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General introduction and preliminaries

A laminated beam system is a structural arrangement composed of multiple layers
of materials bonded together to form a single, strong, and durable beam. It is de-
signed to provide enhanced strength, stiffness, and load-bearing capacity compared
to traditional solid beams. Laminated beams are widely used in various industries
and construction applications where high structural performance is required.

The construction of a laminated beam involves stacking multiple thin layers of com-
patible materials, such as wood, metal, or composite materials, and bonding them
together using adhesives or other bonding agents. The layers are typically oriented
such that the grain or fibers run in different directions, which helps distribute loads
evenly and increase overall structural integrity.

The use of different materials in the laminated beam system allows for the optimiza-
tion of specific properties. For example, wood layers provide excellent compressive
strength, while fiberglass or carbon fiber layers offer high tensile strength and stiff-
ness. By combining these materials, laminated beams can be tailored to meet specific
design requirements, such as increased strength, flexibility, or resistance to environ-
mental factors like moisture or temperature variations.

In summary, laminated beam systems provide a reliable and versatile solution for
structural requirements. By combining different materials in layered configurations,
laminated beams offer enhanced strength, durability, and performance characteris-
tics, making them a preferred choice in modern construction and engineering projects.
The best contribution in this field is the work of Hansen et al.[22], the laminated
beam model describes the vibrations in a structure consisting of two layered identical
beams of uniform thickness stuck together by an adhesive (of negligible thickness),
in such a way that a slip is permitted while they are continuously in contact with

each other. In the absence of interfering forces, the system of the model takes the



GENERAL INTRODUCTION AND PRELIMINARIES

following form

pwy + G(Y — wy), = 0,
[p<33tt - z/}tt) - D(3sz - wxa:) - G(w - wx) = 07 (01)
31,81 — 3D Sy + 3G (Y — wy) + 4ys +45s, = 0,

with z € (0,1) and ¢ > 0. Hence p, ,,G, D, 5, and v are density, mass moment of
inertia, shear stiffness, flexural rigidity, adhesive damping parameter and, adhesive
stiffness respectively. Similarly, w = w(x,t) denotes the transverse displacement of
the beam from its equilibrium position, ¢» = (x, t) is the rotation angle, 3s — 1) de-
notes the effective rotation angle and, s = s(x, t) is proportional to the amount of slip
along the interface. The first two equations of (0.1) are derived on the assumption
of Timoshenko beam theory and, the third equation describes the dynamics of the
slip. Moreover, if s(x,t) is identically zero, then the standard Timoshenko system
is recovered. Furthermore, if § # 0, then the adhesion at the interface produces a
restoration comparable force to counteract the interfacial slip. Otherwise, in absence
of adhesive damping (i.e. 8 = 0) ), the third equation describes the dynamics slip
coupled laminated beam without structural damping.

Laminated beams have wider applications in engineering as structures are often
made out of more than one beam or plate stuck together using the appropriate sub-
stance depending on their intended purposes. Among other applications, the closest
examples one can think of in recent times are the layered glass gorilla screen protec-
tion for smart gadgets, windscreens, among others. Being a controlled system, stabil-
ity is very important. Thus, many researchers among mathematicians and engineers
have focused a lot of attention on the study of well-posedness and more importantly;,
the stability behavior of this differential model, majorly by exploiting different damp-
ing mechanisms introduced to the system. We discuss some of the results below. The

asymptotic behavior of system (0.1) with boundary feedback controls of the form

w<0’ t) = ¢(07 t) = S(O7t)v (%U - wa:)(lv t) = klwt<1’ t),
(3896 - ¢I)(17t) = _k2(33t - %)(Lt),

2



GENERAL INTRODUCTION AND PRELIMINARIES

was studied by Wang et al. [47]. The authors established an exponential stability of
the system provided that r; = \/g =+ \/% =1y, ki £ ri(i =1,2).

Interestingly, Tatar [45] and Mustafa [35] extended the result of [47] under weaker
conditions on the parameters p,G,I,, and D. Some related results were also ob-
tained by Cao et al. [13] with different boundary controls. Apart from stabilization
through boundary damping mechanisms, researchers have considered other interest-
ing damping techniques. For example, Raposo [41] introduced extra linear frictional
damping terms in the first two equations of (0.1) in addition to structural damping,
and proved exponential stability without further restrictions. Apalara et al. [9] es-
tablished that a single linear frictional damping in the effective rotation angle is suffi-
cient for exponential decay in case of equal wave speeds. Similarly, in [2], the authors
consider system (0.1) with structural damping, and prove that if it is coupled with
boundary feedback controls acting through complementary displacements, then no
further dissipation or restrictions on parameters are required for exponential decay;,
otherwise the assumption of equal wave speeds is necessary. Regarding dissipation
through material damping, for laminated beam with infinite memory, we mention
the work in [27], in which with only structural damping and suitable assumptions
on the relaxation function, the authors established general exponential decay results
in case of equal wave speeds and polynomial stability otherwise. For earlier results
concerning stabilization of laminated beam through viscoelastic damping, we refer
the reader to [14],[31],[36]. Furthermore, regarding stabilization through thermal
effects, we refer in [30]. The authors investigated a thermoelastic laminated beam
with past history, and proved that in presence of structural damping, the solution
decays exponentially and polynomially without any restrictions on the parameters.
For a system without structural damping, exponential and polynomial decay of the
solution are possible in case of equal wave speeds, otherwise, the system lacks expo-
nential stability. Other interesting results about damping through thermal effects can
be found in [4], [5], [20] for thermoelasticity, and [28] for thermoelasticity of type

I1I. In all these works, authors mainly established that the system decays exponen-
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tially in the case of equal wave speeds and polynomially otherwise, with and without
structural damping. In control systems, time delays are inherent since propagation
and transport of material and/or information are involved. Time delay may manifest
in form of lags between the input and processing the output, or lags in attaining or
restoring the desired system stability after perturbations due to internal or external
factors, among others. To explicitly analyse the delay effect on physical properties
especially stability, it is preferred that control systems are modeled and represented
by delay differential equations. Although there are isolated cases where that volun-
tary inclusion of delay may benefit control (see [7]) or may not significantly disturb
the general system stability, for instance, in [46], time delays have been established
as one of the underlying causes of instability and deterioration of the system perfor-

mance. For example, consider the following system of wave equation

o — Ap =0, in Q x (0, 00),
0 =0, on I'y x (0, 00), (0.2)
¢

5y = THee— popi(z,t — 1), onTy x (0,00),
where ¢ = ¢(z,t),2 C R? is open and bounded having a smooth boundary
0 =TyuUTly and, v = v(x) is the unit normal to ). It is long established that in
the absence of delay (u2 = 0,1 > 0), the system (0.2) is exponentially stable, see
[25],[26],[50]. Whereas, on including delay (u, > 0). Nicaise et al. [37] estab-
lished that the solution decays exponentially provided that ps < p;, and in case of
a reversed scenario (1o > 1), the authors proved that the system solutions become
chaotic by introducing a correlating sequence of delays to the solution. Similar con-
clusions were reached by [17],[49]. For more works regarding constant time delay
effect on stability, we refer the reader to [16],[32],[40],[42] and references therein.
In the dynamic Timoshenko beam model, the amplitude of vibrations of the com-
plementary displacements vanishes due to damping. A constant time delay translates
into a forward phase shift increasing early time response, which is seen to cause fre-

quency dispersion in displacements [34]. This may require stronger damping to

counteract the longer time needed for decay. This delay effect is inherent in the

4



GENERAL INTRODUCTION AND PRELIMINARIES

laminated beam model as it is derived on assumption of Timoshenko beam theory.
The presence of structural damping in a laminated beam provides some dissipation,
which is sufficient for exponential stability in absence of delay on assumption of equal
wave speeds [6],[8]. It is yet to be established if the internal structural damping
can still solely stabilize the system in presence of delay, rather authors have chosen
other damping mechanisms. For instance, Feng [19], considered a laminated beam
with three internal constant delay feedbacks, withe help of three external boundary
controls and some conditions on the system parameters, he established exponential
decay result. Seghour et al. [43] on the other hand, investigated a thermoelastic lam-
inated beam with neutral delay in dynamics of slip equation, and established uniform
stability provided p = G1,. . The required dissipation was obtained through thermal
effects in addition to linear frictional damping in the transverse displacement.
Recently, numerous investigations have focused on the stabilization of laminated
beams, crucial components within multiple engineering disciplines. Hansen and
Spies [22] introduced a model for two-layered beams featuring structural damping
attributed to interfacial slip. Their work led to the formulation of the subsequent
system

pvy + G(r —vy), =0,

1,(3wy —ryu) — G(r — vy) — D(3wgy — rae) =0, (0.3)

4 4
Loy —G(r—uv,) + ng + gﬁwt — Dw,, = 0.

The equations governing the motion in the representation of system (0.3) are ob-
tained through the utilization of Timoshenko theory. Within this framework, a third
equation is interlinked with the initial two equations, delineating the dynamics of
slip and incorporating internal frictional (Kelvin-Voight) damping. It is noteworthy
that when assuming the slip, denoted as w, to be identically zero, the first two equa-
tions of (0.3) can be precisely reduced to the well-established Timoshenko beam
see [15, 20, 32, 44, 46]. When creating models in the fields of biology, physics,
and the social sciences, there are instances where it becomes essential to consider

time delays that are inherent to the observed phenomena. Explicitly incorporating
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GENERAL INTRODUCTION AND PRELIMINARIES

these delays into equations often serves as a simplification or an idealization. This
simplification is necessary when providing a detailed mathematical representation
of the underlying processes proves overly complex or when some specifics remain
unknown. In a broader sense, it prompts questions about how the qualitative char-
acteristics of the system are influenced by the nature and extent of these time delays
(see[7, 16, 18, 33]).

In [38], the following problem involving a wave equation and a time-varying delay

was studied

Ut — AU == 0,

u(z,t) =0,

du

d_(xvt) = Mlut($7 t) + Mz%:(%t - §(t)),
\ AV

the authors managed prove that the problem is exponentially stable given that con-
dition
|,u2| S \% 1-— d,ulu

holds, where the constant d satisfies
J(t)<d<1, vt > 0.

Recently, a model of laminated Timoshenko beam with microtemperature effects
and nonlinear time varying delay was the subject study of Djeradi et al. [18], in
which the authors proved a general decay result assuming that specific assumptions
concerning nonlinear terms hold.

Now, we recall some basic knowledge in functional analysis, most of which will be
used in the subsequent chapters. The reader can easily find the details in the related

literature, see, e.g. [1], [11], [12], [39], and [48].

Functional Spaces

We denote by R" the Euclid space, 2 C R" is bonded smoth domain,C*(f2) is the

k'™ differentiable continuous function space in Q, C*(Q) is the oo’ differentiable

6



GENERAL INTRODUCTION AND PRELIMINARIES

continuous function space in €2, C2°(12) is the oo’ differentiable continuous function

space with compact support in 2

Definition 0.1. Let X be a vector space over the filed K (K = R or C). Then a semi-
norm on X is a function ||.|| : X — R, such that :

a) ||z|| > 0forall z € X,

b) ||az|| = |al||z|| for all z € X and a € K,

o) |lz+y|| < |lzf| + ||ly|| forall z,y € X.

A norm on X is a semi-norm wich also satisfies :

d) ||z]| = 0 = x = 0. A vector space X toghether with a norm ||.|| is called a normed

linear space, a normed vector space or simply, a normed space.

Definition 0.2. (Convergent and Cauchy sequences ). Let X be a normed space, and
let {x,},en be a sequence of elements of X.

a) {x, tnen converges to x € X if
Jim |z, —zf| =0,
ie. if
Ve > 0;3IN > 0,Yn > N, ||z, — z|| < e.
b) {x, }nen is a Cauchy sequence if

Ve > 0;dN > 0,Vm,n > N, ||z, — x| <e.

Normed spaces in which every Cauchy sequence is convergent are called complet

normed spaces. In general a normed space is not complete.

Definition 0.3. (Banach Spaces). A normed spaces is called a Banach space if it is
completi.e. if any Cauchy sequence inside the space converges to a point of the space.

Its dual space X’ is the linear space of all contnuous linear functional f : X — R.

Proposition 0.4. X' equipped with the norm ||.||x- defined by

[fllxr = sup{|f(w)| : fJull <1},

7



GENERAL INTRODUCTION AND PRELIMINARIES

is also a Banach space.

Remark 0.5. From X' we construct the bidual or secend dual X” = (X')". Futher-
more, with each v € X we can define p(u) € X" by p(u)(f) = f(u), f € X', this
satisfies clearly ||o(x)|| < ||u|. Moreover, for each u € X there is an f € X' with

f(u) = |lu|| and || f|| = 1, so it follows that |[p(z)|| = ||u]|.
Definition 0.6. Since ¢ is linear we see that
o: X = X",
is a linear isometry of X onto a closed subspace of X", we denote this by
X — X"

Definition 0.7. if ¢ ( in the above definition ) is into X" we say X is reflexive,

X = X"

The weak and weak star topologies:

Let X be a Banach space and f € X' . Denoted by

o X =R

T = Q5.
When f cover X', we obtain a family () ey of applications to X in R.

Definition 0.8. The weak topology on X, denoted by (X, X'), is the weakest topol-

ogy on X for which every (¢¢) ex is continuous.

We will define the topology on X', the weak star topology, denoted by (X', X).
For all z € X. Denote by
0 : X' = R
f=eu(f) = ([, 2)x x

8



GENERAL INTRODUCTION AND PRELIMINARIES

Definition 0.9. The weak star topology on X' is the weakest topology on X’ for wich

every (. ).cx is continuous.

Remark 0.10. Since X C X", it is clear that, the weak star topology o(X’, X) is

weakest then the topology (X', X”), and this later is weakest then the strong topol-

0gy-

Definition 0.11. A sequence (x,,) in X is weakly convergent to x if and only if

lim f(zn) = f(x),

n—o0

for every f € X', and this is denoted by z,, — x.

Remark 0.12. 1. If the weak limit exist, it is unique.
2. If x,, —» » € X (strongly), then z,, — x (weakly).

3. If dim X < oo, then the weak convergent implies the strong convergent.

Hilbert spaces

The proper setting for the rigorous theory of partial differential equation turns out to
be the most important function space in modern physics and modern analysis, known

as Hilbert spaces. Then, we most give some important result on these spaces here.

Definition 0.13. A Hilbert space His a vectorial space supplied with inner product

(u,v) such that ||u|| = \/(u, ) is the norm which let H complete.

Theorem 0.14. Let (z,,),cn is a bounded sequence in the Hilbert space H, then it possess

a subsequence which converges in the weak topology of H.

Theorem 0.15. In the Hilbert space, all sequence which converges in the weak topology

is bounded.

Theorem 0.16. Let (x,,),en be sequence which converges to x, in the weak topology and

(Yn)nen is an other sequence which converge weakly to vy, then

lim (2, yn) = (2,7).

n—oo

9
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Proposition 0.17. Let X and Y be two Hilbert space, let (x,),en € X be a sequence
which converges weakly to x € X, let A € L(X,Y). Then, the sequence (A(z,))nen

converges to A(x) in the weak topology of Y.

Theorem 0.18. ( The Lax-Milgram Theorem)

Let X be a Hilbert space and let a : X x X — R be a bilinear functional. Assume that
there existe two constants C' < oo, « > 0 such that:

@D Ja(u,v)] < Cllu|l.||v]|  forall (u,v) € X x X (continuity);

(i) a(u,u) > aljul|* forall wu € X (coerciveness).

Then, for every f € X* ( the dual space of X), there exist a unique u € X such that
a(u,v) = (f,v) foralve X.

The L7(Q)) spaces

Definition 0.19. Let 1 < p < oo, and let (2 be an open domain in R"”, n € N. Define

the standard Lebesgue space L?({2) by
LP(Q) = {f :Q = R: f is measurable and/ |f(x)|Pdx < oo} .
Q

Notation 1 : forp € Rand 1 < p < oo, denote by

1

151 = ([ 1staras )

LP(Q) ={f:Q —= R: f is measurable and there exists C such that,|f(z)] < C in Q}.

. 1 1
Notation 2 : Let 1 < p < oo, we denote by ¢ the conjugate of pie. — + - = 1.
p q

If p = oo, we have

Theorem 0.20. It is well known that LP(S2) supplied with the norm ||.||, is a Banach

space, forall 1 < p < co.

Remark 0.21. In particularly, when p = 2, L?(Q2) equipped with the inner product
Faheey = [ f@tad,

is a Hilbert space .

Theorem 0.22. For 1 < p < oo, LP(2) is reflexive space.

10
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The Sobolev space W"™*(Q2)
Definition 0.23.
i) Let m € Nand p € [1,00]. The W™P?(Q2) is the space of all f € LP(Q2), defined as
WmP(Q) ={f € LP(Q), such that 0°f € LP(Q2) for all a € N"},

such that |a| = Zaj < m where, 0% = 07'05*...00".
j=1
ii) If f e W™P(Q), we define its norm to be

<2/91Daf\f’dx>é (1< p < oo),

lo| <k

Z esssup |Df| , (p = 00).

lo| <k

Definition 0.24. We denote by W,;""(Q) the closure of C;°(Q2) in W™?(Q).

[ fllwmo) =

Remark 0.25. If p = 2 we usully write
W™(Q) = H™(Q), W™ (Q) = Hi" ().

Supplied with the norm

1f 1l zzm = (Z (Iﬁafmf) ,

la<m
we will see H™(() is a Hilbert space. With usual scalar product

(u,v) = Z /8au8°‘vdx.
Q

la<m

Note that H°(Q) = L*(Q).

Theorem 0.26. 1. H™ () supplied with inner product (., .) ym () is Hilbert space.
2. Ifm>m', H"(Q) — H™ ().

Theorem 0.27. Assume that (2 is an open domain in R", n > 1, with smooth boundary

I. Then,
np

D) If1 <p<n, wehave W' C LI(Q), for every q € [p, p*], where p* = .
n—p

ii) If p = n we have W' C L%(Q), for every q € [p, o0) .

iii) If p > n we have W'? c L>(Q) N C**(Q), where a = b=

11
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The L7(0,T, X) space

Definition 0.28. Let X be a Banach space, denote by L?(0,7, X) the space of mea-

surable functions

f:0,T[— X

t— f(t),

such that
T 7
([ 1romsa) =ilourn <. 1<p<o.
0
If p = oo,
I fllzo.r,x) = sup ess||f(t)||x.
t€]0,T|

Theorem 0.29. L?(0,T, X) equipped with the norm ||.||»(0,r,x) is a Banach space .

Proposition 0.30. Let X be a reflexive Banach space, X' it’s dual, and 1 < p < oo,

1
1 <q < oo ! + — = 1. Then the dual of L*(0,T,X) is identify algebraically and
p q

topologically with L(0,T, X").

Some useful inequalities

In this section, we shall recall some inequalities which will be used in the subsequent

chapters.

Young’s inequality
11
Theorem 0.31. Let 1 < p,q < oo, — + — = 1,then
P g

P
abga——i—— a,b> 0.
p q

1 1
Theorem 0.32. (Young inequality with ) Let 1 < p,q < oo, —+ — = 1, then
p

q
aP 1 ¢
ab<e—+ —F— a,b>0.
p er

12
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The Young’s inequality has several variants in the following.

1 1
Corollary 0.33. Let a,b >0, -+ - =1, 1 < p,q < oc. Then
P q

Dab <240
p q
bei
i) arbs < -2+ 0 we s
ped q

i) a®b' < aa+(1—a)b O0<a<l.

Holder’s inequality
1 1
Theorem 0.34. Let 1 < p,g < o0, —+ — = 1, then if f € LP(2), g € LI(2), we have
P q
1fallzr@y < I fllze) gl Lae)-

Theorem 0.35. (Generalized Holder inequality) Let 1 < py, ..., pp < 00,

1
— 4+ —=1, thenif  fi € LP*(Q) for k =1,...,m, we have
p

/ o fmlde < TN fll o -
Q k=1

Remark 0.36. We have the corresponding weighted Holder inequality of the integral

1 1
form. Letl <p<oo,-+-=1, f € LP(Q), g € LY (Q), w(x) > 0 on 2. Then
P q

[isttone < ( [ \f(:c)|pw(:v)dx>; (f w(@,%(@dz)é.

Poincaré’s inequality

Theorem 0.37. Let 2 be a bounded domain in R" and f € H}(S). Then there is a

positive constant C such that

1fllz2) < CIV e, Vf € Hy(Q).

Theorem 0.38. Let ) be a bounded domain of C' in R". There is a positive constant

C, such that for any f € H' ()

13
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~ 1
Where [ = ﬁ / f(z)dz is the integral average of f over ), and |Q| is the volume of
Q
Q.

Theorem 0.39. Under assumption of Theorem (0.38) for any f € H'(Q), we have

1l < C (nwumm a fdx|) |

Cauchy-Schwarz inequality

Theorem 0.40. Let f € L*(Q2), g € L*(52), we have
d 2d ’ %d : .
[itatae < ([ 1r@par)” ([ 1ooea)

Basic theory of semigroups

In this section, we recall some basic knowledge in semigroups,most of whiche will be

used in the subsequent chapters. A general reference to this topic is [12] and [11].

Cy—Semigroups of Linear Operators

Definition 0.41. (semigroups)

Let X be a Banach space, the one-parametre family S(¢),0 < ¢t < oo from X to X is
called a semigroups if

(i) S(0) = I (I is the identity operateur on X ).

(i) S(t +s) = S(t).S(s) for every t, s > 0 (the semigroup property).

Definition 0.42. The linear operator A defined by

D(A) = {x € X : lim (S(t)a — )/t emsts} ,

t—0t+

and

Az = lim (S(t)z — x)/t = d(S(t)z)

t—0+ dt

‘t:O V x¢€ D(A)7

is called the infinitesimal generator of the semigroup S(t), D(A) is called the domain

of A.

14
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Definition 0.43. (C;—Semigroups).
A semigroup S(t),0 <t < oo, from X to X is called a strong continuous semigroup

of bounded linear operators if

lim S(t)r =2z VrelX,

t—0t
or

lim ||S(t)z —z|| =0 VzeX.

t—0t

i.e S(t) Cy—Semigroup.

Definition 0.44. A semigroup S(t), 0 <t < oo is called a semigroup of contraction if

there exists a constant a > 0 (0 < o < 1) such that for all ¢ > 0,

1Stz = SHyl < alle—yl,  Ve,yeX.

Hille-Yosida Theorem

Definition 0.45. An unbonded linear operator A : D(A) ¢ H — H' is said to be
monotone?if it satisfies

(Av,v) >0 Yv € D(A).
It is called maximal monotone if, in addition, R(I + A) = H i.e

Vfe H Jue D(A) suchthat u+ Au= f.

Proposition 0.46. Let A be a maximal monotone operator. Then

1. D(A) is dense in H.

2. A's closed operator.

3. For every A > 0, (I + A\A) is bijective from D(A) into H, (I + AA)™" is a bounded

operator, and ||(I + ANA) "z < 1.

Theorem 0.47. (Hille-Yosida) Let A be a maximal monotone operator. Then, given any
ug € D(A) there exist a unique function

u € C([0, +00), H) N C(]0, +00), D(A)),

1 H denotes a Hilbert space
2Some authors say that A is accretive or —A is dissipative.
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satisfying
d—u—i—Au—O on [0, +00)
dt - ) I
u(0) = up.
Theorem 0.48. (Lumer-Phillips theorem) Let A be a linear operator defined on a linear

subspace D(A) of the Banach space X. Then A generates a contraction semigroup if and
only if

1. D(A) is dense in H.

2. Ais dissipative.

3. (A — X\oI) is surjective for some \g > 0, where I denotes the identity operator .
An operator satisfying the last two conditions is called maximally dissipative.

We summarize our contribution as follows

e In chapter 1: we study the well-posedness and exponential decay of the system
laminated beam with an internal constant delay term in the tranvers displacement.
The remainder of this chapther is organized as follows. The first section contains the
statement of the problem, in the second section we prove the well-posedness of so-
lution of the system (1.7), and in the last section we discuss the exponential stability
results.

e In chapter 2: Our goal of this chapter is to study the global well posedness and
stability of systems (2.1)-(2.3). The main points are summarized as follows: (i) We
prove the global well posedness of systems (2.1)-(2.3) by using Lumer-Philips theo-
rem. The main result is presented in Theorem 2.1. (ii) We introduce a new stability

number denoted by

X = 782D — (Dp — GI,) (Tp;D _ 1) , (0.4)
p

and we show that the system is exponential stable when y = 0 nd polynomial stable
when x # 0. The main results are presented in Theorems 2.2 and 2.3.
(iii) The proof of stability results is based on the multiplier method. Since the bound-

ary conditions here we considered are different from those in Apalara [4], so the
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multipliers we will define are greatly different from the multipliers in Apalara [4]. It

follows, from (2.1), that

d2 1
1 w(z,t)dx =0,
4 o (0.5)
’7'—/ q(a:,t)dx+5/ q(z,t)dx = 0.
If we denote
1 1
w(z,t) = w(z,t) —/ wo(z) — t/ wy(z)dz,
0 .0 (0.6)
d(e.t) = o)~ O [ ()i,
0
we easily verify that (v, 1, s, 0, ¢) satisfies (2.1) and in addition,
1
/ w(z,t)dx =0,
0 (0.7)

1
/ G(z,t)dx =0,
0
Vvt > 0.

Hence, Poincare’s inequality holds for . In the following, we work with & and ¢
but write w and ¢ for convenience.
¢ In chapter 3: This research aims to investigate the problem denoted as (3.1)-(3.2),
wherein a delay term is incorporated within the control term of the third equation.
This delay, represented by the time-varying term poco;(x, t — (t)), introduces distinct
characteristics to the problem due to the influence of thermal effects. Such factors set
this problem apart from those previously addressed (see [6, 3, 34, 10, 30, 32, 23]).

The structure of this chapter in Section 2 is dedicated to establishing the well-
posedness. Moving to Section 3, we substantiate the exponential stability result using

the energy method and Lyapunov function. This results have been puplished in [21].
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Chapter Q

Analysis of laminated beam with constant

delay term

1.1 Statement of the problem

In this chapter we consider a system of laminated beam with constant delay term

acting on the transverse displacement:

pwi + G(Y — wy), + pwy(z,t —7) =0, in (0,1) x (0, 00),

1,(3s4 — Yut) — D(3835 — Vus) — G(¢p —w,) =0, in (0,1) x (0, 00),

31,54 — 3DSyr + 3G(¢) —wy) +4ys+46s, =0, in (0,1) x (0, 0),

wy(x, —t) = fo(z, 1), in (0,1) x (0,7), (1.1)
w(z,0) = wy, s(x,0) = sg, ¥(x,0) = o, in (0,1),

wy(z,0) = wy, s¢(x,0) = s1,¢(x,0) = ¢y in (0,1),

w(0,t) = s,(0,t) = ¢,(0,t) =0, in (0, 00),

we(1,t) = s(1,t) =¥(1,t) =0, in (0, 00),

where wy, w1, Yo, Y1, So, S1, fo is the initial data which belongs to an appropriate
space, T > 0 is time delay and the none zero real number  is the weight of delay.
With some restrictions on p , we prove that the adhesive damping is strong enough
to stabilize the system exponentially, even in presence of delay without any other
additional damping or boundary controls, provided the assumption of equal wave

propagation speed (GI, = pD) holds.

18



CHAPTER 1. LAMINATED BEAM WITH CONSTANT DELAY

1.2 Existence and uniqueness

In this section, we state the well-possedness results of problem (1.7). Firstly, we

proceed by introducing the following new variable as in [37].
z2(x,0,t) =w(z,t —710o) in (0,1) x (0,1) x (0, 00).
It follows directly that = satisfies
Tz(x,0,t) + zo(x,0,t) =0 in (0,1) x (0,1) x (0, 00).

Consequently, the system (1.1) is equivalent to

;

pwy + G — wy)e + pz(x,1,1) = 0, in (0,1) x (0, 00),
L, = Yu) = D382 — Yuu) = G(¢ —w) =0, 10 (0,1) x (0, 00),
31,84 — 3Dy, + 3G(¢ — wy) + 4ys+46s, =0, in (0,1) x (0, 00),
Tz(x,0,t) + zo(2,0,t) =0, in (0,1) x (0,1) x (0, 00),
2(x,0,t) = wy(x, t) in (0,1) x (0, 00),
2(z,0,0) = folz,70), in (0,1) x (0,1),
wi(z, —t) = folx,t), in (0,1) x (0,7),
w(z,0) = wo, s(x,0) = so,Y(x,0) = 1o, in (0,1),

wi(z,0) = wy, s¢(x,0) = 51, (x,0) = 9y in (0,1),

w(0,t) = 5,(0,t) = ,(0,t) = 0, in (0, 00),
we(1,8) = s(1,t) = ¥(1,¢) =0, in (0, 00).

(1.2)
At this step, in order to define the energy functional of system (1.2), we multiply the
first four equations in the system (1.2) by wy, (3s; — ¢), st, and |u|z, respectively,

then integrate over (0, 1), we have

1 1 1
/0 pwywedx + G/o (V — wy) pwedx + ,u/o 2(z, Dwydr =0,
I, /01(3st —)(3sy — wy)dxr — D /01(3595 — ) (38 — wy)dx
1
~G [ (= w)Bs — bi)dz =0
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1 1 1 1
3]p/ sttstd:t—?)D/ smstdx—I—SG/ (Y —w,)s; d:v—|—47/ s¢s dr+4p sidx =0,
0 0 0 0 0

1 1 1 1
T\M|/ / zzi(x, 0,t)dodx + || / / 22,(x,0,t)dodr = 0.
o Jo 0o Jo

Summing up, we find
1

1d 1d [! 1d [! 1d
sdt J, pwtdx+§%/ I,(3s; — ;)? dx+§d— 31,s dm+§d— 4rys*da

2dt/ / T‘,U‘ (x U)dadx+3D/ SzSat d:l:+D/ (38, — 1) (35, — g )sdz (1.3)

1 1
G/o (¢ — wy)pwidr — BG/O (Y — wy)spdr + G/o (Y — wy)dx

1 1 1 1
+3G/ (Y — wy)sidr = —45/ stdr — ,u/ 2(z, Dwdr — |—g| 2*(x,1)dx
0 0 0 0

lul [
+7 ; wfdx.
Hence,
1d ! 2 2 2 2 2
2 dt [Pwt + 1,35t — ¥4)” + D35, — ¥0,)” + 31,87 + 3Ds$} dz
1 d 1 1 1
+ 5% {4’}’8 + / T’u’z2<x7 a)da} dr + G/ (W — wy) (Y — wy)dx (1.4)

= —4ﬁ/ 2dx — / 2(z, Dwydr — == 1 2(z,1)dx + ~— ] tzdx.
2 Jo 2 Jo

We end up with,

1d (!
s | [owi+ 1(Bse = 00 + D(3sc — )* + 31,87 + 3DsT + dys®] du
1d [! 1 1
+ 2dt {G(l/’ — w,)” +/ T‘M|22($70)d0] dr = —,LL/ 2(z, Dwydz (1.5)
0 0

0

45/ S2d —|“| 2(z,1)dw +|g| widz.

Then, the energy of the solution to the system (1.2) is given by

1
E(t) = E / [pw} + I,(3s, — ty)* + D(3s, — 1y)* + 31,57 + 3Ds’] du (1.6)
0

2
1 1
+§/ |:4’782 + G(Y — wy)? + 7|yl / 2(z, a)da} dr.
0 0
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CHAPTER 1. LAMINATED BEAM WITH CONSTANT DELAY

On the existence, uniqueness, and smoothness of solution of problem (1.2), we in-
troduce the vector function ® = (w,u,&,v,5,y,2)",u = w, & = 3s —1p,v = &, and

y = s; and thereby transform system (1.2) to

d
dt
(I)(O) = o) = (w0,w17380 — o, 351 — Y1, S0, Shfo)T-

O(t) = AD(t), >0,
(t) 1), t> an

Where the operator A is defined by

u
_% (G(3s — € — wy)y + pz(z, 1))
v
Ad = %(Dﬁm+0(38—§—%))

Y
1 4y 45
I_p (Dsm —G(Bs—&—w,) — 397 ?y>

_lza(xvg)
-

We consider the following spaces
H, ={v:ve H(0,1):v(0) =0}, Hj ={v:veH(0,1):v(l)=0},
and let
H = H!(0,1) x L*(0,1) x H}(0,1) x L*(0,1) x H,}(0,1) x L*(0,1)

x L*((0,1) x (0,1)).

Be the Hilbert space equipped with the following inner product

1 1 1
(D, D)y = ,0/ uﬂdm+G/ (33—§—w$)(3§—g—wx)dx+fp/ vodx
0 0 0

1 1 1 1
+31, / yydx + D / & dr + 47/ ssdx + 3D / SpSpdx
0 0 0 0

1 1
+T|M|/ / 2(z,0)2(z,0)dodz.
0 0
2
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The domain of A is given by

®ecH|we H*(0,1)NHL0,1), & s€ H*0,1)N H,(0,1),
D(A)={ weH,)0,1), wyeH01),z2 €L*((0,1) x (0,1)),
we(1) = &(0) = 52(0) = 0

We observe that D(.A) is independent of time ¢ > 0. Furthermore, it is obvious that
D(A) is dense in #. obvious that D(A) is dense in H. Now, we present the theorem
of existence and uniqueness of solution, then present their proof. To this end we will

use the semigroup method and the Lumer-Philips theorem.

Theorem 1.1. Let &, € H,, then there exists a unique weak solution ® € C(R", H) of

problem (1.7). Moreover, if &5 € D(A), then

® ¢ C(RT, D(A)NCHR™,H).

Proof. for any ® € D(A), we use the inner product and the operator .4, we have

(AD, D)y = —/0 w[G(3s — € —wa) + pz(x, 1)] da
+G/O By — v —u,)(3s — & —w,)dx

1
—l—/ v [DEr + G(3s — & — w,)] dx
0

1
0

1
+D/ vxfzd:c—i-llfy/ ysdx—l—f—iD/ Yz Szdr

|u|// (z,0,t)2,(x,0,t)dodz.
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Therefore

1 1
(AP, D)y = -G | u(3s — & —w,)dr — u/ uz(z, 1)dx
] v
+3G/y35—§ wx)dx—G/ v(3s — & —w,)dx
! 01
G/ Uz (38 — & — wy)dx + D/ v€ypdx
0
1
+ G/ v(3s — & —w,)dx + 3D ysmdx
0
1
— 3G/ y(3s — & —w,)dr — 4')// sydx — 45 dx
0

1
+D/ vxfmdx—i-llv/ ysdx—i—BD/ Yz S dx
0 0 0

1l
- ]u|/ / 2(x,0,t)2,(x,0,t)dodz.
o Jo

Then, using integration by parts, and boundary condition, we get
(AP, D)y = —45/ yPdr — / uz(x,1)dx
1
+ G/ u(3s — & — wy)dr — G/ u(3s — & — wy) dx
0 0

1 1 1
—D/ vxfxdx—?)D/ yzsxdx—i-D/ V€xdx

(1.8)
+3D/ YpSzdr — ‘Ml/ / — 22 (x,0)dodx
= —45/ / uz(z, 1)dx
— “;—‘/ [2%(z,1) — *] da.
0
Now, using Yong’s inquality, we find
' | [ il [
—,u/ uz(z, 1)dx < —/ u2dx—|——/ 2*(x,1)dz. (1.9
0 2 Jo 2 Jo

Substituting (2.2) in (1.8), we find for some ¢; > 0,

1 1
(A, @)y < —48 | yido+ || | wide

This shows that the operator A — ¢, [ is dissipative .

We have to show now that for all F' = (f1, fo, f3, fa, [5, [, [z) € H there exists ¢ €
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D(A) such that
(I—-A)d=F. (1.10)

Then in terms of it’s components, equation (1.10) becomes :

w—u= fi,

pu+ G(3s — & —wy) + pz(x, 1) = pfo,

§—v=fs

Iv— D&y — G(3s — & —wy) = I, fa, (1.11)
s—y=Js

31,y — 3Dss, + 3G (3s — § —w,) + 4ys + 48y = 31, fe,

TZ+ 25 = Tfr.

\

Following the same arguments in Nicaise and Pingotti [37] it follows from equation
(1.11)7, that

T2+ 2, = T f7.
First, we solve the homogeneous equation, we have :
Tz + 2o = Tfr = z(x,0) = ke .

Then, using the variation of constants, we have

Tk(x,0)e " + K (x,0)e” " — tk(x,0)e” T =T1f;.

Then,
K(x,0) =71e fr = k(x, U)=T/ e fzdn + c1,c € R.
0

Hence,
2(z,0) =ce 7T + 7'€UT/ e'” frdn.
0
Using the boundary conditions

2(z,0) =u(x)e " + TG_UT/ e frdn.
0

It follows that

1
2(x,1) =u(x)e™™ + TG_T/ e fzdn. (1.12)
0
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Now we insert (1.12), u = w — fi,v =& — f3, and y = s — f5 into (1.11),,(1.11), and

(1.11)g, we obtain

(

1
(e + p)w+ G(3s — & —wy)e = pfr + ue™ " f1+ pfa — Te‘”/ e’ frdn,
0

[pg - szz - G(BS - 5 - wx) = Ip(fB + f4)>

| (31, + 47 +4B)s — 8D + 3G(3s — & — wy) = BI, +49)f5 + (31,) fo.
(1.13)

Then , we multiply (1.13);, (1.13), and (1.13)3 by @, £, and 3 respectively and integrate
over (0,1), we find

¢l 1
(e " + p)wwdr + G | (3s — & — w,) Wwdx
0

1 1
/ {(P—i— pe ") fi + pfa —Te ”T/ e”Tf7d77} wdz,
0
/ c&dr — D/ Epnldr — / (3s — & —wy)édx =1 / (fs + f1)édz,

1
(31, + 4y +4p5) / ssdx — 3D smsdx + SG/ (3s — & — w,)3dx
0

0

\

1
= / (31, +45) f1+ 31, f¢] 5dx.
0 (1.14)

To solve (1.14), we introduce the following variational formulation
B ((w,é,s),(w,é, 5)) = L(w,&,5), Y(w,§3)¢€ (1.15)
Where the Hilbert space W = H'(0,1) x H; (0, 1) x Hy(0, 1) is equipped with the norm
1w, &, )3 = 135 = & — wo)lI3 + 1wl + I€all3 + l1sa13-
B : W x W — R is bilinear from defined by

~ 1 1 ~
B((w,ﬁ,s),(ﬁ;,f,é)) = (,ue_m—f—p)/o szd:E+Ip/O &dr (1.16)

1 1 1
+(31,+ 4~ +45) / s§dx + D / &€ dr + 3D / Sy Spdx
0 0 0

1 ~
—i—G/ (3s — & —w,) (38 — £ — W, )dx,
0

and L : W — R is the linear form given by

1 1
L(w,&,5)=(p+ ue_”)/ frwodx + ,0/ fowdzx (1.17)
0 0
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1 o 1
—TG_TU/ QIJ/ fre™dndx 4+ ]p/ (f3 + fa)édz
0 0 0

1
+/0 (31, +48) fa + 31 fs] 3dz.

We easily show that B and L are continuous. In addition form the definition of B,

we have
1 1
~ F o~ o —T0 2 2
B ((0.69.0.65) = (o +pe) [ wido 1, [ €

1 1
+ (31, + 46 + 4v) / s*dx + D/ Edw
0

0

. . (1.18)
+ 3D/ s2dx + G/ (3s — € —w,)*dz,
0 0

> aoll(w, &, s, o> 0.
Hence B is coercive. Therefore, by using the Lax-Milgram theorem we can obtain
that problem (1.15) has a unique solution (w, &, s) € W. Now substituning w, &, and
sinto (1.11)y, (1.11)3, (1.11)5 we getu € H'(0,1), v € Hy(0,1), and y € H;(0,1).
Then using the classical elliptic regularity it follows that & € D(.A) therfore A is
surjective.

Finally, by using the Lumer-Philips theorem, the well-posedness results of problem

(1.7) stated in Theorem 1.1 are established. This completes the proof. O

1.3 Stability results

In this section, we state the stability results and we prove them by using the energy
method. We establish an exponential stability result for the considered system in case

of equal wave speeds.

1.3.1 Technical lemmas

In this subsection, we state and prove some technical lemmas essential to the proof
of our stability result. We use multiplier technique to establish stability results for the
energy of the solution of system (1.2). This requires constructing a suitable Lyapunov

functional equivalent to energy as we elaborate in the subsequent section.
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Lemma 1.2. If (w,, s, z) is a solution of (1.2), then the energy functional E defined
by (1.6) satisfies

1 1
"(t) < —46/ stdw + |u]/ w?de, Vit > 0. (1.19)
0 0

Proof. Multiplying the first three equations in the system(1.2) by w;, (3s; —¢;) and s,

respectively, then integrating each by parts over (0, 1) using the boundary conditions

(

1 1
p/ wywedr + G/ (Y — wy ) pwidx + /L/ z(z, Dwdz = 0,
0 0

I / (35t Ui(3s1 — )z — D / S50 — ), (35 — y)da

(6 — ) (351 — )i = 0, (1.20)
1 1
31, / Sttstdac—?)D/ smstda:—i—SG/ (v — wx)stdx—i-llv/ s¢sdx
0
+4ﬂ/ 2dx =0,
\

1d 1d [ 1d 1d [
it /. pwtdx—l— 5%/ I,(3s; — ;)*dw + it |, 3] pS2dr + = 53 4’)/82dl’

1 1
+ 3D/ Sy Sprdr + D/ (38, — 1)(38; — ¥y )pdx + G/ (Y — wy)pwedr  (1.21)
0 0 0

1 1 1
_3G/o (Y — wy)sedx + G/ (Y — wy)thdx + BG/O (Y — wy)spdx

— 48 / 2dz — / 2(x, Dwidz,

that is

1

577 | [owi + 1(3se — ) + D(3s; — 1) + 31,7 + 3Ds3] du
0

1
—|——— 4’)/82dl’+G/ (Y — wy) (Y — wy)y :—45/ (1.22)
0

1
—,u/ z(x, Dwyde,
0

we finally end up with,

1d !
S [ [k T35 — 60 + D35, — 2)* + 31, +3Ds2 + 495
0
1d [! 1 1
tog ), [GW—w)de=—p / 2(2, 1)widz — 48 / s;dz. (1.23)
0 0
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Similarly, multiplying (1.2)4 by |u|z, followed by integrating the product over (0, 1)
(0,1) and then using the substitution z(z,0,t) = w; ,

7lpl d

1 1 1 1
2 e
5 dt/ /0 2¥(x,0)dodr = |,u|/ / 2z, (x,0,t)dodz,
|u|//
da (x,0)dodz,
__lnl _
= 22(x,1,t)dx 2*(z,0,t)dx| ,
2 Lo 0
_ 'y by
=—— 2¥(x, 1, t)dr — | widzx| .
2 Lo 0

We obtain,

T|M|d/1/12 __M/12 M/l 2
5 7 i 2%(x,0)dodr = 2 | 2%(x, 1)dx + 2 | wydx. (1.24)

Next, merging (1.23) and (1.24, we note that from (1.6),

' ' il [ | [
E'(t) = —u/ 2(x, ) w,dr — 46/ sidr — 7/ 2(z,1)dw + o widr. (1.25)
0 0 0

0

We now exploit Young’s inequality on the first term of (1.25) to obtain

1
—u/ 2(z, Dwdzr < |,u|/ 1)dx + ’g| widz. (1.26)
0 0
Consequently, substituting (1.26) in (1.25) completes the proof of (1.19). O
Lemma 1.3. If (w, 1, s, z) is a solution of (1.2), then the functional F; defined by
1 1 T
Rt =—p [ wuds s p [ [ odyds
0 0 0
For any e, > 0, satisfies the estimate
d p 1 1 1
—Fi(t) < ——/ widx + p/ (3s; — 1) dx + 61/ 2*(x,1)dx
dt 2 /o 0 0
1 G 2 1
+9p / s2da + ( + ”—) / (¥ — w,)2da. (1.27)
0 2 461
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Proof. DifferentiatingF},using the first equation in(1.2), integrating by parts the term

containing (¢ — w, ), and exploiting the fact that ), = —(3s; — ;) + 35y,

d 1 1 T
—Fi(t) = _P/ (wt2+wttw)dx+P/o wtt/o U(y)dydz

dt
+p/ wt/ U(y)dydz,
:_P/ w?dm—/ Pwttdff+P/ wtt/ Y(y)dydx
+P/ wt/ Yi(y)dydz,
0 0

= [ wtdo s [ 1600w, pete Dlwie
+ /01 G — wy)e — pz(x,1)] /01 Y(y)dydx
o [ [ (@500 + 350w

p/o d:x+/ (@/J—wx)xwd$—/01uz(:):,l)wda:
-6 [(@=wa. [ vz = [ .0) [ otits
p/o wt/o (3sy — ) (y )dydx—|—3p/ wt/ s¢(y)dydz.

It follows that,

%Fl() - /wfdx— /wt/ (3s¢ — ) (y)dydx
+3p/ wt/ s(y)dydz — p / </O ((y)dy — w)z(w,l)) dx

/ (6 — wa)bde — G / (6 — wo)wpd.

We deduce that,

%Fl()— /1 dx—l—G/w w,)*dx — /wt/ (3s¢ — ) (y)dydx

+3p/ wt/ si(y)dydz — /1 (/Oxw(y)dy—w) 2(z,1)dx. (1.28)

By Young’s and Poincaré’s inequalities, the last three terms of (1.28) give

- L | s = vt <o | 1 ( | - wdy)Q it | wde,
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1 1
< p/ (3s; — ;) dx + g/ w?de,
0 0

1 z 1 z 2 1
Sp/ wt/ s¢(y)dydzr < 9p/ (/ st(y)dy) dx+/—)/ w?dz,
0 0 0 0 4 Jo
1 o !
< 9p/ sfda:—/ w?dx
0 4 Jo

And,
1 x
[ ([ ety = w) st e < 4 (/ $(y)dy w) dr
0 0
1 1
+81/ 22(£L'71)d$§/ (Y — wy) dx+51/ (:L‘,l)d ) (1.29)
0 0 0
The combination of (1.28)-(1.29) leads to (1.27). O

Lemma 1.4. If (w,v, s, z) is a solution of (1.2), then the functional F, defined by

Fy(t) = 1, /0 (351 — )3 — ).

Satisfies the estimate

1 1
diFQ( t) < —Ip/ (3s; — ;) dx + @/ (385 — 1) *dx (1.30)
t 0 2 0
G2 1
*op ), W w:)d

Proof. By direct computations, using the second equation in (1.2), we find

d 1 1
EFg( ) = —[p/o (384t — Yy )(3s — ¢)dx — Ip/o (35, — 1y )*dx

1

_ /0 (DB5as — tne) + G — w2)] (35 — W) — I, /0 (35, — ) 2dx

Then,

d

~1, /0 (35 — ¥0)d

Integrating by parts, we obtain,

%Fg() —I /0 (38t—¢t)2dx+D/0 (SSw—zﬁI)de(Ss—w)dm—G/o (Y—w,)(3s—1)dz.

(1.31)
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Exploiting Young’s and Poincaré’s inequalities, we estimate the last term of (1.31)

as follows
1 GQ 1 D 1
—G/ (Y —w,)(3s —¢)dr < — (¢ —w,)dr + = / (35 — )*dx
0 2D 2
G2
< 2D (w w, ) dr + —/ 38, — ) d. (1.32)

Consequently, the relation (1.30) follows directly by substituting (1.32) into (1.31).
O

Lemma 1.5. If (w, 1, s, z) is a solution of (1.2), then the functional F; defined by

F()—3[/stsdx+26/ 2da:—|—3p/ wt/ y)dydz.

For any 5 > 0, satisfies the estimate

d 1 1 1 92 [
—F3(t) < —3D/ sidw — 37/ s*dx + 52/ w?dr + o 2(z,1)dr  (1.33)
0 0 0 7 Jo

dt
9p2 1 )
I, +— dzx.
(3 +4€2)/0 sydx

Proof. Differentiating F3, we find

d 1 1 T
—F3(t) =31, / (sus + si)dx + 45 Stde + 3P/ wtt/ s(y)dydz
0

dt 0
+3p/ wt/ s¢(y)dydz.

Using (1.2), we find

d 1
%Fg( ) = /0 (3D5sze — 3G(Y — w,) — 4ys — 48s,) sdx

3 / (GO = wa)o + (1) / " s(y)dyda

1 @ 1 1
+ Sp/ wt/ s¢(y)dydz + 4B/ sesdx + 3[,)/ sidzx,
0 o 1 0 jo
=3D Sppsdr — 3G/ (Y — wy)sdx — 47/ s?dx
01 10 T ’
- 46/ sisdr — 3G/ (Y — Wy )y / s(y)dydx
0 0 0
1 T 1 T
o [ 2o [ stodvdo+3p [ [ sy
0 0 0 0

1 1
+ 4B/ sesdx + 3Ip/ sidx.
0 0
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Integrating by parts, we get

d 1
EFg(t) = —SD/ sidx—lly/ 2da:+3p/ wt/ y)dydz
0
1
+3Ip/ sfdm—Bu/ (x,l)/ s(y)dydx
0 0

1

1
—3G/ (Y — wm)sdw—l—SG/ (Y — wx)sdx—l—élﬁ stsdx

0
—4&/ sgsdx.

We finally arrive at,

d 1 1 1 x
—F3(t) = —3D/ sidr — 47/ s?dx + 3p/ wt/ s(y)dydx (1.34)
dt 0 0 0 0

1 1 T
+3[p/ sfdx—?)u/ z(x,l)/ s(y)dydzx.
0 0 0

Using Young’s, Poincaré’s and Cauchy-Schwarz inequalities, we have

1 T 9[u2 1 1 T 2
3 [ ate) [Cstove < 85 [ o4y | ( / s(y)dy) dr,
0 0 4y Jo 0 0

9/,62 1 1

< — 22(z,1)dx + ’y/ s2dx, (1.35)

4y Jo 0

1 x 1 9p2 1 T 2
3,0/ wt/ si(y)dydx < 52/ 2dr + +-— (/ st(y)dy) dx,
0 0 0 dey 0

1 9p2 1

< & / 2o+ +-— / sidx. (1.36)
0 462

For any e, > 0. Estimate (1.33) follows directly by virtue of (1.34)-(1.36). O

The assumption of equal wave speeds GI, = pD plays an important role in the

next two lemmas.
Lemma 1.6. If (w,, s, z) is a solution of (1.2), then the functional F, defined by

1 1 1
Fy(t) = —/0 (3s¢ — ) wydx — /0 (38 — Y )widx + 3/0 (3s; — ) sdx.

For any 3 > 0, satisfies the estimate

d D [!
—Ft) < ———
dt i) = 2Ip Jo

T 2 1 G G2 1

32
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Proof. As in the previous Lemmas, we have

d

1 1
EFZL(t) = —/0 (33tt - ¢tt)wa;d$ - /0 (35t - ¢t)wtxdx

1 1
o / (SSI - 2/}:B)tu}tdaj - / (?)Sx - wm)wttdx
0 0

1 1
+ 3/ (SStt — ¢tt)8d$ + 3/ (3875 — @Dt)stdx,
0 0

using system (1.2), we get

d e D !

# @5 - e+ S - )]

D

1 1
+ 3/0 |:]_Gp(1/} - wx) + I_(Ssxw - w:vx):| sdx + 3/0 (Sst - wt)stdx’

p

1 1
= —g/ (Y — wy)wydr — 2/ (384 — Yyp )W dx
Ip 0 Ip 0
1 1
- / (35t - wt)wta:dx - / (33x - %)twtdﬁc
0 0

pofta G [ _ _
+2 / (35, = )2(o o + / (350 — ) (§ — wy)oda

3G (!

3D [*
]p 0 IP 0

1
+ 3/ (35,5 — wt)stdl'.
0

Integration by parts the term containing 3s,, — ¥,

d G

1 D [
%F4(t) = _I_/o (Y — wy)w,dr + [_,0/0 (38y — Yz )Wypdx

p

1 1
- / <3St - wt)wtmdm - / (SSx - wx)twtdx
0 0

p

1 D [ 1
+ 3G (Y — w,)sdx — 31— / (38, — 1y)S.dx + 3/ (384 — y)spdx.
p JO 0

Ty /01(33x — ) 2(z, 1)dx + % /01(3% — ) (¥ — wy)odw

I

p Jo
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And exploiting the fact that w, = — (¢ — w,) — (3s — ) + 3s, we find

d G [t ) G [
£F4(t) = [—p /0 (Y —w,) dx + [_p/(] (Y —w,)(3s —Y)dx
1 1
- E (¢ - wac)Sdl‘ - 2 (3835 - ¢x)(¢ - wz)xdx
Iy Jo I, Jo

D [! 3D [*
- _/ (38£E - ¢r>2dl’ + — / (BSm - ww)sxd«r
]P 0 IP 0
1 1
+/ (38)5 - T/Jt)wtmdl' - / (35,5 — wt)mwtd:c
0 0

H 1 S, — Z\T X g 1 S, — — W X
" /(396 )2z, 1)d +p/0<3$ ) (1 — w,)od

P Jo
1 D 1
+ 5 (¢ — wy)sdx — 20 (382 — Vu)spdx
I, Jo I, Jo

1
+ 3/ (?)St — wt)stdl’.
0

We end up with,

1 1 1
iF4(t) __D (385 — 1)* + E/ (¢ — w,)?dx + 3/ (3s¢ — ) spdx
0 0

dt 1, J I,

p

Next, Young’s and Poincaré’s inequalities guarantee the relations

1 1
+ ]—Ci /0 (Y —w,)(3s — )dx + H/O (3sp — ) 2(x, 1)dz. (1.38)

1 1 1
3/ (3sp — ) sedr < 53/ (381 — 1y )?dx + 2/ sidzx, (1.39)
0 0 0

€3

G 1 G2 1 D 1
]—/0 (Y —w,)(3s —)dx < D_]p/O (VY — w,)*dx + Fp i (35 — 1p)?dw,

p

G2 1 D 1
< - _ 2 - _ 2
<o | wowdr s o [ es e

and,

1

4 0 —)ete e < 2 [ o, —vpan e 5 [ 2, 40
- Sy — Wy )z(2, r < — Sy — W) dr + — 2°(x, T, .
P Jo Alp Jo Dp* Jo

for any 3 > 0, estimate (1.37) follows directly by substituting (1.39)-(1.40) into
(1.38). O

Lemma 1.7. If (w, 1, s, z) is a solution of (1.2), then the functional F5 defined by
1 1
F5(t) = / (Y — wy)spdr — / WS de,
0 0
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for any e4,e5 > 0, satisfies the estimate

d a ! 1 1
— ) < —— [ (¥ —w,)*dx +€4/ (3s¢ — 1Z)t)2dx+€5/ 22(z,1)dx
dt 21, Jo 0 0
16’72 Iu2 1 ) 1 1652 1 )
d — dx. 1.41
+(9Ip+4p265 /Osmx—i- 3—1—464—1— or, /Ostx (1.41)

Proof. Differentiating F} then integrating by parts over (0, 1) the term containing s,

and using the substitution w,; = —(3s; — ¥;) — (¥ — wy )¢ + 354,

d 1 1 1 1
—F5(t) = / (Y — wy)spdx — / Wy S AT —/ Wi Sy dT +/ (Y — wy )ysid,
dt 0 0 0 0
1 1 1
= / (Y — wy)spdx — / Wy S AT — / (3s¢ — ) spdx
01 01 0 1
— / (Y — wy)sedr + / (Y — wy)sydr — / Wi S dT
0 1 ) 0 0
+ 3/ Stdl' + / (¢ - wx)tstdx.
0 0

We arrive at,

d 1 1 1 1
%Fg)(t) = / (Y — wy)spdx — / Wy Spdr — / (3sy — V) spdx + 3/ sidr. (1.42)
0 0 0 0

Next, using (1.42), (1.2) and integrating by parts the term containing s,, we end up

with

d 1 1 1 1
—F5(t) = / (v — wy)sydx — / Wy Sydr — / (38 — Py)spdx + 3/ sidx,
dt 0 0 0 0

! 43 4ry 3G D
= /0 (Y —wy) (—3—Ipst - B—Ips — 37 + [—Sm;) dx

p P

a a 1 1
+ / [—z(m, Ddx + —(¢ — wx)l} Spdx — / (3st — ) sedx + 3/ sidz,
o LP P 0 0
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that is,
d 48 [t 4y 1 G [ )
—Fy(t) = ——— — w,)sdr — — — w,)sdr — — — w,)d
70 =57 | G- wsdo— b | (- wi)sde— 7 | (@ = wr)da

D ! ! I
+ — / (Y — wy)Sppdx + £ / 2(z,1)sdx + g/ (¢ — wy)p8.dx
I, Jo P Jo P Jo

1 1
— / (3sy — Py)spdx + 3/ sidzx,
0 0

4 1 4 1
= __6 (¢ - wa:)stdfﬂ - l
31, J 31, Jo

D [ ! !
+ — / (V) — wy)Sppdx + = / z(x,1)s,dx — g/ (Y — wy)Sppdx
I, Jo P Jo P Jo

(Y — wy)sdx — [gp /01(¢ —w,)?dx

1 1
- / (38 — Py)spdx + 3/ sidx,
0 0

we arrive at

d G (! ! 4y 1
Chi)=-2 —w,)d 24 ——/ —w,)d
o 5(1) ]p/o(w W) :1:—1—3/0 sydx 31, , s — wy)dx

ﬁ 1

1 1
— $¢( — wy)dx — / (3sy — Yy)spdx + H/ z(x, 1)s,d. (1.43)
SIP 0 0 P Jo

Exploiting Young’s and Poincaré’s inequalities, the last four terms of (1.43) are esti-

mated as follows

4 1 1 1 2 1
= s(p —wy)dx < E (Y — wy)dx + ﬂ / s2dx,
0

31, Jy = 41, J, 9l,
G /1 ) 16’)/2 /1 )
< — | (¢ —wy)?de+ —— [ sidu, (1.44)
41, Jo ( ) 9, Jo
48 1 G [ 168% [!
e —wy)dr < — —w,)%d 2d
31 Ost(w w)x_up/o(w w,) dr + 9]p/08t T,
1 1 1
—/ (3sy — ) spdx < 54/ (3s; — by )?dx + — sidx,
0 0 deq Jo
u ! 12 1 1
- / 2(x,1)s,dr < 5 / s2dw + e / 2(z,1)dx, (1.45)
P Jo P7Es5 Jo 0

for any ¢4, e5 > 0, the assertion of the lemma follows from the estimates (1.44)-(1.45)

and (1.43). O

Lemma 1.8. If (w,v, s, z) is a solution of (1.2), then the functional Fy defined by

11
F@(t):’T/ / e 7% (x, 0)dodz,
o Jo
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satisfies, for my > 0 the estimate

1 1,1 1
iFﬁ( t) < 1/ 22(z,1)dx — mlT/ / 2(z,0)dodz +/ w?dx. (1.46)
dt 0 o Jo 0

Proof. Differentiate Fy and use the fourth equation in the system (1.2) and

z(x,0) = w; as follows

—F6 . / / Va(w, 0)dodz,

d
—Fy(t / e "z(x,0)z,(x,0)dodx,
dt 0o Jo
Loy 11
/ — [ (2, 0)] dodx — 7'/ / e 72 (z,0)dodz,
o Jo dU o Jo
1 1 pl
/ [e772" — 2*(z,0)] dz — T / e 72 (z,0)dodx,
0 0o Jo
1 1
/6_72x1d:v+/wt2d:v—7' e 72 (v, 0)dodx.
0 0o Jo
Observe that, Vo € (0, 1), the relation e™” < e 7 < 1 holds. Therefore, for some
my; = e, we arrive at the estimate(1.46). ]

1.3.2 Exponential stability

In this subsection, using the lemmas obtained in subsection 1.3.1, we state and prove

our main stability results.

Lemma 1.9. Let N, N,k =1,--- ,6, be positive constants. The functional defined by
6
L(t)=NE(t)+ Y NeFu(t), Np>0k=1,---,6,t>0, (1.47)
satisfies the equivalence relation
aBE(t) < L <cEl), Vt>0, (1.48)

for some positive constants ¢; and c,.

6
Proof. Let L = Z N Fe(t),

k=1

|L(t)| = |[N1F + NoFy + N3F3 + NyFy + N5 Fs + NgFgl,
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dx

1 1
L) < pN: [ fuwifde + N,
0 0

w / $(y)dy
0
1 1
+IpN2/ |(3sz — 12) (38t — ) |dx + 3IpN3/ |ss|dx
0 0

1 1
—|—25N3/ s*dw + 3pN3/ dz
0 0

” / “(y)dy

1 1
L3N, / (35, — w)sldz + N, / (351 — w0 )wa|da
0 0
1 1
N, / (350 — tha)wrlda + N / (0 — wy)si| de
0 0

1 1
+Nj5 / |wy sy | do + TN6/ / e "2 (z,0)dodz.
0 o Jo

Exploiting Young’s, Poincaré’s, Cauchy-Schwarz inequalities (1.6) accompanied with
the fact that w, = —(¢¥ —w,) — (3s—v¢)+3sand e °" < 1forall o € (0, 1), we deduce

that for some positive constant 7.

1
IL(1)] < 77/ [wi + (3se — 10)* + (350 — ¥u)? + 57 + 57+ 5° + (Y —w,)?] da
0

1l
—H]/ / 22(x,0)dodr < nE(t).
o Jo

It is easy to observe that, from (1.47) that |£(t)—NE(t)| < nE(t), which is equivalent
to

(N =n)E@R) < L(t) < (N +n)E(),
and hence the relation (1.48) follows by taking N large enough. O

At this point, we’re in position to prove our stability result which reads as follows.

Theorem 1.10. Let (w, 1, s, z) be a solution of (1.2), and suppose that GI, = pD, there
exist a positive number [i such that if |u| < fi, then the energy E(t)of (1.2) defined by

(1.6) vanishes exponentially as t approaches infinity, i.e.
Et) <ae™, t>0, (1.49)

for some positive constants a and b.
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Proof. We proceed by differentiating (1.47), then substitute for functionals Fj to Fg

using estimates (1.27), (1.30), (1.33), (1.37), (1.41) and (1.46) respectively. Setting

P I,N,
Ni=1, e =¢e5=p% e3=—-——, e5="L7 Ng= |y,
1 1 5 = M 2 N, 3 2N, 6 = |u
6
L(t) <NE' +)  N.F(t),
k=1
9p? 9
< — {45N—9pN1— (3],)+i) N3z — —N,
452 €3

1 1662 1 ) 1 )
— — dx — 3yN. d
<3+4€4+ ol )}/0 sydx — 3y 3/0 s°dx

1
— [I,N5 — pNy — e3N4 — €4N5] / (354 — %)de
0

DN, 3DN,] [* )
- — — )%
S PRI
r 16’72 #2 /1 )
— |3DN3 — —— | N, d
L ’ (9]p i 4p*es ’ 0 e
[ G%N, (G G? ) G]\%} !
— |- | =4+ =) N+ / (VY — w,)*dx
. 2D 1, DI, 21, | J
[ 92Ny I,i>N. 1
+ e Ny + il + plt 13 + e5 N5 — mq Ny / 2(z,1)dw
i 4y Dp? 0

1ol 1
— myT|pl / / 2(z,0)dodr — [g — |p|N — g9 N3 — N6] / w?dr,
o Jo 0

we end up with

/ CNZ 1 ' 2
E(t) S— 4BN_C3_C3N3(1+N3)_T_C3N5 14+ — Stdl'
0

2 €4

1 T 1
— 3'yN3/ s*dx — |:EPN2 —p— €4N5} / (35, — i) da
0 0

DN, 3DN. L !
— L 2 / (384 — ¥, )?dx — [3DN3 — c3Ns] / sidw
21/) 2 0 0
N 1
— G > — C3 — CgNQ — 63N4 / (?,D — wm)Qdm
2]p 0

4~ Dp?
1 P 1
—m17|,u|/ / 2(x,0)dodr — [Z_ |,LL|(N+1)}/ w?de,
0 Jo 0

for some c3 > 0. Next, we choose N, large enough such that

9Ns  I,N. !
— |pl {ml — |ul (1 R S S N5>} / 2(z,1)dw
0

I
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Fixing N, permits to choose V, large enough such that

DNy 3DN,

21, 2

> 0.

With N, and N, fixed, we can easily choose V5 large enough such that

GN5;

21,

— g3 — 3Ny — 3Ny > 0.
We pick ¢, adequately small and Nj sufficiently large such that
k—e4N5 >0 and 3D N3 — c3Nj > 0,

respectively. Next, we select N sufficiently large such that (1.48) remains valid and
that

cN; 1
45N—C3—03N3(1+N3)———C3N5 1+—)>0.
N2 4

Finally, pick

[ = min m}N ,4Np )
(1420 + B+ ) AN+

to we end up with
1
L'(t) <-— 04/ [ + 57 + (3se — 1)” + (50 — Wy)? + 55 + 8% dz
01 1
— a/ |:(77/J —w,)? + 22z, 1) + / 22(, a)da} dz,
0 0
for some « > 0. By the virtue of (1.6), it is clear that for some oy > 0
L'(t) < —agE(t), V>0. (1.50)
It then follows directly from (1.48) and (1.50) that
L'(t) < —=bL(t), V>0, (1.51)

where b = 22, A simple integration of (1.51) over (0, ¢) yields
C2

L(t) < L0, V>0. (1.52)

Consequently, the assertion of the relation (1.49) follows from (1.52) and (1.48)

with a = 2 E(0)/c;. O
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Analysis of thermoelastic laminated

Timoshenko beam with second sound

2.1 Position of the problem

In this chapter, we consider the following thermoelastic laminated Timoshenko beam
in (0,1) x (0, 00):

(

pwi + G (Y — wy), + 06, =0,

Ip<38 - 7vb>tt - D<3S - w>zm -G W - wr) - O’
4

4 4
\ st — Dsgw + G (Y — wy) + 378 + gﬁst + 3= 0, 2.1)

p39t + q: + &‘Jt:c = 07

Tq +aq+0, =0,
(

we have the following boundary conditions and initial condition

wz(0,t) =(0,t) = s(0,t) = 6(0,¢t) =0, te(0,00),
(2.2)

we(1,8) =(1,t) = s(1,t) = 0(1,t) =0, t € (0,00),

W(JT,O) - WO<I>7¢<I70) - ¢0<I),S($,O) - SO(I’),G(Z’,O) = 80(‘7:)7 YIS (07 1)?

q(z,0) = qo(x),w(2,0) = wi (), Ye(x,0) = Y1(x), s¢(z,0) = s1(x), =€ (0,1),
(2.3)

where p,G,1,,D,v,[3,ps,0,7, and a are positive constants. 6(x,t) represents the

difference temperature and ¢(z, t) is the heat flux.
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2.2 Existence and uniqueness

We start by denoting the vector-valued function by U :

U= (w,®35s—v,3A -V s,A,0q)7,
with & = w;, (2.4)
U =), and A = s;.
Then, systems (2.1)-(2.3) can be written as

d
—U(t) = AU, t>0,
dt Q (2.5)

U(0) = Uy = (wo, w1, 350 — Yo, 351 — 1, 50, 51,60, q0) " -

Where the operator A is defined by

AU = p r . (2.6)

We have the following spaces

1
12(0,1) = {v € 12(0,1) : / o(z)dz = o} |
0
H(0,1) = H'(0,1) N L2(0,1), (2.7)
HZ(0,1) = {v € H*(0,1) : v,(0) = v,(1) =0} .
Let
H =H!(0,1) x L2(0,1) x Hy(0,1) x L*(0,1) x Hy(0,1) 2.8
2.8
x L(0,1) x L*(0,1) x L2(0,1).
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We have the inner product
. 1 1 . . I
(U, U)xn —p/ @CDda:JrIp/ (3A—\I/)(3A—\I/)dx+31p/ AAdzx
" 1 " 1 1 ? _
+p3/ 06’d$+7'/ q{fdx+4’y/ §dI+D/ (3s — ) .(35 — ), dx
0 i o 0
+G/ (w—wx)@—@x)dﬁw/ 5.3, dz.
0 0

(2.9)
The domain of A is given by

w € H20,1N H0,1,35s —1,s € H*0,1N H0,1,
DA=SUcH . (2.10)
®,q€ H0,1,3A — U, A, 0 € HJO,1

The well posedness result can be stated in the following theorem.

Theorem 2.1. Let U, € H then problems (2.1)-(2.3) admit a unique weak solution

U e C(R*,H). In addition, if Uy € D(A), then U € C (R*, D(A)) N C* (R*, H).
Proof. Tt is easy to obtain that, for any U = (w, ®,3s — 1, 3A — ¥, s,A,0,9)" € D(A).
1 1
(AU,U)H:—ZW/ A? dx—a/ ¢ dzx <0, (2.11)
0 0

which implies the operator A is a dissipative operator. In what follows, we shall
show the operator Id — A is surjective. In other words, given F' = (fi, fo, f3, f4,

Is, fes f1, [3) € H, we will seek a solution V' = (vy, va, v3, vy, U5, Vg, U7, v3) € D(A) of
(Id— AV =F. (2.12)

We rewrite (2.12) as

p
U1—02=f1,

pv2 — GUige — Gy + 3G U5, + 07, = pfa,
U3 — Vg = f37
]pU4 — DU3$$ — 3GU5 + GUg + lea: = pf4,
(2.13)

Us — Vg = Us,
4 4
[;,-Fgﬁ vg — Dvsgr — Gus — Guyg + 3G—|—§’7 Us :Ipfﬁ,

P3V7 + Vsg + 0V2y = P37,

(T + Oé)vg + U7y = ng.
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Which implies that

vy = vy — fi, (2.14)
vy = V3 — Us, (2.15)
vg = U5 — [5, (2.16)
Ve = —(T + B)vs + 7 fs. (2.17)
We infer from (2.17) that
vr=—(T+a) /j vs(y)dy + T/Oz fs(y)dy. (2.18)

Replacing (2.14) — (2.16) and (2.18) in (2.13), we see that

)
pv1 — GV — GUsg + 3GUs, — 6(T + a)vs = p (fi + f2) — T fs,

I,us — Dvugyy — 3Gus + Gug + Guig, = 1, (fs + fa)
4 4 4
(Ip +3G + 55 + gV) U5 — Dvsyy — Gus — Gui, = 1, (fs + fo) + gﬁfs,

—p3(T + ) / vs(y)dy + vsy + dv1, = psfr — PsT/ Js(y)dy + 0 fia.
0 0

(2.19)

\

We multiply (2.19) by vy, 03,75, and (7 + «) / vs(y)dy, respectively, and integrate
0

their sum over (0, 1) to get the following variational formulation
B ((v1,vs,vs,v8) , (U1, 03,05, 08)) = L (01,03, V5, Vg) (2.20)

where the bilinear form B : [H',(0,1) x Hj(0,1)x Hy(0,1) x L3(0, 1)}2 — R is

given by

B ((U1, U3, Us, Us) ) (5717 U3, Us, 578))
1

1 1
= G/ (—le — U3 + 31)5) (—’171$ - ’?73 + 3”[75) dz + p/ 01’171 dx + ],0/ 1)3’173 dz
0 0 0

1 1 1
+ (3Ip + 46 + 4’)/) / U555 dx + (T + Oé) / Ugfl\)/g dx + D/ Ugm?}/gx dz
0 0 0
1 1 T T
+ 3D/ Vs2Use dx + p3(T + 6)2/ (/ vg(y)dy) (/ Zg(y)dy) dz,
0 0 0 0
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and the linear form £ : [H}(0,1) x Hy(0,1) x Hy(0,1)x L?(0,1)] — R is defined
by

1 1
£ (51, T, T, ) = / (oo 4+ pfa— 70f5) T da+ 1, / (fs+ f2) Ty de
0 1 0 1
+/ {(31p+4ﬁ) f5+31pf6]%/5 dI+5(T+Oé)/ fﬁ\)}g dx
0 0

- 1 par(r+a) [y - putr + )] ([ ) ae

(2.22)
We denote the Hilbert space V' by
V =H}(0,1) x Hy(0,1) x Hy(0,1) x L2(0,1), (2.23)
equipped with the norm
1(v1, vs, vs, v8) I = [ =012 — vs + 3vs[l3 + loall5 + [[vsll3 + vsalls + losall; . (2-24)

It is easy to get that B(-,-) and L(-) are bounded. Moreover there exist a positive

constant m such that
B ((v1,vs,v5,vs) , (v1, 03, v5, Vs))
1 1 1
:G/ (=01, — V3 + 305)° dx—l—p/ v%dx—l—fp/ v3 dx
0 0 0
1 1 1
+(3Ip+45+47)/ vgdx+(7+a)/ védx%—D/ v, dz
0 0 0
1 1/ o 2
+ BD/ v, dx + p3(T + a)Q/ </ vg(y)dy) du, (2.25)
0 0o \Jo
1 1
ZG/ (—v1z — v3 + 3v5)° dx+,0/ v} dz
0 0

1 1 1

+(7‘+oz)/ v§dx+D/ v;fxdx+3D/ vz, du,
0 0 0

> m | (vr, v3,vs, ) [

Thus, B is coercive on V' x V. Consequently, using Lax-Milgram theorem, we conclude

that (2.20) has a unique solution
vy € HY(0,1),
v3,v5 € Hy(0,1), (2.26)
vg € L2(0,1).
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Substituting vy, v3, vs, and vg into (2.14) — (2.16) and (2.18), respectively, we have

vy € H(0,1),
V4, Vg € H&(O, 1), (2.27)

vy € Hy(0,1).

Let 7, € H,y(0,1) and denote
1
v1(x) = 1 (2) —/ v1(s)ds, (2.28)
0

which gives us 7, € H!(0,1). Now we replace (vy,7s, 05, 03) by (51,0,0,0) in

(2.25) we obtain

1 1
G/ (—v1z — v3 + 3vs) (—513;) dx + p/ v101dx
0 0

1 (2.29)
~ [ ot o= 7055
0
SO
1 1 1 1
G/ le:pfﬁl dx :,0/ Ulﬁl dx — G/ U3zl~11 dr + 3U/ ’U5m’(71 dz
0 0 ) 0 0 (230)
= [ o+ o - F dn, VI € H(0,0),
0
which yields
Glew = puv1 — G’Ugm + 3GU5$ — ()Ofl + pr — T(ng) - L2(0, 1) (231)
Thus
v € H*(0,1). (2.32)

Moreover, (2.29) also holds for any w € C*'([0,1]). Then, by using integration by

parts, we obtain
Go(1601) = o 060) = G [ v
+ p/ol node — G /01 V3 dx (2.33)
- 3G/01v5x¢da? — /01 (pfi + pfo — 70f3) ¢dx = 0.
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Then, we get for any ¢ € C'([0,1]),
Gu1:(1)p(1) — Gui,(0)p(0) = 0. (2.34)
From (2.18), we obtain
v7(0) = vy(1) =0, (2.35)
since ¢ is arbitrary, we get that v;,(0) = v,(1) = 0. Hence, v; € H2(0,1). Using
similar arguments as above, we can obtain
vs,vs € H?(0,1) N HL(0,1),
vy € Hy(0,1), (2.36)
vg € H(0,1).
Thus, V = (vy,vs,v3,v4, 05,06, v7,v8) € D(A) and A is maximal. By using Lumer-

Philips theorem, see for example, Liu and Zheng [29] and Pazy [39], we end the

proof of the theorem. ]

2.3 Stability results

In this section, we study the stability of systems (2.1) — (2.3). More precisely, we

establish exponential and polynomial decay results depending on y defined by

x = 76D — (Dp — GI,) <”}3D - 1) . (2.37)
p
The energy functional of systems (2.1) — (2.3) is defined by
E(t) =E(w, ¢, 5,0,q),
—% /01 [pwi + 1, (35 — ¥)iJ* + 3L,s7 + pst” (2.38)
+7¢? + 47>+ D [(3s — 1)) + G () — w,) + 3Ds2] dx.

Now we give our stability results.

Theorem 2.2. (exponential decay). Suppose that x = 0. for any initial data U, € H,

there exist two positive constants j and n such that the energy functional (2.38) satisfies
E(t) < pe™™ Vt>0. (2.39)
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Theorem 2.3. (polynomial decay). Suppose that x # 0, for any initial data Uy € D(A),

there exist positive constant ji such that the energy functional (2.38) satisfies
Ho
E(t) < - vt > 0. (2.40)

To prove Theorems 2.2 and 2.3, we need the following technical lemmas.

2.3.1 Technical Lemmas
Lemma 2.4. It holds that the energy functional E(t) is non increasing and satisfies
1 1
E'(t) = —46/ 52 dx — a/ ¢* dz < 0. (2.41)
0 0

Proof. Multiplying (2.1) by wy, (3s — 1)y, s¢, 6, and ¢, respectively, integrating the re-

sults by parts and using boundary condition (2.2), we easily get (2.41). O
Lemma 2.5. Define the functional Fi(t) by

Fi(t) =1, / (3s —1)¢(3s — ¢)dx — / wt/ (3s — ) (y)dy dz. (2.42)

Then, we have for any ¢, > 0,

! G ! 2
RO <=5 [ 16s-0)]

1 1
+ 61/ wi dr + ¢ (1 + i) / [(3s — )]? dz (2.43)
0

€1
22
5 /62dx

Where ¢, > 0 is the Poincaré constant.
Proof. It follows from (2.1) that
G/ (38 — 1¥)42(3s — )dx
G /0 (=) (35 = w)da + 1, | (35— )P da
+G /1 (Y — wy) /x(?)s — ) (y)dy dx (2.44)

+5/ /35— y)dy dz
—,0/ wt/ (3s —¥)(y)dy dz.
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Using integration by parts and boundary condition (2.2), we arrive at

——D/ (35 — 1 d$+[/01[(37"—¢)t]2 dzx

- 5/ 0(3s —)dx (2.45)
—p/ wt/ (3s — ) (y)dy de.
So, by using Holder’s, Young’s and Poincaré’s inequalities, we can get (2.43). O

Lemma 2.6. The functional F»(t) defined by

1 x
By(t)=0p /0 (Y — wy) /0 wi(y)dy dz, (2.46)

satisfies for any e > 0,

/ G ! 2 ! 2 1 ! 2
Ft)<——= [ (¢Y—wy) do+e [ ¢Yjde+c|(l+— w; do
2 Jo 0 €2 0
2 rl
6_G/ 6% dz.

Proof. Differentiating F,(¢) with respect to ¢ and using (2.2), we see that

/¢t/ wi(y)dy doe — p /th/ wi(y)dy dx

_ _ — 2.48
G/O (¥ wx)/o (¥ wy)y dy dz ( )

1 T
—5/ (w—wm)/ 6, dy dz.
0 0
Using integration by parts, we obtain
1 T 1
16 Zp/ wt/ we(y)dy dz + p/ w; do
0 0 0
1 1
—G/ (Y — wy)” dx—é/ 0 (¢ — w,)da
0 0

Then, by using Young’s inequality and Holder’s inequality, we can get (2.47). [

(2.47)

(2.49)

Lemma 2.7. Define the functional F3(t) by

= 7,03/ / y)dy dz. (2.50)

1 1 1
Fi(t) < s 92 dx+53/ w?dz+ec (1 + —)/ ¢* dz. (2.51)
2 Jo 0 €3 0

Then, we can get for any €3 > 0,
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Proof. Differentiating F3 with respect to ¢ and using (2.2), we obtain

——T/ qx/ dyd:z:—Té/ th/ y)dy dx

(2.52)
—pgﬁ/ 9/ qdydx—pg/ (9/ 0, dy dx.
o Jo o Jo
Integration by parts gives us
1 1 1 T
F3(t) :7'/ q dy+75/ wtqu—pgﬁ/ 9/ q dy dz
0 ) 0 0 0 (2.53)
— p3 / 6? du.
0
By using Young’s inequality and Holder’s inequality, we can get (2.51). O
Lemma 2.8. The functional F,(t) defined by
1 T
t) = —ppg/ 9/ wy(y)dy dz, (2.54)
0 0
satisfies for any 4 > 0,
1 1 1
__/ dx+54/ (1) — wy)® dx+c(1+—>/6’2dx
=4/ Jo (2.55)
+ % q dz.

Proof. We take the derivative of F; and use (2.2) and integrate by parts to obtain

1 x 1 x
0
+03G/ / (v — wy y)dy dx
+p35/ 9/ 6,(y), (2.56)
0 0
1 1
:_p/ qwtdx—pd/ w; dx
0 0

1 1
+ ng/ 0 (¢ —w,)de + p35/ 6% d.
0 0

Then, using Young’s inequality, we can get (2.55). O
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Lemma 2.9. Define the functional F5(t) by
1
F5(t) :TGMP/ (3s =)y (Y — w,) dx
0
1
- T5Dp/ wi(3s — ), dz
0 X (2.57)
+ 703 (Dp — GI,) / 6(3s — ), da
0

1
—7(Dp—G1,) /0 q(3s — 1), dz.

Then, we have for any 5 > 0,

1 1
Fi(t) < - TGQMP / (3s —¢))* dz + / s dx
1 ° 1 °
+02/ 82dx+03/ (1) — w,)® dz
° 0 ) (2.58)
+ 55/ [(3s — ¥),]” da + 055/ ¢ dx
0 0

1
+ X/ 0.(3s — ), dx,
0

where ¢;(i = 1,2, 3) are positive constants.

Proof. By differentiating F5 with respect to ¢, we have

1 1
Fi(t) = TG5IP/ (3s — )y (Y — wy) dx +TG5Ip/ (Bs =) (Y —w,), do
N 0 | 0

~
=1

1 1
—T&Dp/ wy(3r — ), do — 7‘5Dp/ wi(3s — )y dx
R 0 0

J/

~
=13

1 1
+7ps (Dp — G1,) / 0:(3s — ), de+7p3 (Dp — G1,) / 0(3s — )y dx
0 N 0

N J/
—~ —~

=I5 =Ig

1 1
—7(Dp—Gl,) /0 ¢@(3s — ), dv ——7 (Dp — G1,) /0 q(3s — ) dz .

N N

(2.59)

Using equation (2.2) and integrating by parts, we see that

1
I, = — +GSD / (35 — ) (10 — ), da
0 (2.60)

1
+TG25/ (1 — wy)? du,
0
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1
I, :TéDG/O (Y —wy), (3s =), do

) (2.61)
+ T(52D/ 0.(3s — ), dz,
0
1
Iy =—71(Dp—-GlI,) / q:(3s — )¢ do
0 (2.62)
— 10 (Dp—Gl,) / wet(3s — ) du,
0
1
I =— T’);’D (Dp — GI,) / 0,(3r — ), dz
PG o (2.63)
+ 152 (pp - Glp)/ 6 (¢ —w,)da,
I, 0
1
I, =8(Dp— GI,) / ¢(35 — ), da
0. (2.64)
+ (Dp—GI,) / 0.(3s — ), dx,
0
1
Is =7 (Dp—Gl,) / q:(3s — ) dz. (2.65)
0
Inserting (2.60)-(2.65) into (2.59), we can obtain
1 1
FU(t) =rG2% / (0 — w,)? de + 7G4, / V(35 — ), do
0 0
G 1
P52 (pp—GI,) / 0 (¢ — w,) do
L 0 (2.66)

1
+8(Dp—GI,) / 4(Bs — ), da

1
+ X/O 0,(3s — ), da.

Recalling ¢ = (¢ — 3s) + 3s and using Young’s inequality, we conclude that

1 1 1
TG5]p/ (3s — )y do = —TG5Ip/ [(3s — )] dz + 37‘G5]p/ ri(3s — ) d,
0 0 0

1 1
< —TG;]p / (35 —9)]? dz + cl/ s? dz,
0 0

(2.67)
Tp3sG

1 1 1
; (Dp — Gl'p)/ 0 (Y —w,)dx < c2/ 0% dz + 03/ (Y —w,)? dz,  (2.68)
p 0 0 0

and for any 5 > 0,

1 1 1
v (Dp — Glp)/ q(3ss — ), dz < 55/ [(3s — 1/1)1:]2 dz + C., / ¢ dz, (2.69)
0 0 0
which, together with (2.66)-(2.68), gives us (2.58). O
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Lemma 2.10. The functional Fy(t) defined by
1 1
Fy(t) = 3[,,/ s da + 25/ s% dz, (2.70)
0 0

satisfies

1 1
Fi(t) < — 37/ s* dx — 3D/ s2 dx
0 0

1 1 (2.71)
+c4/ (1 — wy)® dx+31p/ s? du,
0 0
where ¢, is a positive constant.
Proof. Follows from (2.2) that
1 1
Fg(t) :—SD/ s2 dx—?)G/ s —w,)de
1 ¢ (2.72)
—47/ s dﬁc+31p/ s? da.
0 0
Young’s inequality gives us (2.71). O
2.3.2 Exponential Stability: Proof of Theorem 2.1
Proof. We define the functional £(t) by
L(t) =NE(t) + G1(t) + NoGso(t) + N3Gs(t)
(2.73)

+ NyGa(t) + NsGs(t) + Gol(t),

where N and N;(i = 2,3,4,5) are positive constants that will be chosen later.

Note that

1 1
/ ¥ dxz/ (35 — ) — 3] da
0 0

. . (2.74)
< 2/ [(3s — )] da + 18/ s2 dx.
0 0
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1
L'(t) < — (48N — ¢; N5 — 183N, — 31,))/ s? dx
0

D 1
_<?—55N5) / (35 — ). ]? do
0
v en (142 2 LN CN/12dx
_’Y CIN3 s 25 e51V5 . q

[ 6 1 !
— p—N4 — &1 —€3N3 —CNz( _>:| / wt2 dz
L 2 €9 0

- | 1
TG5IpN5 — 29Ny — ¢ (1 + 6—)} / [(3s — ¢>t]2 dx
1 0
G ! 2
_ <5N2 — 4Ny — c3N5 — c4> / (Y —w,)” dex
0

03 5222 52 1 /1 )
BN s SN —eN (14 =) — N 02 d
{2 oD a2 M\t ) Taets) )

1
—3D/ ridx—&y/ r? du.
0 0

N5,€3 = —,&4 = —N2,€5 = — (276)

(2.75)

Taking

we obtain

9 1
£/<t) S — (4,8N — 01N5 — LITG&I/JNS — 31p) /0 S? dz

D [ 2
-7/ fes =
p

1
— [7]\7 —cN3 (1+ N3) — %N4 055N5} / ¢* dx
0

p SN, /1 )
PN, =2 —eNy (14 —22 d
[2 . ¢ 2( +N57G5[p)} o

1
( Gé[p N5 — 2C) / [(33 — w)t]z dx (2.77)
0
G
(5

1
N2 — 63N5 — 04) / (@ZJ — OJI)Q dz
0

03 522 5
N. _ 9
{ 2 oD~ 2G

AN. !
—CN4 (1"‘ G]\é) —02N5:| /0 92 dx

1 1
—3D [ r?dx— 37/ s% dx.
0 0

At this point, we first choose N5 > 0 large enough such that

7Gol,
4

N5 —2¢ > 0, (2.78)

54



CHAPTER 2. LAMINATED TIMOSHENKO BEAM WITH SECOND SOUND

for fixed N5, we take Ny, > 0 so large that

G
ZNQ — C3N5 —Cq > 0. (2.79)

Then, we pick N, > 0 large so that

,0(5 8N2
PO 9 en, (14 222 ) <. 2.80
5 Vi ¢ 2( +N5TG51p) = (2.80)

And then we choose N3 so large that

P3 (526i 62 4N4
N. — —Ny—cNy (1
2 — ClVy + N,

_ o Ns > 0. 2.81
237 39D T oG ) C2iVs > (2.81)

At last, we take N > 0 large enough so that the functional £(¢) is equivalent to the

energy functional F(t), i.e., there exist two positive constants

BLE(t) < L(t) < BE(t), (2.82)
and further so that
p
— N3) — —N, — C.. N, .
’}/N cN3 (1 + 3) % s —C Vs > 0 (2.83)

9
45]\[ — C1N5 — ZLTG(SIPNS — ?)Ip > 0.

Recalling (2.38), we infer that there exists a positive constant 3 such that, for any

t>0,
L'(t) < —B3E(t), (2.84)
which, along with (2.82), implies
/ 53
L(t) < —5—£(t). (2.85)
2

Integrating (2.85) over (0, ¢), we have, for any ¢ > 0,
L(t) < L(0)e~F/B)t (2.86)

which using (2.85) again, gives us (2.39). The proof of Theorem 2.1 is done. [
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2.3.3 Polynomial Stability: Proof of Theorem 2.2

In this subsection, we consider the case x # 0 to prove Theorem 2.2 . Differentiating

system (2.1) with respect to time, we obtain the following system:

pwir + G (Y — wy),, + 60, =0

1,35 = )t — D(35 = V)aur — G (¢ — wy), = 0,

Ipsit — DSy + G (Y — wy), + %’yst + %ﬁstt =0, (2.87)
P30t + Gut + Owzre = 0,

\ Tqu + g + 0z = 0.

Which subject to the following boundary conditions

th(O,t) = wt(o,t) == St(o,t) = (9,5(0,25) == O, te (0700),
(2.88)
wmt(lvt) = wt(lvt) = St(lvt) = et(lvt) = O, te (0700)

For any initial data Uy, € D(A), system (2.87) is well posed. Next, we introduce

second-order energy functional E(t) by

E(t) =k ((A)t, ¢t7 St 9157 Qt)
1 1
=3 / [pwiy + 1, [(3s — ¥)ul® + 31,57, + psb; + 747 + 4ys; (2.89)
0

+D[(3s — w)xtf + G- "‘J:c)t}2 + 3D3:2ct} dz.

By using the same arguments as in Lemma (2.6), we can get the second-order energy

E(t) defined by (2.89) is nonincreasing and satisfies

1 1
"(t) = —45/ s2 dw — 7/ ¢} dz < 0. (2.90)
0 0

In Lemma (2.9), we have proved that, for any ¢5 > 0,

Fi(t) < TGM /1 [(3s —vy)” d ]+c1/ols,? dx

0* da:—|-03/ (1 — wy)® da

/0

1
—|—55/ [(Bs — dx+C€5/qu

01

o

(2.91)

0.(3s — dz.
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Thanks to (2.1) and Young’s inequality, we derive that

1 1 1
/ 02 dr < c/ ¢ dx + c/ ¢ dux. (2.92)
0 0 0

Then, for any &5 > 0,
1 1 1
x/ 0.(3s — 1), de < 55/ [(3s — )] dz + C-, / 02 du,
0 0 0
1 1
< 65/ [(3s —1),]* dz + C-, / ¢ dz (2.93)
0 0

1
+C’65/ ¢ du.
0

Therefore, the derivative of I satisfies

1 1
Fi(t) < — TG;I’) / [(3s —v)]* da + cl/ st da
0 0
1 1
+ 02/ 0? dx + 03/ (Y — w,)” dz (2.94)
. " 1 1
+ 2&?5/ [(3s — ),]* da + C-, / ¢ dv + C., / ¢ du.
0 0 0
Proof. We define the functional £(t) by

L(t) =N(E(t) + E@t)) + G1(t) + NoGa(t) 2.95)
+ N3G3(t) + NyGa(t) + N5Gs(t) + Gg(t). .

It follows from (2.41)-(2.43), (2.47)-(2.55), and (2.90)-(2.94) that

1 1
L'(t) < — (48N — ¢;N5 — 185Ny — 31,,)/ s? do — (? — 255N5> / (35 — ),)* dw
0 0

- 1 1
BN —eNy (14 =) = LN — N / ¢ dz
L 63 26 0
[ pd 1 !
- p—N4—81—€3N3—CN2 (1+—):| / th dz
| 2 €2 0
(TGl 1 !
_ T pN5 — 2€2N2 —C (1 + 5—)} / [(38 — ¢)t]2 dx
1 0

1
_ (%NQ — 4Ny — c3N5 — 04) / (v — wx)z dx
0

03 52ct 62 1 /1 9
2N, -2 0 NN (14— ) — 5| [ 624
[2 Y, B Te R G ] I A

1 1 1
_3D/ s2 dx—?w/ 52 dx—(vN—C’%)/ q; du.
0 0 0

(2.96)
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With the same choice of constants as in subsection 2.3.2, we further take N > 0 so
large that
YM — C., > 0. (2.97)

Noting that (2.38), we know that there exists a positive constant y; such that, for any
t >0,

£'(t) < —pnE(t). (2.98)

Since the energy functional E(t) is positive and non increasing, we infer (2.98) that,

for any t > 0,

t 15 . L£(0)
tE(t) < [ B(s)ds < —(£(0)t —nfq(t)) < =2 2.99)
0 H1 H1
which gives us
E(t) < % vt > 0. (2.100)
Here, 119 = (ﬁ(O)t/m) = (E(O) + E(O)/M1>. The proof is complete. O
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Chapter e

Analysis of thermoelastic laminated

Timoshenko beam with time-varying delay

3.1 Statement of the problem

In this chapter we investigate the subsequent problem with time-varying delay

(

PlUtt -+ G(T - V:l:)x + (57933 = O,
Ip(?)w — T)tt — D(Sw - T)mm - G(T - V$) = 07
31,04 — 3Dw,, + 3G(r — vy) + dyw + pywy + powi(x, t —s(t)) =0, (3.1)

0319t + Sx + 5Vta: = 07

p45t+018+191; = O,
\

where

(x,t) € (0,1) x (0,00),
[ 1,(0,4) = v (1,6) = 1(0,£) = r(1,£) = 0,¢ > 0,
w(l,t) = w(0,t) =9(0,t) =¥(1,t) =0,t >0,
v(z,0) = vo(x), v (x,0) = vi(x),r(x,0) = ro(x), =€ (0,1),

ri(z,0) = ri(z),w(z,0) = wo(z), wi(x,0) = wy(x), =€ (0,1),

\ V(z,0) = Yo(z),S(x,0) = So(z), wi(z,t —5(0)) = fo(z,t —¢(0)) =€ (0,1).
(3.2)

Here, ¥(z,t) define the difference temperature and S(z,t) is the heat flux, p, G, I,

D, v, u1, 0, p3, « and p, on the other hand, are positive constants, y is a real number,

59



CHAPTER 3. LAMINATED TIMOSHENKO BEAM WITH TIME-VARYING DELAY

and ¢(t) > 0 represents the time-varying delay, where

3.2

o] < \/:Uh’

Jt)<d<1, vt > 0,

s € W2>([0,T)), VT >0,
0<¢<s(t)<g Vit > 0.

\

Existence and uniqueness

(3.3)

To accomplish our aim which is proving the existence and uniqueness of system (3.1)-

(3.2) solutions, we employ the semigroup theory, so, we consider as in [38]

’C(Jﬁ,p, t) = wt(‘rvt o g@)ﬂ);

thereby, we find

SOz, p,t) + (1 = (t)p)Kp(, p,t) =0,

K(z,0,t) = w(x,t).

As a result we rewrite problem (3.1) as:

where

/

oV + G(r — vg), + 09, =0,

]p(Sw — T)tt — D(?)w - T)mm - G(T - VI) - 07

p319t + Sw + 5Vta: = 07
p4St + aS + 19;,; = 07

SOz, p, t) + (1 =<' (t)p)KCp(x, p,t) =0,

(x,p,t) € (0,1) x (0,1) x (0, 00),
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problem (3.4) is subject to the following initial and boundary condition

v:(0,t) = vy (1,t) = 7(0,t) = r(1,t) = 0,t > 0,

o(1,t) = @(0,t) = 9(0,t) = I(1,£) = 0,¢ > 0,

v(z,0) = vy(x), v (z,0) = vi(x),r(z,0) = ro(z),

ri(x,0) = ri(z), w(x,0) = wo(x), w(z,0) = wy(z),

¥z, 0) = Yo(z),S(x,0) = So(z),
K(xapv O) = fo(JJ, —pg(O))/x € <07 1)7/) € (07 1)‘

Then, using (3.1) and (3.2), we establish

d2 1

— [ v(z,t)de =0.
dt? J,

We then solve (3.5) and include the initial data of v to obtain

/01 Vi@, t)de = t/o1 vi(w)dr + /01 vo()dz.

(2, t) = vz, t) —t /O 1 v (2)dz — /0 1 vo(x)dz,

Let us consider

therefore,

1
/ v(x,t)dx =0, Vt > 0,
0

on the other hand, we see that

1 1
p4i/ S(x,t)dx + a/ S(x,t)dx =0,
dt Jo 0

then, we take

S(x,t) = S(x,t) — e(%)t /1 So(x)dzx,

0

which gives

1
/ S(x,t)dw =0, Vt >0,
0

(3.5)

(3.6)

3.7)

(3.8)

this proves that we can use Poincaré inequality for 7, S, then, if we replace in system

(3.1), we find that (7,r,w,?,S) fulfils the system, so, we will use 7, S in place of
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v, S, and write v, S for the purpose of simplicity. Let Y be the vector function given
by

Y = (v,1,3w —r, (3w — 1), @, @, 9, S, K) 7,

and let v = v, u = 1y, p = w;, then we can rewrite the system (3.4) in the form:

Yi = Z(1)Y,
(3.9)
Y(()) = % = <]/0, Vi, 3@0 —To, 3w1 — T, Wo, Wi, 1907 807 fO)T7
where, Z(t) : D(Z(t)) C H — H is given by
v
1
——[G(r — vg)z + 0U,]
P
3o —u
1
—[D(Bw — 1)px + G(r — )]
I,
Z(t)Y = P , (3.10)
LD — Gl — 1) — 9% — ~pp — k2,1, 1)
]p W r Vg 37@ 3,&1('0 3,&2 z,1,
1
——[8: + dv,]
Pls
——[aS + v,]
0
1=y

<(t)
and where the energy space H is:
H = H}x L2(0,1)x Hyx L*(0,1) x Hy x L*(0,1) x L*(0, 1) x L?(0,1) x L*((0,1) x (0, 1)),

with
L0.1) = {0 € 220.1)/ | ola)tr =0}
H(0,1) = H'(0,1) N L2(0,1),
H2(0,1) = {¢ € H*(0,1)/¢.(1) = ¢.(0) = 0}.
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We consider over H the inner product

1 1 1
YY)y = ,0/ vodx + Ip/ (3p —u)(3p — 4)dx + SIP/ ppdx
0 0 0

1 1 1
+G/ (r— ) (1 — )da:—l—pg/ 1919dx—|—p4/ SSdx
0 0

(3.11)
+D/ (3w —1).(30 — 7), d:l:+4’y/ wwd:l:—i—SD/ W, TWdx

//ICIC dpdzx,

Y = (v,v,3w — 1,30 —u, @, 0,9,S, K) € H,

for all

~

Y = (0,9,30 — 7,3p — 4,2, $,0,8,K)" € H.
Next, we give D(Z(t)) by
YcH/ve HHNH! 3w —r,we H* N H},
D(Z(t)) = v,SEHi,Z%go—u,gp,ﬂEH&(O,l), ;
K,K, € L*((0,1) x (0,1)), K(z,0,t) = ¢
we clearly see that D(Z(t)) is independent of ¢, and dense in 7{. Let us now announce

the existence and uniqueness theorem.

Theorem 3.1. Let Y, € H and suppose that (3.3) is verified . Then, there exists a
unique solution Y € C'(R,,H) of the problem (3.9). Moreover; if Yy € D(Z(0)), then

Y € C(R., D(2(0))) N C' (R, H).
We will apply the variable norm approach established by Kato in [24] to show

Theorem 3.1.

Theorem 3.2. Let:

1. D(Z(0)) be dense in H;

2. D(Z(t)) = D(Z(0)), Vt>0;

3. forallt € [0,T], Z(t) generates a strongly continuous semi-group on H, and the
family Z = {Z(t) : t € [0,T]} is stable with stability constants C' and m independent of

t. i.e. the semi-group (S:(s))s>0 generated by Z(t) satisfies

1Se(s) W)l < Ce™ Nlylla, uweH, s=0;
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4. %Z(t) € LX([0,T], B(D(Z(0)),H)), where L([0,T], B(D(Z(0)),H)) is the space

of equivalent classes of essentially bounded, strongly measurable functions from [0, 7]
into the set B(D(Z(0)),H)) of bounded operators from D(Z(0)) into H. Then, problem

(3.9) has a unique solution
Y € C([0,T),D(Z(0))) nC'([0,T), H),
for any initial datum in D(Z(0)).
Proof. Our proof uses the same procedure as [38].
(1) The fact that D(Z(0)) is a dense in H is evident.
(77) Because D(Z(t)) does not depend on ¢, we obtain D(Z(t)) = D(Z(0)), Vt>0.

(7i1) In this step, we establish that Z(¢) generates a Cy-semi-group in H for a fixed
t. For this goal, we introduce the time-dependent inner-product on #, (which is

equivalent to the classical inner product).
1 1 1
YY), = p/ vidz + Ip/ (30 — u)(3¢ — 0)dx + 3Ip/ ppda
0 0 0

1 1 1
+G/ (r — v)(F — )d:c+p5/ 191§dx+,04/ SSdx
0 0

, X : (3.12)
+ D/ (3w —71),(3w — 7),dx + 47/ wwdx + SD/ W, W dx
0 ) ) ) 0 0
+ mg(t)/ / KK dpdzx,
o Jo
where the positive constant « satisfies by (3.3); the inequality below
o] 2
<k <2u — . 3.13
—ad T T (3.13)
We start by putting
/ t 2 1 %
()" +1) (3.14)

Now, we show that the new operator Z(t) = Z(t) — 7(t)I is dissipative. When ¢ is

fixedand Y = (v,v,3w —r,3p — u, w, ,9,S,K)" € D(Z(t)), we find
1

(Z)Y,Y), = —/u/ @ daf—uz/ eK(z,1,t)dx

1
—I{// (1—<¢'(¢ ICICdpdx—a/ S?dx.
0
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On the other hand, we have

// (1—d'(t /CICd,od:r;———//dpl—§ )p) K2 dpdz
——//K2(x,p,t)dpdx
2 Jo Jo

_ %/0 {(1 =< ()K*(x,1,t)dz — K*(x,0,t)} du.

(3.16)
Thereby,
1 1
(ZH)Y,Y ) = —ul/o g02dx—u2/0 oK (z,1,t)dw IC2 (w, p, t)dpdax
- S/Ol {(1 =< 0))K (2,1, t)dx — K*(2,0,t)} da — @/0 S2d.
(3.17)

Combining K(z,0,t) = ¢(z,t), Young’s, Cauchy-Schwartz inequalities, and relation

(3.13), we obtain

|12 K ! 2
EOVY) <t 5=+ 5) [ P

+<'“2'V21‘ —Kl‘ )/ K2(2.1,8)d (3.18)

1
- a/ S2dz + r(£)(Y, Y ),
0

therefore,

(ZOY,Y) = 7)Y, V), <0,

which proves the dissipativity of Z(t).
We proceed and show that the operator Z(t) is surjective by establishing that (I/d —
Z(t)) is surjective. In fact, for G* = (g1, 92, g3, 94, 95, g6 97> Js, Go) . € H, we establish

the existence of a unique x = (x1, X2, X3, X4, X5, X6, X7» X8, K) € D(Z(t)) such that

(Id = Z(t))x = G7, (3.19)

65



CHAPTER 3. LAMINATED TIMOSHENKO BEAM WITH TIME-VARYING DELAY

that is

;

X1 — X2 = g1,

PX2 — GXlac:c - GXBx + 3GX5.Z‘ + 5X7x = pg2,

X3 — X4 = 93,
I, x4 — Dxsex — 3G x5 + Gx3 + Gx1e = 1,94,
X5 — X6 = 95,
1 4 1
I,+ FH1L ) X6 — Dxsee — Gx3 — Gxaz + | 3G + 37) 6t guglC(:t, 1,t) = 1,96,
P3X7 + Xz + OX2z = P397,
(pa + @) Xs + X7z = pags,
LSO (@, p,1) + (1 =< (0)p)K, (2, p,) = <(t)go.
(3.20)
Check that the solution of (3.20), is provided by
P
K@, p,t) = xse ™0 + ()= O” / V7 gy (, 0, t)do, if ¢'(t) =0,
0

Pog(t _ .
K(z,p,t) = xse™ + e’\”(t)/ %gg(% o, t)e MWDdg, if ¢'(t) #0,
0

with, A,(t) = 5/((7?) In(1—¢'(t)p), thus,

xse W+ Ko(z), if J'(t) =0,
K(z,1,t) = (3.22)

e+ Ko(x), i (1) #0,

where,
1
g(t)eg(t)/ e Wogy(x,0,t)do, if ¢'(t) =0,
Ko(z) = " (3.23)
A S Ao .
e 1(t)/0 mgg(x,a, terWdo, if J'(t) #0.

From (3.20)s we deduce that

o = —(ps+ ) / vs(0)do + ps / gs(0)dor (3.24)
0 0
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Meanwhile, we see that

X2 =X1— 91, X4 =X3— 93 X6 = X5 — J5- (3.25)

If we substitute (3.22), (3.24) and (3.25), into (3.20)2, (3.20)4, (3.20)¢ and (3.20);, we

obtain )
pX1 — GX1ze — GX32 + 3G X550 — 5(/)4 + Oé)Xs = {4,
I,x3 — DX3ex — 3GXx5 + GX3 + 3G X1 = {2,
(3.26)
psXs — DxXsee — GXx3 — GX12 = U3,
_p3(p4 + O'/) / XS(U)dUU + X8z + 5X1x - €47
\ 0
where,
( 1 4 1
=1,+ 3G+ z 1 + 27 + s pae—
Mg =1, +5G + 3u1+ 37+ gH2e
0y = p(g1 + g2) — pags,
62 = [p<g3 + 94)’ if C/(t) = O, (327)
1 1
b3 = 1,(g5 + g6) + 3H1gs — §M2’Co($),
by = p3gr — P3P4/ gs(o)do + 091,
\ 0
and,
)
1 4 1
ps =1, + 3G + §,U1 + g’}/ + §M2€)\1(t),
0y = p(g1 + g2) — pags,
lo = 1,(g3 + g4), if ¢'(t) # 0. (3.28)
1 1
Uy = 1,(95 + g¢) + 3H1Y5 — §M2K0($)7
by = p3gr — ,0304/ gs(0)do + 0 g4,
\ 0

Multiplying each case by x1, X3, X5, and (ps+ «) / Xs(0)do, respectively, summing
0
up, and then, integrating over (0,1), we end up with the following variational for-

mulation

B((x1: X35 X55 Xs), (X1, X3, X5, X8)) = T'(X1, X3, X55 Xs8)- (3.29)
Where, we define the bilinear form

B:(HX0,1) x Hy(0,1) x Hy(0,1) x L2(0,1))* — R,
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by

1 1
B((x1, X3, X5, X8), (X1, X3, X5, X8)) _M4/ X5>€5dl’+P/ X1X1dx
- ° 1
+ ]p/ X3X3dr + (ps + @) / XsXsdx
0 Jo
o 0
+ G/o (=X1z — X3 + 3x5)(=X1z — X3 + 3X5)dx

+ ot a) [ K / " Xs()dor)( / " Xs(0)do)dz,

(3.30)
where,
pa =3I, + pu + 4y + poeW, i J(t) =0,
pa =31, + puy + 4y + e, i () #0,
and the linear functional T
[:(HN0,1) x Hy(0,1) x Hy(0,1) x L%(0,1)) — R,
is defined by
1 1 1
I'(X1, X3, X5, X8) = / (X 1dx + / lyXsdx + 3/ l3Xsdx
0 0 0 (3.31)

+ [ ot [ i

Next, we consider the following norm over V = H/!(0,1) x H;(0,1) x Hy(0,1) x

L3(0,1),

(X1, X35 X5, XB)Hi = (=x1e — X3+ 3x3)113 + IIxall3 + lIxsll3 + lIxsll3 4 xse 3.
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We obtain as a result

1 1
B((Xl? X3, X5, X8)7 <X17 X3, X5, XS)) - ,u4/ ngl‘ + p/ X%dx
0 0
1 1
+Ip/ X3dx + (p4+a)/ Xidx
01 1 0
+D / X3, dx 4 3D / X2, d
01 0
+ G/ (—X1z — X3 + 3x5)2dx
0
1 T
+pg(p4+a)2/ (/ xs(0)do)?dz, (3.32)
, o Jo :
= :0/ Xidz + (ps + Oé)/ Xadw
D [ do 3D [ e
01 0
+ G/ (_Xlx — X3+ 3X5)2d$’
0

> Mol|(x1, X3, X35 xs) |13, Mg > 0.

Hence, B is coercive, and we deduce that (3.4) admits a unique solution by the Lax-
Milgram theorem, thereby

x1 € H,(0,1),

X3, Xs € Hy(0,1), (3.33)

xs € L2(0,1).
We insert x1, x3, x5 and xg in (3.22), (3.24) and (3.25), respectively to establish

X2 € H,(0,1),

X4, X6 € H&((), 1),

(3.34)
X7 € Hi(()a ]-)7
K,K, e L*((0,1) x (0,1)).
If we take Y; € H;(0,1) and
1
X1 = X1 —/ X1(k)dk, (3.35)
0

we find Xl € Hi(()? 1) Taklng now (Xl? )237 )257 )28) = ()A(lv 07 07 O) in (329)) we get

1

1 1
G/ (—X1z — X3 + 3x5) (—X12)dx + ,0/ Xix1dr = / lixqde,
0 0 0
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then,

1 1 1
G / Vieadz = p / vide — G / Yo rda
0 0 0

1 1 (336)
+ G/ X5z X1dT —/ bxadz,  Vxi € Hy(0,1),
0 0
which implies that
GXlx:v = pX1 — G)(gac + GX5$ -0 € L2<O, 1) (3.37)
Hence,
x1 € H*(0,1). (3.38)
Additionally, for all ¢ € C'([0, 1]) we get by integrating by parts:
1 1 1
Grw()6(1) = Gx1(0)0(0) = G [ xstuds tp [ naédo =G [ yaodo
0 0 0
1 1 (3.39)
+ G/ X520dx —/ lipdx = 0.
0 0
Therefore,
Gx1:(1)o(1) — Gx1.(0)p(0) = 0, Vo € C([0,1]). (3.40)

The fact that ¢ is arbitrary implies that y;,(0) = x1.(1) = 0, that is x; € H2(0,1),
following the same arguments, we find
X3, X5 € H*(0,1) N Hy(0,1),
x7 € Hy(0,1), (3.41)
xs € H!(0,1).
Lastly, applying a result of regularity theory to linear elliptic equations guarantees

the existence of a unique x € D(Z(t)) satisfying (3.19).

Hence, for any fixed ¢ the operator I — Z(t) is surjective.

(I —Z(t)=(14+7(t)I— Z(t), forany fixedt > 0.

Because 7(t) > 0, we determine the surjectivity of (I — A(t)).
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Let us now prove that

< eﬁ“_s‘, for any ¢, s € [0, 7], (3.42)

where ¢ = (v,v,,3w — 1, (3w — 1)y, @, @, ¥, S, K)T, with the help of (3.11), we get
1
90 = @,0) = [ (pe? + 130 ~ 0P + 3L, + Glr = v+ pu”
0
1
+ psS?* + D(3w — )2 + dyw® + 3Dw? + ks(t) / K2dp)dz,
0
and,
1
12]fS = (2, @), =/ (pv® + 1,(3¢ — u)* + 31,0° + G(r — vz)* + ps?®
0
1
+ psS? + D(3w — )2 + dyw® + 3Dw? + kq(s) / KC*dp)dz,
0
S0,
Q Q 1
@Il — fj@lj2e®s ! = (1— o) / (00" + 1,(3¢ = u)* +3L,0" + Glr — )" + pst®
0

+ psS* + D(3w — 1)2 + 4yw’ + 3Dw?)dx

, 1 1
+K <§(t) —g(s)exo tis') / / KC*(z,p)dp dz.
o Jo
(3.43)

Q0 |4 .
After that, we have to show that () — g(s)62<o|t ol < 0, for some o > 0, to this end,

we note that

() =¢(s) +<'(a)(t —s), withae (s,t),

then,
<(t) [<"(a)]
—~ <1+ —t—s|.
G e
By utilizing ¢ € W**([0, T), we infer that
<(t)

o
BAAR 1+£|t_5| < e2<0|t 5|7
SO

(s)

and (3.42) is therefore proved.
(iv) It is simple to demonstrate that
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By utilizing relation (3.3),, we infer that

%Z(t) e L([0,T], B(D(2(0), H)).

As in [38], (iv) holds. As a result, problem
(3.44)
Y(0) = Yo,
admits a unique solution Y € C ([0, 00), H) , moreover if Y, € D(Z(0)), then
Y € C([0,00), D(2(0))) N C*([0, 00), H).

Finally, we let
Y (t) = e“DY (1),

t
where w(t) = / 7(s)ds, so by (3.44), we infer
0

Yi(t) =r(t)e* DY (t) + e DY (t),
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Hence, we deduce that problem (3.9) unique solution is Y'(¢). O

3.3 Stability results

In this part, we provide and demonstrate our stability finding ,for this purpose, the

following lemmas are required, and the positive generic constant ¢ will be used.
Lemma 3.3. We define the energy functional E by

1
=3 / {pv} + 1,(3w — 1)} + 31,0} + 3Dw? + 4yw® + D(3w —r)2
0
(3.45)
1
+D(r = v2)? + p39® + paS® + g / ()P (z, p, t)dp}de,
0

then, it satisfies

1 1 1
E'(t) < —)\0(/ widy +/ K*(z,1,t)dz) — a/ S?dr <0, where )y > 0. (3.46)
0

0 0

Proof. To prove (3.46), we multiply (3.4)1, (3.4)2, (3.4)3, (3.4)4, (3.4)5, and (3.4)
by v, (3w — 1), wy, ¥, S, and k, K respectively, integrate over (0, 1), sum up, and

utilize the integration by parts, to obtain
th/ {pv + 1,(3w — r); + 31, + 3Dw? + 4yw® + D(3w — 1)?2

1
+ D(r = vz)? + p30? + paS® + g / ()P (@, p, t)dp}dx
0

1 1 1 (3.47)
—I—ul/ wfdx+a/ S2dw+u2/ w, K (x,1,t)dx
0 0 0
1 / 1
- f/ (K2(2,0,t) — K2(z,1,t)}dx — L(t)/ K2(2,1,t)dx = 0.
2 Jo 2 Jo
Then, we employ Young’s inequality to get
\/_
/ w (z, 1, t)dr < \/“i wldy + |,u2| / t)dz. (3.48)
From K(z,0,t) = wy(z,t), (3.47), and (3.48), we find
) < - a/ S2dr — (u - 2\/|?L g) /lwfdx
_ 0 (3.49)

+ (g(g'(t) — 1)+ %) /0 K?(x,1,t)da,
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thus, using (3.3) we conclude the existence of a positive constant )\, in a way that
1 1 1
E'(t) < —)\0(/ widr +/ K*(x,1,t)dr) — a/ S*dr < 0. (3.50)
0 0 0
O

Lemma 3.4. The functional

Gi(t) = —,0/01 " (/Ox(?)w . r)(y)dy) dz + zp/;(:sw —)Bw —r)dz,  (3.51)

satisfies
D 1

1
Ggi(t) < — Bl (3w — r)idx + 61/ vidx
0 0

1 1 1
+c (1 + —) / (3w — r)idw + c/ Vdx.
€1 0 0

Proof. Multiplying the first and the second equation of the system (3.4) by

(3.52)

/ (3w —r)(y, t)dy and (3w — r) respectively, integrating over (0, 1), and using (3.2),
0

we obtain

1 1
(1) :Ip/ (3w — r)2dr — D/ (3w — r)2dx
0 0

+ 5/01 9, (/Ox(gw - r)(y)dy) iz (3.53)
- p/ol v (/;(3?2 - T)t(y)dy> dz.

With the use of Young’s, Cauchy-schwarz’s, and Poincaré’s inequalities, estimate

(3.52) is proved. O

Lemma 3.5. The functional

Gt) = [ =) ([ i) ar 359

satisfies

1 1
Go(t) < — % / (r — vy)2dx + 62/ (3w — r)dx
0 0

1 1 1 1
+c(1+—)/ l/fdx—FC/ 192da:+c/ widr.
€2 0 0 0
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Proof. We take the derivative of G,(t), integrate by parts, and exploit the first equa-

tion of system (3.4) to find

1 x 1
Gy(t) :P/ T (/ Vt(y)dy) dz + ,0/ I/thfL“
’ ) 0 (3.56)

1 1
- G/ (r —v,)%dr — 5/ (r — vy)0dx.
0 0

Noticing that r, = 3w;—(3w—r),, and using Young’s and Cauchy-schwarz inequalities,

estimate (3.55) is proved. O

Lemma 3.6. The functional

1 x
Gult) = puos [ 0 ( / 8<y>dy) iz, (3.57)
0 0

satisfies

1 1 1 1
Gs(t) < — %/ Pdr + 63/ vidr +c (1 + - ) / S*dz. (3.58)
0 €3/ Jo

0

Proof. We take the derivative of G5(t), exploit system (3.4), and benefit of the inte-

gration by parts, to end up with

1 1 1 @ 1
Gs(t) :p4/ S?dx + p46/ nSdr — ngé/ v (/ S(y)dy> dx — p3/ V2dz,
0 0 0 0 0

(3.59)

then, (3.58) results by an application of both Young’s and Cauchy-schwarz inequali-

ties. ]

Lemma 3.7. The functional

1 T
6u(t) = ~pps | 0 < / w(y)dy) dz, (3.60)
0 0
satisfies,
p5 1 1 1 1 1
Gi(t) < — —/ vidr + 64/ (r — vp)%dx + ¢ (1 + —) / V*dx + c/ S*dx.

2 Jo 0 €/ Jo 0

(3.61)
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Proof. Multiplying the fourth equation of the system (3.4) by / v(y,t)dy, and in-
0
tegrating over (0, 1), using integration by parts , and the first equation of the system

(3.4), we find

1 1 1 1
() =— p/ Svdx — ,05/ vidr + ng/ I(r — vy)dx + ,035/ Pdx. (3.62)
0 0 0 0

An application of Young’s, Cauchy-schwarz and Poincaré’s inequalities all together

results in (3.61). O

Lemma 3.8. The functional
Gs5(t) =ps0G1, /01(3w —1)(r — vy)dx — psdDp /01 v (3w — 1) dx
+ pspa(Dp — GI,) /O 1 93w — 1)ede (3.63)
~pDp=G1,) [ S~ ),

satisfies,

1 1
Ge(t) < — % / (3w — r)2dr + 65/ (3w — r)2dx
0 0

1 1
+ 66/ Pdx + ¢ <1 + ! ) / (r — vp)2daw + R (3.64)
0 €5 Jo
+c/ wfderx/ 9o(3w — 1),
where
D
X = 02D — (Dp — GI,) (% - 1) . (3.65)
p

Proof. We first differentiate G5 with respect to ¢, then, we apply the integration by

parts to end up with

1 1
G:(t) =,04G25/ (r — vp)dx + p4G5]p/ (3w — r)yridx
0 0

1 D 1
+ 62, / 9,(3w — 1)pdz + p‘*ﬁf” (Dp — GI) / 92 (3w — 1)pdz
0 p 0

(3.66)

1 1
pz;pg (Dp—GI,) / WHr —vy)dx + a(Dp — G1,) / S(Bw — r)dr
0 0

p
1
+ (Dp — GI,) / V(3w — 1)dx.
0
The application of Young’s inequality along with r, = 3w; — (3w —1), leads to estimate

(3.64). [
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Lemma 3.9. The functional
1 U 1
t) =3I, / wwtdaj—l—?l / w’dz, (3.67)
0 0

satisfies,

1 1 1
Ge(t) < — SD/ widr — 27/ w?dx + c/ (r —v,)%dx
/o o 0
—l—c/ wfdx+c/ K*(z,1,t)dz.
0

0

(3.68)

Proof. Multiplying the third equation of the system (3.4) by w, integrating over (0, 1),

and using integration by parts and (3.2), we get

Ge(t) =31, / widr + 31, / wwttd:c—l—,ul/ wwdx

=31, / wldr — 3D/ w2dr — 3G/ w(r — v;)d (3.69)

- 47/ w?dr — ,LLQ/ wkK(x,1,t)dx.
0 0

The application of Young’s, Cauchy-schwarz, and Poincaré’s inequalities results in

(3.68). O
Lemma 3.10. The functional
1l
Gz (t) :HC(t)/ / e 2WPK2(z, p, t)dpde, (3.70)
o Jo
satisfies,
1
Go(t) < —2G,(t) + Ii/ widz. (3.71)
0

Proof. We directly differentiate G;, to obtain
/ / “OPK2(z, p, t)dpda
(3.72)
+ 256 (t / / {—¢'(t)pe~2WrPK2 1 e~ 2WrIC, KV dpda,
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after that, we exploit (3.4)¢, to establish

/ / e S WP K Kdpda = / / Je > WK, Kdpda
_‘/ / —{({'(t)p = e > K }dpd

(3.73)
+<(t) / / {(s' “OrK2Ydpda
J'(t / / —2(t)p 12
— e K=dpdzx,
2 Jo Jo
using (3.72) and (3.73), we obtain
Go(t) = — 2rs(t / / e 2 WP dg + KJ/ widr
(3.74)
— k(1 = (t))e = / K*(x,1,t)dw,
therefore, we obtain (3.71). O

Theorem 3.11. Suppose that (3.3) holds, there exist positive constants 3; and (3, such

that the energy functional giving by (3.45) satisfies
E(t) < Boe™Pt Wt > 0. (3.75)
Proof. Let us introduce a Lyapunov functional:
L(t)=NE(t)+Gi(t +ZNgl +Gr, (3.76)

where N and N,, i = 2...6, are positive constants to chose later.

Hence, we have

£ = NEW) <1, | (8 — 1) (8@ — r)ldz 1 p / I ( / (3w - r><y>dy) da
#8010 =)l + Nopups [0 S
N [ 100 il + poc, [ e = vl
+ N5ps0Dp /01 (v (3w — 1)a|dx + Nspspa| Dp — GI,| 01 V(3w — 7)¢|dx
+ Nspal(Dp—GL), /1 1S3 — r)a|de + 31, Ng /1 | da

+ Nﬁ/ w?dx + Ke(t) // “2MOrKC2 (x, p, t)dpda.
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We derive by the application of Young’s, Cauchy-shwarz, and Poincaré’s inequalities

|L(t) — NE(t)| <c/ {+Bo—1)i+Bw -1+ —v.)+o + o+ w+
1
/ K?(x, p, t)dp + 9* + S*}dx
0
< cE(t).
Which means that

(N = )E(t) < L(t) < (N + )E(t). (3.77)

Now, if we differentiate (3.76), and exploit (3.46),(3.52),(3.55),(3.58) ,(3.61),(3.64),(3.68),
and (3.71),we get

D 1 1
L'(t) <— [5 — €5 N5 / (3w —7)2dx — [MgN — cNy — ¢cN5 — ¢Ng — K] / widx
0 0
GI 1 !
[p40 N5 — (14 —) — €2Ny] / (3w — r)2dw
2 €1 0

1 1
— [%Ng —€4Ny — (1 + —)N5 — cNg] / (r — v,)%dw
€6 0

1 1
[pUN4—€1 —C(1+ ) —€3N3]/ l/tzdib‘
2 €9 0
P3 1 ' 2
[2N3—€6N5—C<1+ )N4—CN2—C] ¥ dx

[OéN — C(]. + )Ng — CN4 — —N5 / S2dI
— [2yNg] / w?dx — [3D Ng] / w?dx

0 0

1
- [/\[)N - CN6]/ ]CQ(ZE, ]_,t)dl‘ - 297(15)
0

(3.78)
We then set

p4G5]pN5 p5N4 GN2 D p3N3
— €7 = = €r = — . € = ————
AN, T AN, AN, P T AN T AN

E1:1762: , €4 =
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to find
D 1 1
L't) <-— (Z) /0 (3w — r)2dx — [AgN — ¢Ny — cN3 — cNg — K] /0 widx
A I )
_ |G P N5 — 20] / (3w — r)idw
0
> )
— ZNQ —c(1+ N5) N5 — CN6:| / (r — vp)dx
i 0
- N )
_ pz&NAL—c(l—l—FQ)Ng—l]/thdx
- N5 0 ) (3.79)
- -%N3—0<1+ﬁ;1> N4—0N2—c} /0 Pdx

1
— [aN — ¢Ny — ¢ (1 + N3) N3 — ¢N¢] / S*dw
1 1 "
— [27Ng] / w?dx — [3DNg)] / wrdx
0 0

1
- [/\0N - CNﬁ] / ’C2(l’, ].,t)de - 2Q7(t)
0

The constants are then specifically selected to make he terms in parentheses positive.

So let us first fix Ng, and take N5, N, big enough to get

p4G(5[p

N5 —2c >0,

G
ZNQ—C(1+N5)N5—CN6 > 0,

we continue and take N,, Nj sufficiently large such that

po Ny
— Ny — 1+—]-1>0
4 C( + N5) >0,

Finally, we select N sufficiently large such that (3.77) holds and

(

AN — cNg > 0,

)\ON_CNQ_CNg_CNﬁ_H>O,

\ 4

N.
ozN—cN4—c<1+F3>N3—CN52>O,
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thus, there exists C' > 0, such that
L) S—C/Ol{(?)w—?“)i—l—wf—i—(iiw—?")f—l—(r—ux)2+1/f
+ 97+ S8+ @ + @l + Kz, 1,t) + / 1 K2(x, p,t)dp}dz, (3.80)
0
< -CE(1),
relation (3.77) and the choice of N leads to

kE(t) < L(t) < kE(t), (3.81)

where, ki, ko are positive constants, the latter along with (3.80) gives

C

L'(t) < =pLE), /= o

Lastly, we integrate (3.82) and exploit (3.81) to establish (3.75) which completes

our proof.
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Conclusion and future work

In this thesis, we analyzed several evolution systems arising in the context of lami-
nated thermoelastic and Timoshenko-type beams with various delay terms.

Our contributions include:
e Proving the global existence and uniqueness of solutions.

e Establishing asymptotic stability and decay estimates under constant and time-

varying delays.

¢ Extending classical models by incorporating second sound and non-Fourier heat

conduction.

These results contribute to a deeper understanding of dynamic behaviors in thermoe-
lastic structures with memory and delay and can be useful in engineering applications
involving smart material, vibration control and thermal stress analysis.

We suggest possible directions for future research, such as:
1. Considering nonlinear effects or more general boundary conditions.
2. Investigating numerical simulations for the derived models.

3. Studying control problems or inverse problems in delayed beam systems.
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Abstract : In this thesis we considered some evolution systems with the presence of
deferent of dissipation.

In chapter one, we consider a system of laminated beam with an internal constant
delay term in the transverse displacement. Under suitable assumptions, we prove the
global well-posedness and exponential stability result.

Chapter two is related to the linear thermoelastic laminated Timoshenko beam with
second sound. We prove the polynomial and exponential stabilities results.

In chapter three, we consider a thermoelastic laminated Timoshenko beam with time
varying delay. We prove the existence, uniqueness and stability results.

Keywords: Timoshenko, thermoelastic laminated, well-posedness, exponential decay,
polynomial decay, delay term, second sound, time varying delay.
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Résumeé : Dans cette these, nous avons étudié certains systemes d'évolution en
présence de différents types de dissipation.

Dans le premier chapitre, nous considérons un systeme de poutre laminée avec un
terme de retard constant interne dans le déplacement transversal. Sous des hypothéses
appropriées, nous prouvons 1’existence globale et la stabilit¢ exponentielle du resultas.
Le deuxieme chapitre concerne une poutre thermoélastique laminée de Timoshenko
linéaire avec le second son. Nous prouvons des résultats de stabilité polynomiale et
exponentielle.

Dans le troisieme chapitre, nous étudions une poutre thermoélastique laminée de
Timoshenko avec un retard variable dans le temps. Nous prouvons I’existence,
I’unicité et la stabilité des solutions.

Mots-cles : Timoshenko, poutre thermoélastique laminée, existence globale,
decroissance exponentielle, decroissance polynomiale, terme de retard, second son,
retard variable dans le temps.
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