by:

and

b; = eoT} (V1.28)
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The system describing the surface radiation is non-dimensionalized using the following
parameters:

- The radiation temperature is non-dimensionalized by T, thus:

0=L=0L4+1=241 (V1.29)

Where: 6, = Z—;

- The radiation flux g, is non-dimensionalized by o T , thus:
Qr = qr/0Ty (V1.30)

If the enclosure consists of N walls, the dimensionless radiosity of wall i is obtained by

solving the following system:

Y16 — (1 — )Fi_))R; = £,0} (VI1.31)
Where R is the dimensionless radiosity defined as:
R =]/oTy (V1.32)
Consequently, the dimensionless radiative flux density along a surface A; is expressed as:
Qri =Ry — X1 RiFi_; (V1.33)

V1.4.1 Boundary conditions

Since the coupling of natural convection with surface radiation occurs solely through
the thermal boundary conditions, the corresponding dimensionless boundary conditions are
given by:

U=V=0 6 =6, for =0 (V1.34)
U=V=0,0=0,=-05 for0<Y<1and X=0 (VI1.35)
U=V=06=6,=05 for0<y<landX=1 (V1.36)
U=V=0 2 -NrQ,=0 for0<X<land Y=0 (V1.37)
U=V=02-NrQ,=0 for 0SX<land Y=1 (V1.38)

Where Nr = oTy H /kAT is the dimensionless parameter of conduction-radiation.
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V1.4.2 Heat transfer parameters

The following formulas provide the heat transfer rate on the active vertical walls in
terms of average convective and radiative Nusselt numbers Nug,,sand Niyqpg:

1 a6
Nucavg = f() T ax X=01 dy (V|39)
1
Nuravg = NT f() QT|X=0,1 dy (V|40)

The total average Nusselt number is obtained by summing the average values of the
convective and radiative Nusselt numbers:

1 a6
Nugyg = J (_ axlg4 + NrQrIX:O,l) ay (V1.41)

V1.4.3 Numerical modelling

The 2-D governing differential equations for the velocity, pressure, and temperature
fields are numerically solved using a finite volume approach. A power scheme is employed to
approximate the advection-diffusion terms. To solve the pressure-velocity coupling, the
SIMPLER (Semi-Implicit Method for Pressure Linked Equations Revised)method with a
staggered grid is used, as described in Patankar[20]. The governing equations are formulated
in transient form, and a fully implicit transient differencing scheme is used as an iterative
procedure to reach steady state. The algebraic equations are solved using a combination of the
line-by-line technique, which employs both the direct method (Thomas algorithm) and the
iterative method (Gauss-Seidel). The discretized equations are solved using this technique
with two directional sweeps. For each elemental wall surface, the radiosity is calculated as a
function of temperature, emissivity, and view factor, through the following matrix equation:

[4;][R:] = [06}] (V1.42)
The analytical formulas for the view factors in 2D are provided as follows [21] (Figure VI.1):

Fi_j= - [\/xg + y2|z: —JxZ+ y2|:] (V1.43)

2(x2—x1)

1 =

Fin=—3= Ve -7 T2 = -7+ 2| (V144)

V1.5 GRID SENSITIVITY

In order to achieve an optimal balance between the required precision and computation
time, a mesh sensitivity test is conducted at various locations within a domain. A grid size
variation ranging from (50x50) to (160x160) is used, with particular attention given to
comparing the average Nusselt numbers on the vertical active walls.
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The analysis is characterized by the following specific calculation parameters: Ra=10°,
Yp=0.2, &=0.5, Da=103, and AT=360 K. The initial state corresponds to a quiescent medium,
with a uniform temperature To=300K, for which the Prandtl number is Pr=0.71.

The results obtained for different mesh configurations are presented in Table VI.1. It
should be noted that with a finer mesh, there is a reduction in the average Nusselt values. The
observed reductions indicate that the solution becomes independent of the mesh beyond
(100x100). This particular mesh size is identified as the optimal balance between accuracy
and computation time, serving as the basis for code validation

Table VI.1: Mesh sensitivity test for convective, radiative and total Nusselt numbers.

Grid 50*50 60*60 80*80 100*100 120*120 160*160
NUavg
Convective 8.201255 8.191255 8.180472 8.157594 8.15723 8.14867
Radiative Hot wall 6.299823 6.28924 6.281225 6.27943 6.275761 6.273356
Total 14.49003 14.48055 14.4617 14.43703 14.43299 14.42803
Convective 8.11632 8.07136 8.055877 8.032181 8.026004 8.02463
Radiative Cold wall | 6.41034 6.402246 6.4055 6.404661 6.406952 6.407051
Total 14.49352 14.47361 14.46138 14.4368 14.43295 14.42935

V1.6 VERIFICATION

Before presenting and discussing the results, the developed numerical code is
validated to ensure that it produces accurate results. The results of the natural convection
problem in the presence of surface radiation are compared to two sets of published data.

The average radiative Nusselt number and isotherms for (42 x42) grid size are
compared with those given in Wang et al. [22] and Akiyama et al. [23] as shown in Figures
V1.2 and VI1.3. Results of the present work compare exceedingly well with those given in the
literature.

It should be mentioned here that in the works of Wang et al. [22] and Akiyama et al.
[23], the Boussinesq approximation was taken into account for the temperature difference
AT= 10 K (&,=0.017), while this approximation is no longer valid for such a temperature
difference. To simulate both pure natural convection (& = 0) and combined natural convection
with surface radiation (&> 0), the use of the incompressible model based on the Boussinesq
approximation can be considered valid under the condition e» < 0.05 when the temperature
difference in the cavity is approximately less than 30K [16,24]
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Figure V1.2:Comparison of the average radiative Nusselt numbers of the present work with
those of Wang et al. [23]

(a)

!

(045

Present work

\
Akiyama et al.[24]

Figure V1.3 : Comparison of the isotherms of the present
work with those of Akiyama et al. [24]

117




CHAPTER VI Influence of Surface Radiation on Heat Transfer and Fluid Flow in a
Square Cavity with a Porous Layer at the Bottom

V1.7 RESULTS AND DISCUSSION

In this section, we present and discuss the numerical results illustrating the impact of
the examined parameters on flow characteristics and heat transfer. The study uses a
compressible numerical model (LMN) to explore the influences of porous layer permeability
and surface radiation on steady-state heat transfer and fluid flow in the presence of substantial
temperature variations.

The system under investigation is an air enclosure incorporating porous media. It
comprises a differentially heated cavity with isothermal vertical walls and adiabatic top and
bottom walls

In the simulation, certain parameters are kept constant. These parameters include the
Prandtl number (Pr = 0.71), the Rayleigh number (Ra = 10°), the Boussinesq parameter (e» =
0.6), the porous layer thickness (Yp = 0.2) and the porosity (¢=0.4). However, we experiment
with varying the Darcy number Da (107°, 10-%) and emissivity &r (ranging from 0 to 1) in order
to investigate the effects of permeability and surface radiation.

Figures V1.4 and V1.5 show temperature profiles for different emissivity (er) values
and two Darcy numbers: a low value (Da = 10°) and a high value (Da = 10°3).

In Figure V1.4, the horizontal temperature profiles of the air in the middle of the cavity
are presented for the specific case of €, = 0.6. The results demonstrate that the thickness of the
thermal boundary layer varies with emissivity. Specifically, an increase in emissivity leads to
thickening of the thermal boundary layer near the hot wall, while it thins near the cold wall.
This variation in the thickness of the thermal boundary layer causes a shift in the temperature
peaks towards the cold wall.

This effect is solely due to non-Boussinesq effects. In the central region, an increase in
¢ slightly raises the fluid's temperature, and higher permeability reduces the temperature
stratification, with no significant influence from the porous layer. Figure VI.5 displays
vertical temperature profiles in the middle of the cavity. Increasing € results in heating at the
bottom wall and cooling at the top wall. The presence of the porous layer and the Darcy
number have noticeable effects. As emissivity increases, the temperature at the bottom wall
rises in the presence of different permeabilities in the porous layer, while a decrease is
observed near the top wall.
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Figure V1.4: Horizontal temperature profiles as a function of emissivity (gr) for low
(Da =107°) and high (Da = 10~%) Darcy numbers with Ra = 108, £,=0.6
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Figure V1.5: Vertical temperature profiles as a function of emissivity (&) for low
(Da =107°) and high (Da = 10~%) Darcy numbers with Ra = 10°, £,=0.6

The impact of emissivity (&) and permeability (Da) on the flow is shown in Figures
V1.6 and VI.7. Horizontal and vertical velocity components are plotted at X=0.5 and Y=0.5,
respectively. The results reveal that within the porous layer, the flow is slightly faster with
pure conduction heat transfer when € is increased, especially at low Darcy numbers.
Examining the U component profiles, we observe that the boundary layer contracts near the
bottom wall and expands near the opposite wall. It is interesting to note that in the stratified
region, the flow remains unchanged for the V component. Moreover, the peak value near the
cold vertical wall is slightly lower for Da=10" compared to Da=107, indicating an increase in
the permeability of the porous medium, resulting in reduced hydrodynamic resistance.
Convection heat transfer within the porous layer becomes significant at high Darcy values,
although the dominant mode is conduction.
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Figure VI1.7: Vertical velocity profiles as a function of emissivity (er) for low (Da =10-°) and
high (Da = 10-%) Darcy numbers with Ra = 10°, £,=0.6.

Figures V1.8 and V1.9 demonstrate the impact of surface emissivity on the Nusselt
number for high values of the Boussinesq parameter ep. The results reveal that the effect of
surface emissivity on the Nusselt number differs between the free flow region (Yp> 0.2) and
the porous medium region (Yp < 0.2). In the porous medium region, the cold side wall
experiences significantly lower values of the Nusselt number compared to the free flow region
for Da=10"°. On the hot side wall, an opposite effect is observed, where the impact is more
pronounced compared to the free flow region. These changes are relatively smaller due to
weaker natural convection and the absence of thermal radiation in the porous medium.
Figures V1.8 and VI.9, also illustrates the effect of emissivity variation on the radiative
Nusselt number. As expected, Nusselt values rapidly increases with emissivity on the cold
side wall and decreases on the hot side wall. This indicates the significant role of surface
radiation in heat transfer in the cavity, particularly at higher emissivity levels.The presence of
thermal radiation on the surfaces results in a slight increase in the temperature gradient near
the hot side wall in the free flow region, causing a slight elevation in the Nusselt number on
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the hot side as emissivity increases. As a result, the Nusselt number at the hot wall is lower
than that at the cold wall. Moreover, as emissivity further increases, the temperature gradient
near the cold side also slightly rises in the free flow region.
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Figure V1.8: Evolution of the Nusselt numbersat the cold wall as a function of emissivity (er)
for low (Da = 107°) and high (Da = 10-%) Darcy numbers with Ra = 10°, £,=0.6
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Figure V1.9: Evolution of the Nusselt numbersat the hot wall as a function of emissivity (er)
for low (Da = 107°) and high (Da = 10-%) Darcy numbers with Ra = 10°, £,=0.6
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Figures VI1.10 and VI.11 display streamlines and isotherm plots, which are used to
compare simulations with and without surface radiation at different emissivities. The results
consistently indicate that, since the temperature difference is high (ep = 0.6), the flow loses its
symmetric nature.

As we can see in Figure VI.10, the secondary rolls within the primary flow become
asymmetric. The permeability of the porous layer (Da) significantly influences the flow
structure. An increase in Da reduces the strength of the cell due to the hydrodynamic
resistance from the porous layer. At lower Da values, a contracted central cell can be
observed, while higher Da values result in a horizontally elongated cell

A closer examination of Figure V1.11 reveals that the slopes of the isotherms near the
lower wall differ from those near the upper wall. The predominantly vertical isotherm
patterns within the porous layer indicate the dominance of conduction heat transfer, whereas
the predominantly horizontal isotherm patterns imply convection dominance.

Furthermore, the introduction of radiation causes an increase in temperature at the
interface and a decrease at the top wall in the free flow region. The presence of natural
convection and thermal radiation at the interface between the free flow and porous medium
leads to higher average temperatures in the porous medium compared to cases without
radiation. Increasing the emissivity of the surfaces slightly amplifies the average temperature
in the porous medium. The introduction of surface thermal radiation significantly shifts the
mean temperature line to the right in the porous medium, even with low emissivity values.
However, the extent of these changes is less pronounced when the emissivity increases from
0.5 to 1 compared to the range of 0 to 0.5.

Da=103
€r=0 8r=0,2 8r=0,4 8r=0,6 Sr:0,8 =1

Figure V1.10: Streamlines as a function of emissivity (&) for low (Da =107°) and high
(Da = 107%) Darcy numbers with Ra = 108, £,=0.6.
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Figure VI.11: Isothermsas a function of emissivity (ef) for low (Da =10°) and high

(Da = 10°%) Darcy numbers with Ra = 105, £,=0.6.

To gain a better understanding of the effects of the studied parameters, we extensively
investigate the overall heat transfer, represented by the average Nusselt numbers over the
heated wall, as depicted in Figure VI1.12.

The results demonstrate that overall heat transfer improves as the emissivity (&)
increases, regardless of the values of other parameters, even in the presence of the porous
layer, which inherently resists heat transfer. This observation is clearly evident in Figure
VI1.12, indicating that the permeability of the porous layer does not significantly impact the
enhancing effect of emissivity. However, our study reveals that in certain situations,
particularly at lower Da values, increasing & to 0.8 leads to an increase in the average
convective Nusselt number. Subsequently, further increases in ¢ result in a steep stabilization
of convective Nuayg values, as shown in Figure VI1.12a.

Additionally, in Figure VI1.8b, the influence of effective thermal conductivity and
hydrodynamic resistance is expressed at high Da numbers, due to the flow penetrating
through the porous layer. In other words, the increase in Nuayg with respect to & can be
attributed to the fact that, for different Da numbers, the flow penetrating into the porous layer
is not affected by the acceleration caused by the thermal energy resulting from higher
effective thermal radiation.
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Figure V1.12: Distribution of the average nusselt numbers as a function of emissivity (er) for
low (Da =107°) and high (Da = 10-%) Darcy numbers with Ra = 105, £,=0.6.

V1.8 CONCLUSION

The investigation into heat transfer and fluid flow within a cavity, considering the
influence of permeability in porous media and surface emissivity, has provided valuable
insights into the complex interplay of these factors.

Permeability impact:
- Variations in permeability significantly alter flow behavior.
- Low permeability restricts fluid flow, reducing convection and heat transfer rates.

- High permeability facilitates fluid flow, enhancing heat transfer within the cavity.
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Combined Radiation-Natural Convection:

- Numerical exploration of combined radiation-natural convection in a differentially heated
cavity with porous medium revealed insightful patterns.

- Thermal radiation plays a crucial role in shaping natural convection and heat transfer in both
free fluid and porous medium regions.

- Surface thermal radiation induces temperature distribution changes, even with a small
emissivity. However, increasing emissivity from 0.5 to 1.0 does not lead to remarkable
alterations.

- Compared to non-radiation scenarios, temperature rises at the interface and decreases at the
top insulated wall. This leads to higher temperatures within the porous medium, with a slight
increase as the emissivity of the surfaces rises.

In conclusion, this study underscores the significance of permeability and emissivity in
shaping heat transfer and fluid flow dynamics. The observed variations in parameters provide
a nuanced understanding of the intricate relationship between these factors, offering valuable
implications for practical applications and further research in thermal systems.
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GENERAL CONCLUSIONS

This research has investigated the intricate dynamics of fluid flow and heat transfer
within a square cavity, considering the influence of permeability in porous media, surface
emissivity, and the coupling effects of natural convection with internal heat generation. The
study aimed to clarify the complex interactions among these factors and their implications for
engineering applications involving thermal systems and energy transfer.

The primary focus of this study was to examine how the presence of a porous medium
influences fluid flow and heat transfer characteristics within the square cavity. Through a
combination of mathematical analysis and numerical simulations using advanced
computational methods, valuable insights were gained into the behavior of fluid flow and heat
transfer under varying conditions.

Additionally, the investigation addressed the limitations of the Boussinesq
approximation for predicting fluid heat transfer under significant temperature gradients. By
adopting a compressible model based on the low Mach number approximation, more accurate
results were obtained, emphasizing the importance of selecting appropriate modeling
approaches in complex fluid dynamics scenarios.

Furthermore, the study explored the competition between internal and external Rayleigh
numbers (Ra; and Rag), revealing their critical role in shaping overall system behavior. The
analysis provided insights into the balance between buoyancy forces induced by internal heat
generation and external temperature gradients imposed on the cavity, elucidating the interplay
between porous medium characteristics, natural convection, and internal heat generation.

This research underscores the importance of understanding variations in thermophysical
property on fluid flow and heat transfer within cavities, which is crucial for optimizing thermal
systems and designing efficient heat exchangers.

One of the key findings is the significant role of permeability in porous media on altering
flow behavior. It was observed that low permeability restricts fluid flow, resulting in reduced
convection and heat transfer rates within the cavity. Conversely, higher permeability facilitates
fluid flow, thereby enhancing heat transfer effectiveness. This understanding is crucial for
optimizing thermal management strategies and designing efficient heat exchangers in
engineering applications.

Moreover, the study highlighted the crucial influence of thermal radiation on shaping
flow patterns and heat transfer dynamics. Surface emissivity plays a critical role in determining
temperature distributions within the cavity, with increasing emissivity leading to moderate
alterations in temperature profiles. The incorporation of radiation reduces stratification within
the cavity and promotes flow along the horizontal walls and within the porous medium,
ultimately affecting heat transfer rates.

These findings have profound implications for optimizing thermal systems and
designing energy-efficient solutions across various engineering disciplines. Understanding the
nuanced interactions between permeability, radiation, and fluid dynamics enables the
development of tailored solutions to enhance heat transfer performance and energy utilization.
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Moving forward, several future research directions are highly recommended to expand
on the current findings. For instance, exploring the influence of a magnetic field in the presence
of porous media could offer novel perspectives on how magnetic effects impact fluid dynamics
and heat transfer in such systems. Additionally, investigating volumetric radiation effects
within a porous medium could provide deeper insights into the role of radiation in modifying
heat transfer characteristics within porous enclosures. These avenues of research have the
potential to uncover new phenomena and enhance our understanding of complex thermal
systems involving porous media and radiative heat transfer.
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ABSTRACT

ABSTRACT

This thesis explores natural convection heat transfer in fluid-saturated porous media within enclosed
cavities, a key area with applications in thermal management and industrial processes. The research examines the
effects of internal heat generation, thermal radiation, temperature differences and porous medium characteristics
on fluid flow and heat transfer rates. All simulations are conducted under the low Mach number approximation,
where high temperature gradients ensure accurate fluid dynamics modeling. Numerical simulations, based on the
Darcy-Brinkman model and Navier-Stokes equations, analyze laminar flow patterns and temperature fields. Key
parameters such as internal Rayleigh number, external Rayleigh number, Darcy number, porosity, emissivity, and
Boussinesq parameter are investigated. Results show that higher Darcy numbers improve fluid flow and heat
transfer, while increased porosity enhances heat exchange surface area. Thermal radiation plays a significant role
in shaping convection patterns and overall heat transfer rates. This study provides valuable insights for optimizing
heat exchange in energy-efficient systems and industrial applications.

Keywords: Natural convection, Porous layer, Internal heat source, Finite volume method, SIMPLER algorithm,
Permeability, Porosity, Layer thickness, Low Mach Number approximation, Boussinesq approximation, surface
radiation.

RESUME

Cette thése explore le transfert de chaleur par convection naturelle dans des milieux poreux saturés de
fluide au sein de cavités fermées, un domaine clé avec des applications dans la gestion thermique et les processus
industriels. La recherche examine les effets de la génération de chaleur interne, du rayonnement thermique, des
différences de température et des caractéristiques du milieu poreux sur I'écoulement des fluides et les taux de
transfert de chaleur. Toutes les simulations sont réalisées sous l'approximation des faibles nombres de Mach, ou
des gradients de température élevés assurent une modélisation précise de la dynamique des fluides. Des simulations
numeriques, basées sur le modele de Darcy-Brinkman et les équations de Navier-Stokes, analysent les schémas
d'écoulement laminaire et les champs de température. Des paramétres clés tels que le nombre de Rayleigh interne,
le nombre de Rayleigh externe, le nombre de Darcy, la porosité, I'émissivité et le parameétre de Boussinesq sont
étudiés. Les résultats montrent que des nombres de Darcy plus élevés améliorent I'écoulement des fluides et le
transfert de chaleur, tandis qu'une porosité accrue augmente la surface d'échange de chaleur. Le rayonnement
thermique joue un role significatif dans la formation des schémas de convection et les taux globaux de transfert de
chaleur. Cette étude fournit des informations précieuses pour optimiser les échanges de chaleur dans des systemes
économes en énergie et des applications industrielles.

Mots-clés : Convection naturelle, Couche poreuse, Source de chaleur interne, Méthode du volume fini,
Algorithme SIMPLER, Perméabilité, Porosité, Epaisseur de couche poreuse, Approximation de nombre de Mach
faible, Approximation de Boussinesg, Rayonnement de surface.
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