A 535 g ) g0 )

A Eadly
QPVE=TR [T ey t
RS o N :
vy N b = u
Setif 1 University - Ferhat ABBAS Faculty of Sciences
Setif 1 University Ferhat Abbas pbe clajd ] ‘-'-\5“ Az
Faculty of Sciences p—iall A<
Department of Mathematics e . KPP

Master's Thesis

in Mathematics

Option : Optimization and Control

Theme :

THE GRADIENT PROJECTION METHOD FOR SOLVING
OPTIMAL CONTROL PROBLEMS

Presented by
Bouadjadja Amani Amrane Hadil

Supervisor: Dr. Saffidine Rebiha

Thesis defended on June 13, 2026, in front of the jury composed of:

Ms. Grar Hassina Prof. Setif 1 University Ferhat Abbas President
Ms. Saffidine Rebiha Dr. Setif 1 University Ferhat Abbas Supervisor
Ms. Kebaili Zahira Prof. Setif 1 University Ferhat Abbas Examiner

2025/2026




Table of Contents

Introduction . . . . . . . . i i i i i i it e e e e e e e e e e e e e et e e e e ii
1 Mathematical Background . . . . . . . . . . . i i i e e e e e 4
L1 CONVEX ANALYSIS ...eiiiiiiiiieiiieiieetie et et e et et e ettt esteeseteesteeesseessseensaesseeasseenssesnsaessseenseesssesnseensseenseensns 4

| O B 1) 1 o N T SRR SPR 4

L.1.2  CoNVEX FUNCHOMNS......oiiiiiieiiie ettt siee ettt e e ste e e ae e et e e e taeessaaeesssaeessseeessseeesssesensseennns 5

1.2 Unconstrained OpPtMIZAtION ........cccueeruieritieiiiieieeriieeieesite et este et esiteebeesseeeteesateeseesseeeseesneeenseesnns 6

1.3 Gradient MEthOd........ccuiiiiiiiiieiiecie ettt ettt e bt e stbe s ba e abeenbeessseenseesnseenseennns 9
1.3.1 Basic Gradient AIZOTItRM .........cccooeiiiiiiiiiiiiieciieiece et 9

1.3.2  Fixed-Step Gradient Method...........ccooouiiiiiiiiiiiiiie e 10

1.3.3  Optimal-Step Gradient Method ............oooiiiiiiiiiiii e 11

1.3.4  Variable-Step Gradient Method ............cooiiiiiiiiiiiii e 11

1.3.5 Convergence of Gradient Method ............cocuieiiiiiiiiiiiiiiieiece et 12

1.4 Constrained OPHMIZATION ........ccuveriieriieeieeitieeteerteesteerteeeteesseesseesseessseeseesssessseessseesseesssessseessseens 13
1.4.1 Existence and Uniqueness ReSUILS .........cccooioiiiiiiiiiiiiiiiiieeeee e 13

1.4.2 Lagrangian of the Problem ... 14

1.4.3  Optimality COndItIONS........c.cocveriiriiiriiniieieri ettt sttt st sae et sae e 14

1.5 Gradient Projection Method..........occiiiiiiiiiiiicie e 16
1.5.1  Gradient Projection AlgOrithm ..........c.coooiiiiiiiiiiiiiieece e 16

1.5.2 Convergence of the Gradient Projection Method..........cccceevviiiiiiieniiiiniiiieieeeeeen 17

1.6 Optimisation in Infinite Dimensional Hilbert Spaces ........c..cccoviviiiiiniiiiniiniiiiiicnecienee 17
L.6.1  PrEeliMINATIES ...coueiitieiiieiieeiie ettt ettt ettt et e et et e sat e e bt e eabeesseesateesateenbeesseesnneas 17

1.6.2  EXistence Of SOIULIONS .........coiuiiiiiiiiiiiieie et ettt e 19

1.6.3  Gradient Projection Method in Hilbert Spaces.........cccevcvieriiiiiiieeniiieeieeeieeeiee e 19

2 Optimal Control Problem...............cccooiiiiiiiiiie ettt s s e e st e e ebee e eebeeesnnee s 21
2.1 Basic Concepts of Optimal Control TheOTY ........cccciiiriiiiiriiiieiieeee e 21
2.1.1  Optimal Control Problem..........cccooiiiiiiiiiiiiiee e 21

2.1.2  Equivalent FOrmulations...........ccccceeriiiiiieniiiiiieniieeiceste ettt e eneees 22

2.2 Existence of an Optimal SOIUtION.........cccuiiiiiiiiiiiiiiiii e 25
2.3 Necessary Condition of OptimMality ........cc.ceeeiieriiieriiieiiieerieeerieeesteeerreeereeeeeeeeeeeeeaaeesaeeenenes 26
2.3.1  Pontryagin Maximum PrinCiple .........c.ccooouiiiriiiiiiiiiieiiieeiee et 26

2.3.2 Linear Quadratic Optimal Control Problem...........cccccoooiiriiiriiiniiiiiiiniieieeeeeeeeen 28

2.3.3 Existence of an Optimal COontrol ..........ccceeeiuiiiiiiiiieniieiiee e 33

3 A Gradient Projection Method for Solving Optimal Control Problems...................c..ccccoeeinnen. 39
3.1 Statement Of ProDIEM ........cooiiiiiiiiiieiiee ettt ettt et 39
3.2 Gradient Projection Method.........cccoiiiiiiiiiiiiiic e e 41
3.3 CONVETZENCE ANALYSIS ..eeeviieeiiieeiieeeiieeiieeerteeerteeeteeesaeeessseeessseeessseeessseeansseeesseeassseesssseesseeenssees 42
3.4 NUMETICAl RESUILS ....eoiiiiiiiiiie et ettt ettt et e e st eebeesateebeesaaeens 46
COMECIUSION ...ttt ettt e sa e et e e et e bt e sat e e bt e eabeesbeesateenbneeaneenbaeeaneen 52
BIDHOGIAPRY ..ottt ettt et ettt ettt ne s 52

1



G o jald JChs ¢ gaal) b e Lhiadg ) aSadl) Bl (il Al 3 Jgn 8 S0 02 jgaai
S sugna JSdr Ayl ol Sy Bdiaall Jlwall e All) o2 Jad 4y ) S dpase Ay AS 7 il Bl 48y o
bia &b adilad G gpopa bpd Jly gl 8L e (o W Al (A Sl 8 k)
gjmkﬂalcdyaaﬂﬂhl\u\dj Cisgl) Al LeBiat dlma il fgghagpd cad L@ dns BlaS g
sl Al i) Jad Jgn A
ARy ) ol Alad (e Allaly Uil 2 Ujje Aag ) gl A
c oA Bl Ak - Rl g e« JiaY) Al dabila) cilald)

Abstract :

A study on a class of optimal control problems and their analysis with [an
emphasis/focus] on applying the projected gradient method as an iterative
numerical algorithm [for solving] complex problems. This study focuses
pivotally on [drawing] its strength from Pontryagin's principle, which
represents a necessary condition, [utilizing it] as a powerful numerical tool
under specific conditions and assumptions to achieve a certain convergence
rate toward the optimal solution for...

... We have supported our study with examples that demonstrate the
effectiveness of this method.

Keywords: Optimal Control — Pontryagin's Principle — Projected Gradient
Method ..

Résumé :

... une étude sur une classe de problemes de controle optimal et leur analyse,
en se focalisant sur l'application de la méthode du gradient projeté comme
algorithme numérique itératif [pour résoudre] des problemes complexes.
Cette étude se concentre principalement sur [le fait de] tirer sa force du
principe de Pontryaguine, qui représente une condition nécessaire, [en
I'utilisant] comme un outil numérique puissant sous certaines conditions et
hypothéses pour obtenir une vitesse de convergence déterminée vers la
solution optimale pour...

... Nous avons appuyé notre étude par des exemples qui démontrent
I'efficacité de cette méthode.

Mots-clés: Controle Optimal — Principe de Pontryaguine — Méthode du
Gradient Projeté ...



